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Preface 

This book is an outgrowth of a much earlier book, Farm Structures, 
by H. J. Barre and L. L. Sammet, published by John Wiley & Sons in 
1950 as one of a series of textbooks in agricultural engineering spon­
sored by the Ferguson Foundation, Detroit, Michigan. Light Agricul­
tural and Industrial Structures: Analysis and Design will be useful as 
an undergraduate student textbook for junior- or senior-level compre­
hensive courses on structural analysis and design in steel, wood, and 
concrete, and as a reference work for practicing engineers. Emphasis 
is on basic analysis and design procedures. The book should be useful 
in any country where there is a need to design structures for agricul­
tural production and processing. 

It is assumed that readers have had prerequisite course work in 
engineering mechanics and strength of materials as typically taught 
to undergraduate engineering students. The scope of this book is wide; 
it might be difficult for instructors and students to cover all of the 
chapters in a typical three credit-hour course. The instructor will need 
to assess his own situation and scheduling constraints. More or less 
time could be spent on chapters one through five, depending on the 
capability the students already have in analysis of statically deter­
minate and indeterminate structures. Two to three weeks might then 
be allocated for study of each of the last six chapters dealing with 
design in steel, reinforced concrete, and wood. 

We suggest that instructors help their students who may not have 
a major interest in structural analysis and design to understand that 
the content of this book is not limited in usefulness to light building 
structures. For example, students interested in farm machinery design 
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must be able to analyze statically indeterminate welded steel frames 
used to a wide extent in farm machinery. Students whose primary 
interest is in soil and water engineering need capability in analysis 
and design of reinforced concrete culverts and related structures. Stu­
dents interested in processing and food engineering will encounter 
structural analysis and design problems in relation to crop and food 
storage, handling, and transport facilities. 

The timber, steel, and reinforced concrete chapters are based upon 
recent structural design specifications. However, it should be noted 
that design specifications are not static. Undoubtedly, one or more 
structural specifications will change with time. The authors suggest 
that the instructor may use the text to present basic concepts and 
methods of structural component design, but supplement the text by 
reference to the most up-to-date specification for each I structural 
material. 

English and SI units have been used interchangeably throughout 
the book to reflect the present level of adoption of SI units. The timber 
and steel construction industries are moving slowly toward adoption 
of SI units. Reinforced concrete construction seems to be leading in 
adoption of SI units. 

It is almost inevitable that errors in the text will come to light. We 
hope they are few in number. The authors will be indebted to anyone 
who identifies errors or the need for clearer meaning that could be 
remedied in future printings or editions. 
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Analysis and Design Concepts 

Light structures are used for many agricultural and industrial needs. 
They are characterized by one- or two-story configuration, moderate 
spans, and light to moderate superimposed loads. Construction costs 
must be carefully controlled to maintain a profitable relationship be­
tween capital cost and income from use of the structures. Often, they 
are built according to standard plans and utilize mass-produced frames 
and other structural components. 

A high degree of precision in structural analysis and design for light 
structures is often necessary. For example, a single standardized design 
may be used for several hundred or thousand buildings. This multiple 
use of one basic design can justify considerable analysis and design 
effort. A high degree of refinement is desirable for multiple-use plans 
for low-cost structures. 

1.1 ANALYSIS AND DESIGN OBJECTIVES 

One important and basic objective in structural analysis and design is 
to produce a structure capable of resisting all applied loads without 
undue deformation during its intended life. For some structures, pres­
ervation of the original shape may be a critical requirement. Even a 
minor amount of deflection or deformation may be objectionable. An 
example is a structural frame supporting a long run in a screw conveyor 
system. Here misalignment would cause excessive wear and operating 
difficulties. In other instances relatively large deformations may be 
permissible without impairing the usefulness of the structure. An ex­
ample is a structural frame for a greenhouse enclosed with plastic 

1 
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sheeting. In all instances, the risk of collapse or destruction must be 
controlled by adequate analysis and design. 

Production of an adequate design is the engineer's basic responsi­
bility. The ubiquitous demand for economy, often severe in light struc­
tures, should not take precedence over structural adequacy. An owner 
seldom gives an engineer much credit for a structure that collapses or 
a machine frame that comes apart in the field, even though the struc­
ture or machine was inexpensive to build. 

1.2 DESIGN PROCEDURE 

Structural analysis and design are based on preliminary drawings 
previously prepared to meet functional requirements of the building. 
These drawings reveal gross dimensions and configuration ofthe build­
ing, and how space within the building will be used. Information on 
the preliminary drawings helps to establish spacing offrames, columns, 
and other primary components. Building width, height, and cross-sec­
tion shape are also shown. The type of frame may be specified. 

Structural design starts with load analyses. These are computations 
to estimate loads which the structure must carry. Information from 
the preliminary drawings plus knowledge of weights of building ma­
terials, wind forces, occupancy loads, pressures from stored materials, 
and other loads are used in preparing the load analyses. The objective 
is accurate estimates of the loads which may reasonably be expected 
to occur on the structure during its lifetime. These are the design 100~ds. 

Next, stress analyses are completed. These are computations to pre­
dict total stresses that will occur in the structural members when the 
design loads are applied. Total stress is the force resisted by a member 
subjected to axial or shear load; or bending moment resisted by a 
member subjected to bending. Unit stresses, such as pounds per square 
inch, either direct or bending stress, cannot be calculated until the 
cross-section properties of the members are known. 

Usually a separate stress analysis is made for each kind of load. For 
example, in a simple shelter frame, separate analyses may be made 
for wind loads, dead loads, and snow loads. Then, the stresses produced 
by likely combinations of loads are investigated to determine which 
produce the critical stresses that control the design. 

Structural design is done after the critical total stresses have been 
estimated. It includes selection of materials, member sizes, configu­
rations, and fastenings for the load carrying parts of the building. For 
example, a beam is designed for bending by dividing the total bending 
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moment obtained from the stress analysis by the allowable unit bend­
ing stress for the beam material to be used. The result is the section 
modulus, an index of the beam size and cross-section configuration 
required. 

Structural design is often a "cut-and-try" process of successive se­
lection, calculation, and refinement or modification of the original se­
lection until satisfactory agreement is obtained between the selected 
size and the required size as revealed by design calculations. For ex­
ample, in the general case of a statically indeterminate frame, a stress 
analysis cannot be made until a trial design is available to use for 
estimating stiffnesses of the frame members. 

Final design drawings are prepared after completion of structural 
design. These, in combination with written specifications, should give 
all the information needed by the builder to erect an actual structure, 
which in all important respects is the same as the one created on paper 
by the designer. A novice in structural design is often at a loss to decide 
what is required in design drawings. The general requirement is to 
describe by drawings and specifications everything the builder needs 
to know beyond the dictates of standard practice or knowledge common 
to the trade, to erect the structure. Much helpful information can be 
gained by careful study of standard or typical drawings for the kind 
of structure to be designed. 

An activity closely related to structural analysis and design is check­
ing or investigation. This consists of verifying the adequacy of an ex­
isting design to carry specified loads; or in determining what stresses 
will result when specified loads are applied to a structure shown in an 
existing design. For example, various plan services offer complete con­
struction plans for many kinds oOight buildings. A structural designer 
or analyst often finds it necessary to check the structural design, be­
cause it may have been prepared for loading conditions that are not 
the same as for the locality or use being contemplated for the building. 

1.3 DESIGN PHILOSOPHY 

An engineer must make many decisions based partly on judgment and 
partly on calculations to complete a design for a building. Exercise of 
judgment requires assessment of the consequences and penalties of 
failure of the structure. Iffailure such as complete collapse would result 
in loss of human life, the designer makes conservative selections of 
allowable stresses. He selects live loads based on extreme conditions. 
He exercises every precaution to make the likelihood of failure ex-
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ceedingly remote, even though these precautions may markedly in­
crease the cost of the structure. 

In contrast, the designer or owner of a simple shelter for cattle may 
tolerate a greater risk of failure to obtain worthwhile savings. Struc­
tural collapse might not be disastrous. If the designer is employed by 
a commercial organization or public service agency that publishes and 
distributes standard designs in large quantity, he must balance the 
extra cost imposed on all who use an overly conservative design against 
the potential penalty of failure in a few instances with a less conser­
vative design. 

The probability of failure always exists in any structure. The engi­
neer's task is to produce a design whose probability of failure is com­
patible with consequences of failure and the added cost of making it 
less probable. 

Engineering design is essentially an organized process of rendering 
judgment and making decisions. A skillful engineer utilizes all avail­
able means to support his judgment and decisions. In formalized courses, 
the emphasis is on analysis and design calculations, since these are 
among the most useful and powerful aids to judgment. 

1.4 DESIGN GUIDES, AIDS, AND SHORTCUTS 

The design of any structure requires many detailed computations. Some 
of these are of a routine nature. An example is computation of allowable 
bending moment for standard sizes, species, and grades of dimension 
lumber. Numerous tables and graphs are available to minimize or 
eliminate such routine and repeated computations. 

Standard construction and assembly methods have evolved through 
experience and need for uniformity in the construction industry. These 
have resulted in standard details and standard components for building 
construction published in handbooks or guides. 

Many designs are for structures that must meet local or area building 
codes. These often specify design loads, quality of materials, standard 
construction details, and other design and construction requirements. 
These must be met, and therefore serve as design guides. 

Since structural design is often a "cut-and-try" process, the number 
of "cut-and-try" sequences often can be reduced by using information 
from previously executed designs for structures with comparable con­
figurations and loadings. Therefore, designers should be familiar with 
the sources for standard plans and designs. One source with which 
designers of farm structures should be familiar is the Midwest Plan 
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Service (MWPS), Iowa State University, Ames, Iowa 50011. It is an 
official activity of 12 midwestern universities and the U.S. Department 
of Agriculture. The MWPS publishes design guides and building plans. 
This is done under the direction of agricultural engineers and con­
sulting specialists. Particularly useful to farm structure designers are 
these MWPS publications: 

i. Handbook of Building Plans. 
MWPS20. 
1978 or later edition. 

ii. MWPS Structures and Environment Handbook. 
MWPS 1. 
10th ed. 1980. 

iii. Professional Design Supplement 
to the MWPS Structures and Environment Handbook. 
MWPS 17. 
5th ed. 1978. 
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Stress Analysis 

2 

In this chapter we will show how to apply concepts of stress, static 
equilibrium, and free body diagrams for stress analysis of coplanar 
statically determinate structures. A coplanar structure is one in which 
all the members, loads, and reactions are in the same plane. A statically 
determinate structure is one that can be analyzed by applying only 
equations of static equilibrium, without resorting to analysis of bend­
ing or axial deformation. The concepts in this chapter are fundamental 
to all stress analysis work. They should be understood clearly by en­
gineers who design load-carrying frames or members. The nomencla­
ture used in this chapter is listed at the end of the chapter. 

2.1 PURPOSE OF STRESS ANALYSIS 

A stress analysis is an organized set of computations used to calculate 
reactions and total stresses (bending moment, shear, direct stress) in 
a frame or member when specified loads are applied. For example, the 
stress analyst may be given the overall configuration of a frame for a 
machine or building and the loads to carry. His task is to compute the 
total stresses (bending, shear, direct) at critical parts of the frame, and 
the reactions, say, at the wheels for a machine frame or the foundation 
of a building frame. The results of the stress analysis are used to design 
the load-carrying members and joints in frames and other members. 

The reactions need to be evaluated for designing the bearings, sup­
ports, or foundations. Total stresses are needed to compute member 
cross-section shape and size so unit stresses will not exceed some al­
lowable or limiting value. 

A complete stress analysis of a structural frame or member will give 
(1) type of stress, (2) magnitude, (3) direction, and (4) point of appli-

7 
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cation, for each total stress which needs to be known for sizing the 
member, designing fastenings, or designing foundations. Results of the 
stress analysis can be displayed in tables, shear and bending moment 
diagrams, or free body diagrams. 

It is important to distinguish between total stress and unit stress. 
A total stress is an internal force (shear, bending, or axial force) acting 
at a designated section in a structural element. For example, an ex­
ternal axial load applied to the ends of a member used as a column 
produces a total axial force or total stress within the column. For 
brevity, stress usually means total stress. The meaning is usually clear 
from the context. 

Reactions are total forces transmitted at a point of attachment of 
one part of a frame to another, especially at a fastening or support 
such as a foundation. Examples are the reaction force transmitted from 
the heel of a truss onto a girder or other support element, or where a 
foundation supports the end of a column. 

Total stresses and reactions may be expressed in lb force (lbf), kilo 
pounds (kip), or Newtons (N), when the stress or reaction is a shear 
or axial force. If the total stress is a bending force it may be expressed 
as foot pounds force (ft· lbf), inch pounds force (in. ·lbf), or meter 
Newtons (m· N). 

Unit stress is the stress per unit area of the section at which the unit 
stress is to be calculated. For example, the axial unit stress in a column 
is calculated by dividing the axial load applied to the column by the 
column cross-section area. The maximum unit bending stress at a sec­
tion is calculated by dividing the total bending moment by the section 
modulus, an index of the cross-section geometry. Unit stress may be 
expressed as Ibf/in.2 (psi), kip/in.2 (ksi), or pascals (Pa). 

An external load is a force applied to a structural element from 
without. An example is a weight (the external load) applied at midspan 
of a girder. 

The terms allowable stress and applied stress are used in stress 
analysis and design. Allowable stress is the maximum stress per unit 
area that can be resisted by a structural element without exceeding a 
value permitted by standards. Applied stress is the actual unit stress 
that occurs at a section due to applied loads. Generally, the applied 
stress at a section should not exceed the allowable stress. 

2.2 KINDS OF STRESSES 

The three kinds of stresses for which analyses are made in coplanar 
structures are (1) axial stress, (2) shear stress, and (3) bending stress. 
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(Sign Convention: + -- ~ '" ) 

Loaded Structure Free Body at A- A Force Sign 
StQti~ 

E~~lib(lum 
uations 

A A 
(0) p-' 

I ~ p ........ f-Pi 
P + !FH=O: 
PI - P-P;=O 

A A 

Q Q 
0 + LFv=O: 

(b) ,!=:::x=i ~ ~DMi 0; - 0-0;=0 
M; + LMA=O: A ta i Ox MI-Ox=O -

~ P~~A P + !FH=O: t) P~Tf).y 
v PI P; - poP; =0 

MI MI - !MA=O: 
P6y- Mi=0 

Me' 
A 

~ M" 
A 

(d) I I)MI M - LM=O: 
MI + -M+M;=O 

A A 

Fig. 2.1. Kinds of free body stresses in structural members. 

Axial stress is the internal force at a transverse section of a member 
tending to either shorten (compressive axial stress) or elongate (tensile 
axial stress) the member parallel to its longitudinal axis. An example 
is given in Fig. 2.1a. Here, external axial force P applied to the end of 
the member produces internal axial stress (compression) Pi at Section 
A-A. 

Shear stress is an internal force tending to displace the member on 
one side of a transverse section with respect to the member on the 
other side in a direction parallel to the plane of the section. Transverse 
shear is illustrated by Fig. 2.1b. Shear stress parallel to the longitu­
dinal axis of a member is illustrated in Fig. 2.1c. 

Bending stress is internal stress developed at a section to resist 
external forces tending to change the curvature of the longitudinal 
axis of a member loaded by external bending. Illustrations are given 
in Fig. 2.1b and d. In Fig. 2.1b, external bending moment due to ex­
ternal force produces bending moment Mi at section A-A. Internal 
bending moment Mi resists and is numerically equal but opposite in 
sense (clockwise vs. counterclockwise) to bending moment Qx in Fig. 
2.1b or M in Fig. 2.1d. An applied bending moment at a section not 
accompanied by shear may be called a couple, because it can be pro­
duced by two equal and opposite coplanar forces equidistant from the 
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Fig. 2.2. Forces at a cut section. 

member neutral axis. Bending moment M, Fig. 2.1d is an example of 
a couple. Bending moments at a section are in opposite directions on 
the cut faces to the right and left, respectively, at the section. 

2.3 SIGNS AND SYMBOLS 

To describe completely a load, stress, or reaction, we must give mag­
nitude of the force, its direction, and point of application. For example, 
the required cross section size for a long, slender, axially loaded mem­
ber depends on whether it is loaded in compression and must be de­
signed as a column; or, on the other hand, loaded in tension, and 
designed as a tensile member. In stress analysis, the directions in which 
forces are transmitted affect other forces. An unambiguous method for 
specifying both magnitude and direction is a basic requirement for 
stress analysis. 

The magnitude of a force is given without ambiguity by a number 
followed by the kind of units of measure, for example, 1500 inch pounds 
of bending moment. 

The direction of a force is specified by pictorial symbols and algebraic 
signs. 

Pictorial symbols for direction are always used on free body diagrams 
of frames, members, or parts. They are unambiguous and almost self­
explanatory. 

For example, 

~ is a rightward force 

~ is a downward force 

o is clockwise moment 

Illustrations of their use are given in Figs. 2.1 and 2.2. Each case in 
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Figs. 2.1 and 2.2 illustrates a loaded member and the internal stresses 
(forces) exposed at the cut section A-A. We note that the internal 
stresses in Fig. 2.2 are in opposite directions on the two faces at the 
cut section. This is always true. 

Algebraic signs, plus ( + ) and minus ( - ), are used to denote direc­
tions in writing equations of static equilibrium. Mistakes with alge­
braic signs and algebraic manipulation seem to be the greatest single 
cause of wrong results in stress analysis. 

By direction of a force, we mean rightward versus leftward, upward 
versus downward, or clockwise versus counterclockwise in the case of 
moments. An algebraic sign alone is ambiguous for specifying direction 
unless accompanied by a statement telling which direction is plus ( + ). 
This statement is called the sign convention. For a coplanar system of 
forces, we need three sign conventions; one each for two orthogonal 
lines of action (usually horizontal and vertical), and one for moments 
and couples. 

The sign convention is an essential part of every stress analysis. It 
should be written down whenever an algebraic equation of static equi­
librium of forces or moments is written. Otherwise, mistakes and con­
fusion are apt to occur. The sign convention is usually written as a 
part of the statement that identifies the equilibrium equation. 

For example, 

I FH +~: An equation summing forces in the horizontal direction 
(I F H) follows. In that equation, the sign convention ( +~) is plus 
( + ) for rightward (~) forces. The minus sign is for leftward forces. 

IF v + t: An equation summing forces in the vertical direction fol­
lows. In that equation, the plus sign is used for downward forces ( t ). 

I Mp q : An equation summing moments about point P follows. The 
plus sign is for moments in the clockwise direction (" about P. 

In every equation or static equilibrium, there may be one or more 
direct forces of unknown magnitude and direction, and one or more 
couples or moments of unknown magnitude and direction. For example, 
we may have an equation with an unknown applied force Qb and an 
unknown internal bending moment MI' The force QI has a known line 
of action. The moment M I has a known point of application. The ques­
tion is: Which algebraic sign should accompany unknown QI and Mb 
respectively, in equations of static equilibrium summing direct forces 
and moments? 

The question is only partly resolved by writing down the sign con­
vention for each equation. This only tells us what sign to use if we 
know the true direction of the force. We note that in algebraic equations 
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3K 

:LFv + ~: 

or 
(+IOK)+(+2K)+(+3K)+(-25K)+(-6K)+(QI) =0, 

IOK+2K+3K- 25K-6K+ QI=O, 

(QI)= +25K+6K-IOK-2K-3K 

(QI)=(+16K) 

Fig. 2.3. Application of sign convention. 

for force equilibrium, we use the same algebraic signs for two com­
pletely different meanings, summation and direction. The use of the 
plus sign for summation is valid regardless of whether we are summing 
forces, apples, or the number of gold bars at Fort Knox. 

The direction meaning of plus and minus is unique to the particular 
system with which we are dealing, in the present case, a force system. 
Therefore, the force Ql of unknown magnitude and direction is simply 
summed into the equation with a plus ( + ) sign without attempting to 
include a direction sign, since this is unknown. When the algebra is 
performed correctly to solve for Ql both the correct sign and numerical 
magnitude will emerge. This is illustrated in the example of Fig. 2.3. 
In the diagram, we show the symbol for the unknown force Ql directed 
upward, but this is only a guess, which may prove to be wrong. In this 
case, we can tell by inspection that it is wrong, but in more complex 
systems, we have to resort to solving algebraic equations with paper 
and pencil. The sign convention (I Fv+ ~) is established below the 
diagram of Fig. 2.3, and an equation of static equilibrium is written 
to sum vertical forces. We use two sets of signs in the equation. The 
sign inside each bracketed term has the direction meaning for that 
particular force. The plus (+) sign between bracketed terms has the 
summation meaning. When the brackets are eliminated, it is apparent 
that the summation sign, because it is always plus, has no effect on 
the direction sign. 

This discussion may be summarized by the following rule: "Sum 
unknown forces into an equation of static equilibrium with a plus sign. 
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When the equation is solved, the correct direction sign according to 
the sign convention will emerge." When the equation in Fig. 2.3 is 
solved, Ql = + 16K. The sketch should be corrected immediately to 
show Ql downward so that it is consistent with the results. 

The same reasoning is used for unknown couples or moments whose 
directions, clockwise or counterclockwise, are unknown. They are writ­
ten into the equation preceded by a plus sign for summation. When 
the equation is solved, the proper direction sign will emerge. Note that 
a positive force can produce either a positive or negative moment, 
depending on the location of the force with respect to the point about 
which moments are summed. 

Whoever is writing an equation is free to choose the sign convention 
for that equation. Normally, we become so accustomed to using a par­
ticular convention that we may neglect to write it down each time, but 
this is not recommended. 

2.4 EQUILIBRIUM OF FORCES 

Building structures and parts must be designed to maintain integ­
rity of shape and configuration after forces are applied. Otherwise 
the structure will collapse or develop other undesirable displace­
ment. A frame, member, or other part of a structure that remains 
essentially at rest when forces are applied is said to be in static 
equilibrium. In general, forces acting on parts of a structure include 
(1) reactions, for example, the reaction force developed on a frame at 
its foundation; (2) external loads, for example, a pressure exerted by 
grain on the walls and floor of a bin; and (3) internal stresses, for 
example, bending and shear stresses in a beam. All of these appear 
as forces on a part of a structure or member when it is conceptually 
detached by cutting it loose from other parts as explained in section 
2.5, Free Body Diagrams. 

An additional requirement is dynamic equilibrium whenever sig­
nificant inertial forces are generated due to acceleration of the struc­
ture. Examples are building frames subjected to blast or earth­
quakes; or machine frames subjected to vibration or shaking. In this 
book, we deal only with structures in which such inertial forces are 
insignificant. 

Static equilibrium must exist for every part. For a coplanar system 
each part will be in static equilibrium if it satisfies the equations of 
static equilibrium. For a static coplanar system, there are three such 
equations. 
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"LFx = 0 

"LFy = 0 

"LMp = 0 

where '2Fx is the summation, taking direction into account, of all forces 
on the body in the x direction, '2F y is the summation of all forces in 
the y direction; and '2Mp is summation of all moments and couples in 
the x-y plane tending to rotate the body about some coplanar point p. 
The x and y directions may be any two orthogonal directions. Some 
other convenient notation such as H or V for horizontal and vertical 
may be used instead of x and y. 

These three equations of static equilibrium offorces and stresses may 
be written for any free body, frame, member, or part of a structure. These 
equations are independent, and give direct solutions for the directions 
and magnitudes of as many as three unknown coplanar independent forces. 

If more than three independent, unknown forces exist, the others must 
be solved by some other method (such as an elastic analysis) or evaluated 
from other information. For example, a three-hinged frame has four in­
dependent reaction components, or two each at the two supports. Four 
independent equations are needed. Three equations of static equilibrium 
for the entire frame can always be written. A fourth equation can be writ­
ten for the circumstance that moment is zero at the internal hinge. An 
equation summing moments, '2 M = 0, about the internal hinge can be 
written. The portion of the frame on either side of the hinge can be used. 

Writing equations of static equilibrium for parts of structures must 
become second nature for a stress analyst, who should use a clear, 
logical system and notation when writing each equation. This will help 
to eliminate confusion and mistakes. First, a statement should be made 
to show which of the three equations is being written. Next, a symbol 
should be shown to denote the sign convention used. Then the complete 
equation is written using numerical values for known forces and letter 
symbols for unknown forces. Signs must agree with the sign convention 
adopted. All numerical values and letter symbols should be written on 
the left-hand side of the equation and equated to zero. For example, 
the three equations of static equilibrium for the part shown in Fig. 2.4 
should be written: 

"LFH = O,~: (HL ) - 30K - 10K = 0 

"L Fv = 0, + i: (VL ) + (VR ) - 5K = 0 

"L MR = 0, c;: (5VL ) - 3 x 5K + (MR) = 0 
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5K 

10K 

Fig. 2.4. Static equilibrium of forces. 

which can be solved to get 

HL = + 40K 

VL = + 5K - VR 

V R = + 2K + MR I5 

whereHL is the horizontal force at pointL; VL , the vertical force applied 
at point L; MR , the moment applied at R; VR , the vertical force at R. 

An additional equation needed to solve for all four of the unknown 
forces must come from another source of information since, in general, 
only three independent equations of static equilibrium can be written 
for a coplanar system of forces on a free body. 

The consistent use of an orderly notation as illustrated in each of 
the three foregoing equations will help to eliminate mistakes and blun­
ders. 

2.5 FREE BODY DIAGRAMS 

Free body concepts and preparation of valid free body diagrams are 
basic to all structural analyses and design. To write equations of static 
equilibrium, the first step is to prepare a valid free body diagram. You 
can analyze stresses in any statically determinate structure if you can 
draw the valid free bodies, write the valid basic equations of static 
equilibrium, and then correctly perform the arithmetic and algebra. 
Free body diagrams are used extensively in analysis of statically in­
determinate structures. 

A free body is a schematiC diagram of either all or a part of a struc­
ture. It shows the point of application, direction, and magnitude of all 
known forces; and the point of application and line of action for un­
known forces. Diagrammatically and conceptually, a free body must 
be completely detached or cut loose from any physical connection or 
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support from any other part of the structure. Forces shown on the free 
body must include all stresses which were acting internally at sections 
where the part is cut loose, and all external loads or reactions on the 
part. Symbols show direction, point of application, and line of action. 
Supplementary data with each symbol includes an identifying letter 
for unknown forces, or, when known, the numerical value of the force. 
For stresses or reactions whose directions are unknown and must be 
determined by analysis, the positive direction is in effect assumed as 
previously explained. When the equations of static equilibrium are 
solved, the correct sign will be revealed. Then, the free body diagram 
should be corrected immediately. 

A free body diagram is either valid or invalid. A valid free body 
diagram is one which includes all the forces correctly displayed on the 
free body. An invalid free body has one or more forces which are omit­
ted, incorrectly displayed, or inconsistent in direction with adjoining 
free bodies. Of course, invalid free bodies are worse than useless be­
cause they lead to incorrect equations of static equilibrium and incor­
rect results. 

A free body diagram may include an entire frame, member, part of 
a member, or joint. The portion to include in a free body is determined 
by making sections to create free bodies wherever reactions or internal 
stresses are to be computed. 

To prepare free body diagrams, you must follow the key requirements 
and procedures: 

1. The free body must be completely cut loose at sections where you 
desire to analyze stresses or reactions. 

2. The free body must be completely cut loose from the rest of the 
structure or part. This typically requires two or more cuts for a 
member to obtain one free body. 

3. All internal stresses of known or unknown magnitude at cut 
sections must be shown as forces acting at the cut on the free 
body. 

4. All external forces (loads, reactions) on the free body must be 
shown. A common mistake in free body analysis is failure to 
include all external forces on the part and all internal stresses 
at cut sections. 

5. The free body should include a finite, even if small, part of the 
structure. For a free body of a joint, a portion of each member 
meeting at the joint should be shown. Then the stresses acting 
in each member can be shown without unduly crowding the sketch. 
This is illustrated in Fig. 2.5. We understand that conceptually, 
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Fig. 2.5. Joint free bodies. 

the lengths of the members included in the joint free body ap­
proach zero so that shear stresses, if any, in the members develop 
zero moment about the joint. Therefore, in Fig. 2.5b it is known 
immediately that 

Ml + M2 - M3 = 0 

since the parts shown meeting at the joint approach zero length. 
In Fig. 2.5c two members are joined by a rigid connection. The 
intermediate member is joined by a hinge to the other two mem­
bers. We note that any member terminating in a hinge at ajoint 
can have only axial forces unless the member also has both bend­
ing and shear forces acting on it. Otherwise, the member would 
rotate about the pinned joint. Thus, in Fig. 2.5a the resultant of 
the horizontal and vertical stress components in each member 
must be collinear with the member. 
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After the free body diagram has been drawn clearly and correctly, the 
sign convention should be written. Then the corresponding equations 
of static equilibrium are written with care to ensure that they are 
consistent with the free body and the sign convention. 

2.6 SUPPORT CONDITIONS 

Every structure resting on the ground must have suitable supports to 
transmit loads on the structure into the ground. The kinds of forces 
the supports can resist depend on the support configuration. Supports 
can be arranged to resist only one or any combination of the three 
possible kinds of forces, viz., horizontal, vertical, and moment, in a 
coplanar system. This is done by appropriate combinations of three 
basic, idealized support elements. These, and their pictorial symbols 
are: 

Frictionless hinge A 

Frictionless roller ..mm.. 

Immovable base mmr 

The frictionless hinge can transmit forces in any coplanar direction 
but not moment. The frictionless roller can transmit forces normal to 
but not parallel to the direction of rolling. Also, it can transmit a couple 
applied to a plate resting on the rollers. Conceptually, such a roller 
can consist of a frictionless four-wheeled dolly, with the wheels confined 
to roll within a channel-shaped pair oftracks. The dolly resists a couple 
because the wheels cannot be disengaged from the track. The immov­
able base transmits all forces into the ground without displacement or 
rotation. In reality, the immovable base can only be approximated by 
a well-designed foundation. 

The seven possible combinations of these support elements are il­
lustrated in Fig. 2.6. In real structures, any of these combinations may 
occur, .although (a), (d), and (g) are encountered more frequently than 
the others in typical foundations and supports. Transverse Q forces 
applied to a member, supported as in (b) and (d) of Fig. 2.6, will cause 
rotation of the member if the distance l1y is finite. We prevent this by 
conceptually shrinking l1y to approach zero. Then the supports can 
only transmit the forces shown because they are applied to the hinge 
pin. 
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Fig. 2.6. Support conditions. 

In actual construction, it is impossible to build completely frictionless 
hinges or rollers, or completely immovable bases. By careful design 
and construction they can be approached as closely as necessary. In 
some cases, this may require an actual roller, for example. In other 
cases, a hinge-roller may be approximated by a connection which yields 
fairly readily, up to a point. For example, wooden trussed rafters are 
normally held down by metal clips at the trussed rafter supports. In 
some instances, only toenailing may be used. Such a connection can 
yield rather freely by a small amount without destroying the joint 
when either horizontal or vertical forces or moments are applied. After 
a small amount of yielding, the connection develops significant resis­
tance to horizontal movement. 

Support conditions assumed or specified in analysis and design can 
be altered in the real building due to carelessness in construction or 
unexpected natural effects. For example, the designer may wish to 
utilize resistance to uplift that can be developed by the end of a pole 
or rigid frame member extending into the ground; or by a rigid at­
tachment between a reinforced concrete column and a concrete pier 
extending into the ground. If the ground shrinks away from the pole 
due to natural drying, uplift resistance may be almost completely lost 
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and condition (c) or (e) may be approximated; see Fig. 2.6. If a careless 
builder neglects to provide reinforcement continuity from a concrete 
pier into the column, resistance to moment and uplift may be lost. Such 
changes may transform the stable structure conceived and analyzed 
by the designer into an unstable structure in actual use, with disastrous 
consequences. 

The stress analyst must understand clearly both the idealizations 
and practical realities of the support conditions for the structure he is 
analyzing. He should consider the possibility that construction errors 
or natural causes may transform the designed supports to those which 
allow the structure to become unstable and in danger of collapse; or 
statically indeterminate and stressed differently, compared to an orig­
inal statically determinate support system. 

2.7 APPLICATION OF FREE BODY CONCEPTS 

Figures 2.7 and 2.8 illustrate how to prepare free body diagrams and 
write accompanying equations of static equilibrium for stress analysis 
of coplanar, statically determinate frames. The frame, Fig. 2.7a, is 
loaded by one horizontal and one vertical load. Its statically determi­
nate supports include a hinge on an immovable base for the left column 
and a hinge-roller on an immovable base at the right column. Alljoints, 
other than at the supports, are rigid. Sections A-L, Fig. 2.7a, are made 
at locations where the analyst wants to compute internal stresses. 
Additional or alternative sections might be chosen, if more detailed 
knowledge of internal stresses is desired. 

A free body ofthe entire frame is prepared first, as illustrated in Fig. 
2.7b, to compute reactions. Notice that the three free body equations 
in Fig. 2.7b assume that the unknowns, VA, QA, and VL , are in the 
positive directions. Subsequent calculations will reveal the correct di­
rections. Then, free body diagrams for parts of the frame of interest to 
the analyst are prepared. Equations of static equilibrium are written 
for each free body and solved to determine internal stresses at sections 
as illustrated in Fig. 2.8. This procedure, called free body analysis, 
starts with a part that includes, at one end, known reaction forces, and 
proceeds to the next adjoining part, until all free bodies have been 
analyzed. For each free body, the directions of the internal stresses 
exposed at the cut sections should be compatible with the same cut 
sections shown on an adjoining free body. Adjoining ends of two free 
bodies at a common section always have corresponding internal stresses 
in opposite directions. For example, the left column is known to be in 
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(b) Frame Free Body Diagram and Static Equilibrium 
Equations 

Fig. 2.7. Frame and its free body analysis. 

tension because the free body analysis of the entire frame, Fig. 2.7b, 
reveals that the left vertical reaction component pulls down on the left 
column. Therefore, in Fig. 2.8a the tension force VB must pull up to 
produce tension in the left member. In Fig. 2.8b, the same force must 
pull down on the corner joint, because the column is in tension. 

One end or cut section of each free body will have stresses that are 
unknown in direction and magnitude until the static equilibrium equa­
tions for that free body have been solved. The positive direction is 
assumed and the stress simply summed into the equation. When the 
true direction is revealed, the free body diagram should be corrected 
immediately. 

Note again that, regardless of what direction is shown for an un­
known stress on a free body diagram, the symbol for that stress or load 
is preceded by a plus ( + ) for summation of forces. For example, in the 
equation for IF H in Fig. 2.8a, the sign preceding the unknown QB is 
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(a) Left Column Free Body and Equilibrium Equations 
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to IMp 4'-:+24.667ft K+ME+6ft K =0 
<0 2K 
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(c) Free Body and Equilibrium Equations for Bracket Attachment 

Fig. 2.8. Free body diagrams of frame parts. 

plus ( + ) regardless of the sign convention for F H. This plus sign stands 
for summation in the equation, rather than the unknown direction of 
QB. 

The sign preceding unknown moments on a free body diagram cor­
responding to internal bending stresses is always plus ( + ) in an equa­
tion summing moments. For example, Fig. 2.8c shows the free body 
for the bracket attachment. The unknown moment ME is assumed to 
be in the counterclockwise direction on the free body. This is the neg­
ative direction according to the sign convention adopted for that equa­
tion. Nevertheless, ME is preceded by a plus (+) for summation sign 
in the equation. Solving the equation indicates that ME is negative 
according to the sign convention adopted. 

When equations have been solved for the magnitude and direction 
of unknown forces, couples, or moments, the correct sign should always 
be shown, plus (+) or minus (-). Otherwise, uncertainty will arise 
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Fig. 2.9. Shear and moment diagrams for frame members. 

later whether the sign is plus, or whether the analyst simply forgot to 
write down the correct sign. 

2.8 SHEAR AND MOMENT DIAGRAMS 

Shear and moment diagrams for structural components with bending 
forces are useful and valuable aids to the designer. They tell at a glance 
where maximum and minimum shear and bending occur, what their 
magnitudes are, and how they vary. 

A shear diagram is a graph of internal transverse shear at all points 
along a member such as a beam. A moment diagram is a graph of 
internal bending moment at all points along a member. Figure 2.9 
illustrates shear and moment diagrams for the members of the frame 
analyzed in Fig 2.7, except for shear in the small bracket. 
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A nonambiguous sign convention must be adopted for shear and 
moment diagrams. A non ambiguous sign convention is a small, free 
body symbol, shown by the shear or moment diagram as illustrated in 
Fig. 2.9. The symbol is a small free body element with internal shear, 
moment, or direct stress at the ends of the element and a plus sign to 
indicate the sign convention, as follows: 

+ 
Shear: i -- ~ 

Moment: (~) 
Direct stress: 

+ 
+----~ 

The opposite sign conventions would be just as valid. 

2.9 PREPARATION OF SHEAR AND MOMENT 
DIAGRAMS 

Shear and moment diagrams for a member are prepared from a free 
body diagram of the member after all unknown forces (stresses, re­
actions, and loads) have been evaluated. It is usually convenient to 
draw the moment diagram below or adjoining the shear diagram. For 
horizontal members, construction of the shear diagram customarily 
begins at the left end of a member. The known shear there is plotted 
to a suitable scale above or below the baseline according to the sign 
convention adopted. Next, shear is plotted at other significant points 
along the member, such as at point loads, or where the character of 
distributed loads changes. Free body diagrams should be used to eval­
uate shear at these points. 

Then, connecting lines are drawn to show how shear varies between 
these points. For example, shear V x due to uniformly distributed grav­
ity load on a horizontal member is 

Vx = VL - wX 

where VL is shear at the left end, w is the load intensity, and X is 
distance measured to the right from VL . This is the equation for a 
straight line with slope - w. For a linearly varying load intensity, 
shear varies according to the expression for a second-degree curve: 

Vx = VL - wX - ar/2 
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Fig. 2.10. Shear and moment diagrams for a horizontal member. 

where w is load intensity at the left end, and a is increase in load 
intensity per unit length of member. At each point load normal to the 
axis of the member, shear changes abruptly by the amount of the load. 

The moment diagram is constructed by free body analysis from in­
formation in the shear diagram. Additional information needed in­
cludes the bending moment at one end, and any bending moment or 
couples introduced from other members attached at intermediate points. 
An example is the bending moment introduced into horizontal member 
C-J from the small bracket attached at F in Fig. 2.7 a. Such a moment 
causes a step change in the moment diagram as shown in Fig. 2.9b. It 
is seldom necessary to evaluate the moment at all points. A connecting 
line is drawn according to the way that the moment is known to vary 
between critical points where moment has been computed. For ex­
ample, the moment in a beam carrying only point loads varies linearly 
between the loads. If the load is uniformly distributed, the moment 
varies as a second degree curve, or parabola. Fig. 2.10 illustrates these 
concepts. 

When preparing bending moment diagrams, a basic relationship be­
tween the shear in the member and the change in bending moment 
M, due to shear, can expedite preparation of moment diagrams. This 
relationship is derived in Fig. 2.11. The relationship is valid for mem­
bers carrying both distributed and point loads, even though the expres-
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Fig.2.11. Moment-shear relationships. 

sion relating shear to distance along the member is not differentiable 
at a point load. Integration, or the corresponding arithmetical com­
putation of area enclosed by the shear diagram, must be carried out 
within each length interval between point loads. This discussion may 
be paraphrased: The change in bending moment between two points 
along the beam is equivalent to the area of the shear diagram between 
two points, provided that no external moments are introduced between 
the points. 

When a couple or bending moment is introduced from another mem­
ber at some intermediate point between II and 12, an abrupt or step 
change occurs in moment at the point of attachment of the other mem­
ber, without any corresponding change in the area enclosed by the 
shear diagram. The basic relationship between shear and bending mo­
ment in the member is valid, however, if applied along the length 
interval between introduction of couples or moments from connecting 
members. 

An example of preparation of shear and moment diagrams for a 
member carrying several kinds of loads is shown in Fig. 2.10. The 
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reader should verify the analysis of internal shear and moment, and 
the shear and moment diagrams. 

2.10 INFLECTION POINTS 

In some instances, a designer may need to know where the internal 
moments in a member become zero. Locations of zero internal moments 
are inflection points. An example is in the design of reinforced concrete 
beams. At or near inflection points, the tensile reinforcement location 
must be changed so that the beam will be adequately reinforced against 
tensile stresses. 

Inflection points are identified by inspection of the moment diagram. 
For example, Fig. 2.10 reveals that the beam has an inflection point 
a short distance to the left of the right support. If the moment diagram 
were drawn to scale, the distance to the left of the support could be 
measured. Also, free body analysis that takes into account that the 
internal bending moment is zero at the inflection point can be used. 
Free body analysis to locate the inflection point is illustrated in Fig. 
2.12. The free body includes the portion of the beam between the right 
end and the inflection point at unknown distance X from the right­
hand support. 

Note: The internal bending moment is zero at the inflection point. 
Write free body equation: 

"iML = O,/+' 
- 2690X + 250(X)(X/2) + 250 X 3 X (X + 2) = 0 

reduces to: 

)(2 - 15.52X + 12.00 = 0 

which gives X = 0.816 ft. Therefore, the inflection point occurs at 0.816 
ft left of support. 

Fig. 2.12. Free body analysis for inflection point, beam illustrated in Fig. 
2.10. 
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PROBLEMS 

For each of the frames or beams in Figs. 2.13-2.21, compute the re­
actions and draw the shear and moment diagrams. Use free body anal­
ysis. Show your sign conventions. Double check the reactions before 
proceeding to analysis of internal stresses. Specify the position of each 
inflection point. 

For the problems of Figs. 2.15, 2.16, and 2.17, convert to SI units 
and specify the shear and moment diagrams in SI units. 

1IIIIIIIIIIIII12KIft 11111111111111111 I 12' 4'--1 
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Fig. 2.13. Rigid frame with overhang and an unusual support. 
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Fig. 2.14. Three-hinged rigid frame. 

Fig. 2.15. Beam with a bracket. 
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Fig. 2.16. Beam with distributed loads and a bracket. 
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Fig. 2.17. Cantilevered beam with distributed and concentrated loads. 

Fig. 2.18. Two-hinged triangular frame. 

1200 Ibf 

Fig. 2.19. Three-hinged gable frame. 
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4000N 

Fig. 2.20. Rectangular frame with uniformly Oistribtited load. 
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Fig.2.21. Three-hinged rectangular frame. 

NOMENCLATURE FOR CHAPTER 2* 
a 

Fh 
Fv 
Fx 
Fy 
H 
k, or kip 
ksi 
1 
lbf 
m 
M 
N 
psi 
P 

Linear rate of increase in distributed load intensity on 
a member Ibf/ft2 (N/m2) 

Horizontal force, lbf (N) 
Vertical force, lbf (N) 
Force in x direction, lbf (N) 
Force in y direction, lbf (N) 
Horizontal load, lbf (N) 
Applied load, 1000 lbf (N) 
Unit stress, kilo pounds force per sq in. (Pa) 
Distance measured along a member, in. or ft (em or m) 
Pounds force (N) 
Meters (ft) 
Applied bending moment, lbf . ft (N . m) 
Force, Newtons 
Unit stress or pressure, Ibf/in.2 (Pa) 
Applied force, lbf (N) 

*Quantities such as F, H, M, P, Q, V, W, d may be subscripted to show location, 
direction, or point of application. 
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Q Applied force, usually transverse, lbf (N) 
Pa Pressure or unit stress, pascals 
V Vertical force or load lbf (N) 
w Uniformly distributed load, lbf/ft (N/m) 
W Concentrated load, lbf (N) 
Ll Small increment of length or distance, in. (em) 
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Statically Determinate Trusses 

3 

In this chapter we will explain basic concepts of truss configuration, 
how to compute stresses in the members of idealized statically deter­
minate trusses, and how to compute truss deflections. 

Trusses are versatile and have wide application in buildings and 
machines. Examples are hitch and frame assemblies for field machines, 
frames for buildings, and supports for long conveying systems. Every 
engineer who designs machines or building structures should have 
clear concepts of how trusses are arranged, and how to compute stresses 
in truss members. The nomenclature used in this chapter is listed at 
the end of the chapter. 

3.1 CONCEPTS AND DEFINITIONS 

Truss. We define a two-dimensional truss as a coplanar arrangement 
of bars (members) linked together by pinned joints, and intended to 
form a stable configuration under any general system ofloads. Member 
center lines are concurrent at the joints. Loads are applied only at the 
joints. Some truss configurations are unstable, as will be explained 
later. Ideally, the pinned joints are frictionless and offer no resistance 
to rotation of the members about the pin. The longitudinal axes of all 
members and the lines of action of the loads are all in the same plane. 

A truss ideally has a support system of three independent reaction 
forces which are neither all parallel nor all coincident. This makes the 
supports stable and statically determinate. 

3.1.1. Stresses in Truss Members 

Only axial forces exist in members of an idealized truss. A stress anal­
ysis of a truss consists in computation of the reaction forces at the 

33 



www.manaraa.com

34 Stress Analysis of Coplanar Statically Determinate Trusses 

(a) Stable Three Bar Truss 

(c ) Unstable Transformat ion 
Mechanism 

(b) Unstable Collapse 
Mechanism 

A 

:ill/ 
(d) Statica Ily Indeterm inate 

Su pport System 

(e) Statically Indeterminate Truss 

Fig.3.1. Basic truss concepts. 

supports and magnitude and character (tension or compression) of the 
axial force in each member. The computed values are used by designers 
to determine the size of each member, to design the fastenings at the 
joints, and to design the supports. 

Shear and bending can exist in truss members if loads with trans­
verse components are applied to members between joints, or if restraint 
against free rotation occurs at joints. These possibilities are ruled out 
in an ideal truss. Therefore, the basic problem dealt with here is how 
to compute axial stresses in idealized truss members. 

3.1.2 Stable Configuration 

A stable truss is one which has a stable configuration. A stable con­
figuration is a system of bars linked together in such a way that it 
cannot behave as a mechanism under a general system of loads. A 
basic, three-bar, stable truss is illustrated in Fig. 3.la. An unstable 
truss is a mechanism, i.e., a coplanar system of bars linked together 
in a way that permits unrestrained rotation, at least initially, of the 
bars about their joints when load is applied. The two kinds of mech­
anisms that can occur are (1) a collapse mechanism and (2) a trans­
formation mechanism. 
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A collapse mechanism is illustrated in Fig. 3.1b. When load is ap­
plied, collapse into a stable mode occurs accompanied by severe struc­
tural damage. 

The other, a transformation mechanism, is illustrated in Fig. 3.1c. 
Note that the supports are pinned and statically indeterminate. They 
develop no reaction to load until a slight rotation of the two members 
has occurred. This transforms the mechanism to a statically indeter­
minate system. The horizontal reaction components and axial stress 
in the bars depend on the elastic properties of the bars. 

In contrast, the basic three-bar truss of Fig. 3.1a is stable, and is not 
a mechanism. Unstable configurations should be shunned by engineers 
because they are always in danger of sudden collapse. 

Unstable collapse mechanisms are sometimes used inadvertently in 
buildings and other engineering structures. Collapse may not occur 
immediately when the structure is loaded because of fortuitous con­
straints such as continuity of a member through a joint where ideally 
a hinge occurs; or fortuitous constraint at the supports. Later, slightly 
higher loads may destroy the constraint, followed by sudden collapse 
of the structure. For example, this author has seen a collapsed roof 
which had been supported by a prototype of the truss configuration 
shown in Fig. 3.5d. The structure had carried the roof loads for a 
number of years because the upper chord members were continuous 
through the joints at 1, instead of pinned as idealized in Fig. 3.5d. At 
the time of collapse, heavy snowfall had occurred. The high bending 
stresses produced by the snow load caused bending failure at the joints 
1-1 in the top chord members. The truss collapsed, dropping large 
quantities of snow and the wreckage of the roof into the building in­
terior. Not only was the building virtually destroyed, but the contents 
were subsequently damaged by water from the snow melt. Designing 
unstable structures is one of the cardinal sins of engineering practice. 

Unstable transformation mechanisms in trusses should also be avoided. 
Transformation to a statically indeterminate mode can be accompanied 
by very high member stresses. Members or joints may rupture, accom­
panied by collapse of the structure. 

3.1.3 Static Determinacy 

A statically determinate configuration is one for which all member 
stresses can be computed by applying equations for static equilibrium 
of forces. A statically indeterminate configuration is one for which all 
member stresses cannot be computed by statics alone, but also depend 
on the elastic characteristics of the members. Many desirable truss 
configurations are statically indeterminate. 
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A truss may be carried on statically indeterminate supports. An 
example is shown in Fig. 3.1d. Each support can develop two reaction 
components for a total of four, or one more than can be computed by 
the three general equations of static equilibrium. Therefore, the mag­
nitude of the vertical reactions depends on the axial stiffness of truss 
member E, as well as the amount the reactions move when load is 
applied. Stresses in members A, B, C, andD are statically determinate. 

Correctly designed statically indeterminate trusses need not be 
avoided. Engineers should learn to recognize them, and when the need 
arises, learn how to make stress analyses for them. In any statically 
indeterminate structure, whether the indeterminacy arises from the 
arrangement of the members, or supports, or both, stresses can be 
changed significantly by movement of the supports, or by temperature 
strain in the members. Analysis of statically indeterminate trusses is 
not covered in this book. 

A fundamental characteristic of a statically indeterminate truss is 
that no member stresses can occur without superimposed loads and 
reactions. Thus, shortening or elongation of some member in a stati­
cally determinate truss due to temperature strain, for example, will 
not produce stresses in any of the members. A statically indeterminate 
truss, in contrast, can be stressed in the absence of superimposed loads 
and reactions. For example, temperature strain in one member pro­
duces stresses in all members of a statically indeterminate truss. This 
is an important characteristic which we will utilize later in the analysis 
of certain complex truss configurations. 

3.2 STATICALLY DETERMINATE TRUSS TYPES 

Statically determinate trusses can be divided into types on the basis 
of bar arrangement, as follows: 

1. Simple 
2. Compound 

a. Compounded by three-bar linkages 
b. Compounded by pin and bar linkages 

3. Complex 
a. Statically determinate form 
h. Critical form 

The method of stress analysis depends partly on the type of truss. 
Concepts of bar arrangement for the three types are based on the stable 
three-bar truss in Fig. 3.1a on stable, statically determinate supports. 
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(a) Three - Bar Truss I Stable and 
Statically Determinate 

0, 

(c) 2nd Simple Extension 

Fig. 3.2. Development of a simple truss. 

Every simple truss has at least one, and every compound truss at least 
two stable three-bar truss configurations. A complex truss mayor may 
not possess one or more three-bar trusses. 

3.2.1 Simple Truss 

A simple truss consists of a stable three-bar truss augmented by a 
succession of one or more simple extensions. A simple extension con­
sists of two noncollinear bars linked together at one point, and with 
the other two ends linked to any two points on an existing simple truss. 
The development of a simple truss is illustrated in Fig. 3.2, starting 
with a basic three-bar truss. An indefinite number of simple extensions 
can be added. The simple truss of Fig. 3.2d is not particularly simple 
in outward appearance, but is simple by definition because it can be 
developed starting with a basic three-bar truss augmented with simple 
extensions. Most practical simple trusses will have a more orderly 
appearance. 

We note in Fig. 3.2 that simple trusses may have one or more mem­
bers that cross others. No connections (neither pinned nor rigid) be­
tween members occur at these crossings. The only connections are the 
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pinned joints denoted symbolically by small circles. Quadrilateral en­
closures, for example, as produced by the second simple extension in 
Fig. 3.2c, may occur in simple trusses. After the first simple extension, 
the original three-bar truss may lose its identity. Two stable, statically 
determinate support elements are assumed for the initial three-bar 
simple truss. After the test, the reactions are restored to their original 
locations. 

It is easy to demonstrate that all simple trusses are stable and stat­
ically determinate. The original three-bar truss is stable and deter­
minate. The first simple extension is statically determinate because 
only two members with a total of only two unknown axial forces are 
added. These can be computed by a free body analysis of the added 
joint. The extension is stable because the added joint is linked with 
two stable points on the original three-bar truss, forming a stable, 
three-point arrangement. Analogous reasoning can be applied to each 
simple extension used to produce the final simple truss configuration. 

A simple truss always has bars equal in number to 2J - 3, where 
J denotes the number of pinned joints in the truss. This is true because, 
starting with a three-bar truss and adding simple extensions, the pro­
gression of joint count J will be 3, 4, 5, 6, 7, ... , J; and the corre­
sponding progression of bar count will be 3, 5, 7, 9, 11, ... , 2J - 3. 
Each bar has an unknown axial stress. Therefore, 2J - 3 unknown 
bar stresses exist in the members of a simple truss. Also, there are 
three unknown reaction forces in a statically determinate support sys­
tem. The total number of unknown forces is therefore (2J - 3) + 3, or 
2J, i.e., twice the number of joints. Each of the J joints can be isolated 
as a free body, and two independent equations of static equilibrium, 
"i.Fx = 0 and "i.F y = 0 written for eachjointfor a total of2J independent 
equations. This is equal to the number of unknown stresses plus re­
action forces. Therefore, we can always obtain a set of independent, 
simultaneous linear equations equal in number to the unknown bar 
forces and reactions. These will always have unique, nontrivial solu­
tions because, as was demonstrated earlier, every simple truss is stable 
and statically determinate. 

3.2.2. Compound Truss 

A compound truss is a nonsimple truss obtained by properly intercon­
necting two simple trusses. Compound trusses may have unstable con­
figurations. Interconnections can be either three nonparallel and non­
coincident bars, each connecting a different pair of joints on the two 
simple trusses, as in Fig. 3.3a, or a joint shared by two simple trusses 
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(c) 

Fig. 3.3. Compound trusses. 

plus a bar connecting two other points, one on each of the two simple 
trusses, as in Fig. 3.3b or d. These three links, or the common joint plus 
one link, may be regarded as reaction elements that furnish supports for 
one simple truss from the other. The three-bar interconnection is stable 
if, and only if, the three bars are neither all parallel nor their lines of 
action all coincident, i.e., with their lines of action, extended, meeting 
at a point. The interconnection shown in Fig. 3.3c is unstable because 
the three links joining the outer and inner simple trusses are coincident 
at the center of the inner configuration, and can develop initially no 
restraint against rotation of the inner simple truss with respect to the 
outer one. The interconnection shown in Fig. 3.5f is unstable because 
the three interconnecting bars are all parallel, and can develop no initial 
restraint against motion normal to the parallel bars. The compound 
configuration with common joint plus bar connection is always stable, 
provided only that the bar connection does not cross the common joint 
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between the two simple trusses. Thus, the interconnections in Figs. 3.3b 
and d are stable. A compound truss is stable if and only if the intercon­
nections between the simple trusses are stable. 

The number of bars in a compound truss is always 2J - 3. This is 
demonstrable as follows: Let J 1 and J 2 denote the number of joints in 
the two simple trusses. Each simple truss will have (2J1 - 3) and (2J2 

- 3) bars, respectively. When the two are joined together by three 
bars, the total bars will be (2J1 - 3) + (2J2 - 3) + 3, or 2J - 3, 
where J is the total joint count in the compound truss. When inter­
connected by a common joint plus a bar, the total bars will be (2J1 -

3) + (2J2 - 3) + 1, or 2(J1 + J 2 ) - 5. Since one joint is shared, the 
total number of joints J in the compound truss will be J = J 1 + J 2 - 1, 
or J 1 + J 2 = J + 1. Substituting J + 1 for J 1 + J 2 gives, again, 
2J - 3 for the total number of bars. 

A compound truss can be transformed to a simple truss by relocating 
one member. The reader should inspect the compound trusses in Fig. 
3.3 to verify this. The basic compound truss consisting of a pair of 
simple trusses with compound interconnections can be augmented by 
compound interconnections to another simple or compound truss. To 
transform such a multiply compounded truss to a simple truss will 
require n - 1 bar relocations, where n is the number of simple trusses 
in the multiply compounded truss. 

3.2.3 Complex Trusses 

A complex truss is a nonsimple, noncompound truss that can be trans­
formed to either a simple or compound truss by relocating one member. 
For example, the truss of Fig. 3.4a is neither simple nor compound. 
Relocation of one of the diagonal bars as in Fig. 3.4b transforms the 
complex truss to a simple truss. The complex truss of Fig. 3.4e can be 
transformed to a compound truss by relocating member m, then to a 
simple truss by relocating member n as shown. 

Since a complex truss has the same number of bars as a simple truss 
connecting the same number of joints, it is statically determinate un­
less it possesses a critical form. Then, it is an unstable mechanism that 
becomes statically indeterminate when load is applied. The critical 
form concept will be explained in a later section. 

3.3 TESTS FOR STABILITY AND DETERMINACY 

Before starting a stress analysis of a truss, the configuration should 
be analyzed for stability and static determinacy. If unstable, the truss 
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( e) Complex Truss 
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(b) Transformation of (a) 
to Simple Truss 

(d) Transformation of (c ) 
to Simple Truss 

(f) Transformation of (e ) 
to Compound Truss 
(solid lines)', Simple 
Truss (dotted line) 

Fig. 3.4. Complex trusses. 

is dangerous, and the configuration should be modified to produce sta­
bility. We have seen that a simple truss is always stable. A compound 
truss is stable if the interconnections between the simple trusses are 
stable. A complex truss is stable if it does not possess a critical form, 
explained later. Therefore, the best test for stability and determinacy 
is development of a paper-and-pencil sketch to reproduce the truss 
configuration, starting with a three-bar truss contained somewhere in 
the configuration. Then add simple extensions until the arrangement 
of the truss in question is matched. If it cannot be matched, the truss 
is compound, unstable, or complex. If the truss being analyzed has a 
missing bar needed to complete the configuration, it is unstable. If the 
truss is compound, the two simple trusses will have to be interconnected 
by appropriate stable connections. If the truss is complex, one bar 
relocation will transform it either to a simple or compound truss. 

Another test for stability sometimes proposed is to count the number 
J of the joints, and compute 2J - 3. If the number of bars is less than 
2J - 3, the truss is certainly unstable. If the number of bars is equal 
to 2J - 3, the test is ambiguous, and no valid conclusions can be drawn 
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(a) Simple 
J=5,B=7 
2J -3 =7 

(b) Simple 
J=5,B=7 
2J-3=7 

( c) Unstable 
J=6,B=8 
2J-3 =9 

(d) Statically Indeterminate above 
Section I-I, Unstable below 

I-.pt:::.~--~:;Joo..-I J=8,B=13 
2J -3 = 13 

(e) Statically Indeterminate 
J=6,B=11 
2J-3=9 

( f) Simple to Left of Section I-I 
with Unstable Connection to 
Statically Indeterminate Portion 
to Right of Section I-I 
J =10, B=18 
2J-3=17 

( g) Unstable 
J=9,B=14 
2J-3=15 

(h) Anomaly. not a True Truss, Stable 
because of Conti nuity of Upper 
Chord Members through Joints I-I 

Fig. 3.5. Variations in truss configurations. 

without examining the configuration in more detail. For example, the 
truss of Fig. 3.5d has 2J - 3 bars, but it is a combination of unstable 
and statically indeterminate bar arrangements. For a simple truss, the 
test is always valid, but a simple truss is always stable and statically 
determinate, so the test is superfluous for a simple truss. The fact that 
a truss has 2J - 3 bars does not prove it is a simple truss. 

The analyst must know whether a truss is statically determinate or 
indeterminate. If the number of bars is greater than 2J - 3, the truss 
has at least one bar that is statically indeterminate. All simple and 
compound trusses are statically determinate. Complex trusses are stat­
ically determinate unless they include a critical form. This produces 
indeterminacy when the truss is loaded. 
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If the truss in question matches a simple, compound, or complex 
truss, except that it has one or more added bars, it is statically inde­
terminate. The extra bars are called redundants. 

A number of stable, unstable, and statically indeterminate trusses 
are illustrated in Fig. 3.5. The reader should analyze their configu­
rations in the light of the concepts of truss configuration. For each 
truss, the joint count J and bar count B are given, and 2J - 3 com­
puted. The reader should note that the comparison of 2J - 3 with B 
is sometimes ambiguous. 

The foregoing discussion of truss configuration and its relationship 
to stability and determinacy is based on the premise that the supports 
are stable and determinate. This is true if the supports develop three 
independent reaction elements that are not all parallel. For example, 
a simple truss on a hinged support at one joint and a roller support at 
another joint has stable and statically determinate supports. 

A truss with a statically determinate bar arrangement becomes a 
statically indeterminate system if supported on statically indetermi­
nate reactions; for example, the truss of Fig. 3.1d. Stresses in bars A, 
B, C, and D are statically determinate, but not E. Bar E can be dis­
carded. Then the truss and the reactions are stable and statically 
determinate. 

3.4 STRESS ANALYSIS 

The first step in truss stress analysis is to determine whether the truss 
configuration and supports are stable and statically determinate. If so, 
the next step is to compute the reactions by a free body analysis of the 
loaded truss. Then, the stresses in the truss members are computed by 
free body analyses of each truss joint. This sometimes is called the 
method of joints. Free body analysis of portions that include more than 
one joint can be used as an alternative or supplemental method. This 
is called the method of sections. The analyst should use the method 
that is more convenient for him. Both may be used in combination, if 
desired. 

3.4.1 Simple Truss 

A simple truss can be analyzed by starting at a joint carrying an 
external load or reaction and where only two members meet. A free 
body analysis of each such joint is made, based on 'i:Fx = 0 and 'i:F y = 0, 
to solve for the stresses in the two bars. Then, proceed to an adjoining 
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Required: Analyze the Truss to Determine the Stress in all 
Members. ( Truss is Sy mme1ricoll n Loodin g 

and 80 r Arrangement) 

A E 

~Ll3 Ll3--+fo--

VA" 1050 300 300 

(a) Free Body, Truss and Reactions,IFy+f 

1050 -2VA +2100=0; VA=1050 t BC 

~' __ ~ x 1050" 2520 ;.(5tO -- HBC 
A CJ' S 

j 12 ___ 2520 2520 ---- j 'TIl' sQ 
T 1050 T ~ ---- HBG 

(b) Free Body at "A" 1050, 
VBG 

( ) F B d "B" Free Body" B" Equations cree 0 y at 

Hy+t: -1050+500+Vsc+VSG =0 
SO: Vsc=550-VsG 

But, From Geometry: Hsc= !fvsc 
REDRAW FREE BODY TO 

HSG= ~ VSG CORRECT DIRECTIONS 
SO: f2 Hsc= 550- ~ HSG OF STRESS COMPONENTS: 

IFH+-: +2520- HBc+HSG=O 

SO,Solve the Two Equations 
Simultaneously: 

~ VBC 
500 , 

X-HBC 

HBC= 1320 - 3HSG 
- HBc=-2520 - HBG 2520--r \_. 

t 1--300 
o =-1200 - 4HBG 

SO: HBG= - 300 
AND: vBG=i ~300)"-~ 

1050 T 
375 

Fig. 3.6. Stress analysis of a simple truss. 

joint. If more than three members meet at a joint, all but two of the 
bar stresses need to have been determined by analyses of other joints. 
An example of free body analysis of joints for a simple truss is given 
in Fig. 3.6. 

After the horizontal and vertical components of the stress in each 
bar have been determined, the total resultant axial stress is computed 
by 

s = VIP + V2 

where S is the total axial stress, H is the horizontal component, and 
V is the vertical component. Finally, the stresses should be tabulated 
for use in design computations as in Table 3.1. 
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Hv+ ~: -1050- 375 + 500 + VBC= 0 
SO : Vec= + 925 

AND: Hec= 't Vec = + 2220 
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CHECK: i: FH + --: +2520-300-2220" 0; Checks. 

i:Fv+ ~: +500+925-1050-375,,0;Checks. 

(d) Free Body at"C" c poo 

2220--~~---2220 
925 v, , v ~ 925 

CG CF 

i:Fv + t: +500-2 x925 + 2VCG = 0 (by Symmetry, VCG=VCF ) 
SO : VCG = 675, 

375 675 
AND: HCG= ~VCG= ~ x 675 ~ ~ 

= 540 ___ 300--, /-- 540 

(e) Free Body at "G" 2520 --~ -- HGF 

i:FH+--: -2520+300+540+H GF =0 '300 

GIVES: HGF = + 1680, Member in Tension 

CHECK: i:Fv+ t: 375 + 300 - 675 = 0 Checks 

This Completes the Analysis. Because of Symmetry, Stresses in 
the Members in the Right Hand Part of the Truss Match their 
Counterparts in the Left Hand Part. 

(f ) Free Body of Left 
Half of Truss; Calculation 
of Stress in GF by 
"Method of Sections" 
(A Iternative to" Method of 
Joints"), 

[§Ll2 

5001 , CJ5 
5 xL 12 
i2 :1 B 

A G 

LMc~: ~ VA "1050 ~300 
+ 1050 (L/2)- 300(L/6) -500 (L/4) - HGFx f,. L =0 

GIVES: HGF= 1680Ib.(Checks Same Stress Calculated 
by Joint lOG" Free Body.) 

Fig. 3.6. Continued. 

In stress analysis of a truss, it is important to identify correctly 
whether a member is in tension (T) or compression (C), because the 
design of the member depends on the character of the stress. For ex­
ample, if a member is in compression, it is designed as a column. The 
character of the stress can be determined by inspection of a joint-free 
body that contains the ends of the members in question. If the resultant 
of the member stress components pulls away from the joint, the member 
is in tension. If the resultant pushes toward the joint, the member is 
in compression. 

The most difficult part of a free body analysis of simple trusses is 
the arithmetic. Because of the considerable amount of arithmetic cal-
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Table 3.1. Member Stresses in Truss of Fig. 3.6. 

Compression, C 
Member H V Axial Stress or Tension, T 

AB 2520 1050 2730 C 
BC 2220 925 2405 C 
CD 2220 925 2405 C 
DE 2520 1050 2730 C 
EF 2520 0 2520 T 
FG 1680 0 1680 T 
GA 2520 0 2520 T 
GB 300 375 480 C 
GC 540 675 864 T 
CF 540 675 864 T 
FD 300 375 480 C 

culation that must be performed, many opportunities for mistakes oc­
cur. After each free body analysis has been completed, it should be 
double-checked by resumming the computed forces and the applied 
joint loads in vertical and horizontal directions. Otherwise, undetected 
mistakes will be carried from one free body to the next, and any sem­
blance of a valid analysis is lost. 

In free body analysis of trusses, it is usually best to write the hori­
zontal and vertical components of the member stresses in terms of the 
sides of the member slope triangle, as shown in Fig. 3.6. This avoids 
computing trigonometric functions of angles. 

Great care should be exercised in drawing free bodies to ensure that 
member stresses are consistent from one free body to the next. If stresses 
in a certain member on one free body correspond to, say, tension, the 
stresses in the same member on an adjacent free body must also cor­
respond with tension. If calculations reveal that the actual stress in a 
member is opposite to that assumed in the free body, the free body 
should be corrected immediately. 

When symmetry occurs, it can be utilized to simplify the calculations 
as in Fig. 3.6, free body at C. 

3.4.2 Compound Truss 

If only joint-free bodies are used in analysis of a compound truss, a 
joint will always be encountered where there are more than two un­
known bar stresses, regardless of the sequence of joints selected. To 
eliminate this impasse use a free body section of the truss that cuts 
the connections between the two simple trusses. Analysis ofthe portion 
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of the truss as a free body will reveal the forces in the connections. 
Then the analyses through each of the remaining simple trusses can 
be completed by the method of joints or sections, as desired. 

3.4.3 Complex Truss 

Except for peripheral simple extensions, all joints in a complex truss 
have three or more members, and all section free bodies cut four or 
more members. Therefore, neither the method of joints nor the method 
of sections, alone or in combination, can be used to progressively eval­
uate the stresses. Instead, one of the following alternative methods 
can be used: 

MethodA (SimultaneousEquations). Write 2J independentequa­
tions of static equilibrium by applying LX == 0, LY == 0 to free bodies 
for the J joints. Solve these simultaneously for the unknown bar stresses 
and external reactions. This is laborious to do by hand calculations. 

Method B (Undetermined Member Stress). Select one member at 
a joint where only three members meet. Designate the stress in that 
member by some symbol, say, S. Compute the stresses in the other 
members at that joint in terms of S. Then proceed to the next joint. 
Compute member stresses at that joint in terms of S. Continue until 
a joint is reached where two independent expressions, each in terms 
of S, are available for the stress in one member. Solve for S; then 
compute numerical values for member stresses already evaluated in 
terms of S; then evaluate the other member stresses. 

This method is illustrated in Fig. 3.7. The complex truss is sym­
metrical and symmetrically loaded. The unknown components of the 
stress in member AB are designated by S, since member AB has a one­
to-one slope. Then, free body analyses are made successively of joints 
A, B, and C. By symmetry, it is known that the stress in CF equals 
the stress in AD. The stress in AD was obtained in terms of S by 
analysis of joint A. The stress in CF was obtained in terms of S by 
analysis of joint C. The horizontal components of the stress in these 
two symmetrical members, AD and CF, are equated to evaluate S. 
Then, all stresses can be computed. Had the truss been nonsymmet­
rical, either in configuration or loading, the free body analysis of joints 
to get member stresses in terms of S would have to continue through 
joint D. This would yield an expression in terms of S for the stress in 
AD, which could be equated to the expression for stress in AD obtained 
at joint A. This equation would be solved for S. 
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S 
Joint A: Hs-s 

I, /T~ (-';)(S-S) 

A~--l1s-~ 3 

~ ct *(UPS-4S) 

Joint C : 

7 i(3S-4) __ ~:: 
---'----------1 i i 1i (=) 
Joint B: 2 1 *(35-4) T T T----r-

J. , *(35-4) (!~3S) eV-- ,i (35-4) ..-

S _/",-- "[(S-4) 

~ -.\-(S-4) 
S 

Solve for S _ By Symmetry, Stress in CF = Stress inA D, 
Note that Joint A Free Body Assumes Tension in 
AD; Joint C Free Body Assumes Compression. Therefore , 
Attach Minus Sign to Stress in CF from Joint C 
Free Body. 

So: _('6~3S)=S_6 

Gives: S=.§. 

Fig. 3.7. Complex truss analysis. 

Method C (Collinear Members). If a complex truss has two colli­
near members at a three-member joint, the stress in the noncollinear 
member can be determined directly by free body analysis of that joint. 
Then, the known stress in that member can be used in a free body 
analysis of the joint at the other end of the member, and all member 
stresses can be evaluated immediately. This is illustrated in Fig. 3.8, 
where members A and B are collinear. 

3.4.3.1 Critical Form. By definition, complex trusses have the proper 
number of bars for a stable truss configuration. This is not a sufficient 
test for stability, because critical orientation of some bars may create 
instability. Complex trusses that include such orientation are said to 
have critical form. We define critical form as an orientation of bars in 
a complex truss which produces instability due to a transformation 
mechanism. 
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.L ~x 
10 , AB --x 

A C __ s 
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h 

( 1 ) }: FH+ --: y - x - s = 0 
(2)}:Fv+ ~ :-h+~X-ts+IO=O 
Multiplying( I) . 2 2 2_ 
by~,Addingto(2)' '3Y-'3 X -'3 s -0 

-tS - ~s + 10 = 0 
S = 10.5, Compression 
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Fig. 3.S. Complex truss with collinear members at a joint. 

The instability disappears when the truss is loaded and the truss 
become statically indeterminate. Some members may be seriously over­
stressed. In some instances, critical form can be identified by inspec­
tion. In others, apparently stable complex trusses possess critical form. 

Figure 3.9 illustrates a complex truss in which the critical form can 
be identified by inspection. It is a modification of the truss analyzed 
in Fig. 3.7 by merely realigning members AB and Be to make them 
collinear, doing the same for DE and EF, then adding a simple exten-

K 

Fig. 3.9. Unstable complex truss. 



www.manaraa.com

50 Stress Analysis of Coplanar Statically Determinate Trusses 

Joi nt A B , P = 0, 
Unit Stress in M 

Joint AD,P=O 
Unit Stress in M 

A ,~~ 
Drcl--- I 

t9 i 
8 

Fig. 3.10. Complex truss-positive test for critical form. 

sion to K. When load P is applied, no restraint can be developed in 
member BG or EG until some rotation of triangle ABG about A and 
FEG about F has occurred. 

Figure 3.10 illustrates a complex truss in which the critical form 
may not be readily apparent. When loaded by P, the stresses in mem­
bers A, B, E, and F will be equal in magnitude and have the same 
character. Stresses in members K and L can develop no torque about 
their intersection. Therefore, rotation occurs about the point of inter­
section of the three internal members when P is applied. After defor­
mation has occurred so that the bars no longer have symmetrical ori­
entations, a resisting torque about P is developed, but some of the 
member stresses are apt to be high and may rupture the members. 

3.4.3.2 Statical Indeterminacy. Because critical form is not always 
apparent by inspection, engineers need a "foolproof" test to identify 
it. We use the fact that a complex truss with critical form is transformed 
to a statically indeterminate truss when load is applied. Therefore, if 
we can show that a complex truss is statically indeterminate when 
loaded, we have sufficient proof that it has critical form. If it is not 
statically indeterminate when loaded, it does not have critical form. 

A convenient test for statical indeterminacy is to apply an internal 
stress to one of the members. Conceptually, this amounts to replacing 
one ofthe members by a tie rod equipped with a turnbuckle. We tighten 
the turnbuckle to apply, say, a unit tensile stress in the tie rod. Then 
we attempt to analyze the stresses in the other members due to this 
unit tensile stress only, without any external load. If a consistent stress 
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Joint AB Joint AC 

A B 
5 ~ 5 

Z--tt t ~T2 
I 

A ,~~ 

crtl~i h "8 

Joint EF Joint CE 

Fig. 3.11. Complex truss-negative test for critical form. 

analysis is possible, the truss is statically indeterminate and possesses 
critical form. If a consistent stress analysis is impossible, the truss is 
statically determinate when loaded, and does not possess critical form. 

This test is illustrated in Fig. 3.10. To expedite the test, apply a unit 
tensile stress to the internal vertical member M by tightening the 
turnbuckle. All external reactions and loads such as P are removed. 
Free body analyses of joints AB and AD, together with symmetry, show 
that a consistent stress analysis is possible. Therefore, the truss does 
have critical form, and is a potentially dangerous configuration. 

In contrast, the complex truss of Fig. 3.11 does not have critical form. 
We apply the unit tensile load to member M. Utilizing free body anal­
yses, we arrive at the free body for joint CEo By symmetry, we conclude 
that stresses in members K and L must be identical. However, the free 
body of joint AC shows that the horizontal component of the stress in 
L is t; but the free body at joint CE shows it to be unity. This incon­
sistency proves that the truss is statically determinate, and does not 
possess critical form. 
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3.5 REAL VERSUS IDEAL TRUSSES 

An ideal truss has frictionless hinges at the joints, the external loads 
and reactions are applied only at the joints, none of the members are 
continuous through a joint, and the system is coplanar. Real trusses 
used in buildings or machines always depart from these idealizations 
to some degree. For example, the joints may be made with gusset plates 
to which the members are welded, riveted, or glued. Because of prac­
tical assembly requirements, the members may not all be exactly co­
planar. Not all the axes of members meeting at a joint may be coin­
cident at that joint. Roof trusses may have distributed loads along the 
upper and lower chords. The reactions may be statically indeterminate. 
Some of these differences can be ignored, and the real truss analyzed 
as an equivalent ideal truss. Idealization of rigid or semirigid joints 
by frictionless hinged joints is usually tolerable in a truss. The bending 
and shear stresses that occur in the members because the joints are 
actually rigid may be of secondary importance compared to the axial 
stresses computed on the assumption that the joints are pinned. These 
stresses due to joint rigidity are called secondary stresses. The stresses 
occurring with ideal joints are called primary stresses. 

3.6 GRAPHICAL STRESS ANALYSIS 

Direct stresses in trusses can be computed by graphically constructing 
a force polygon for the applied loads and member stresses. This force 
diagram is called a Maxwell diagram. It is essentially a graphical 
analysis offree bodies. No new concepts are involved. It has advantages 
of speed and self-checking characteristics, particularly if stresses due 
to several different loadings are to be investigated for one-truss con­
figuration. Drafting equipment is required but the tedious arithmetic 
required in free body analyses is eliminated. For an explanation of the 
mechanical details of graphical analysis, see Michalos and Wilson (1965, 
pp. 56-59); or Parker and Ambrose (1982, chapter 7). 

3.7 TRUSS SHAPES 

An almost endless variety exists of truss configurations, both in profile 
and arrangement of internal members. Some have the name of the 
originator, for example, Pratt, Howe, and Fink. Some typical shapes 
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Howe 
(Flat) 

Pratt 
(Gabled) 

Pratt 
(Flat) 

3.8 Commercial Systems 53 

Fink 

~ 
Fink 

( with cambered) 
Bottom Chord 

Scissors 

Fig. 3.12. Typical truss configurations. 

are shown in Fig. 3.12. Sometimes unstable arrangements are proposed 
or created, e.g., for the scissors truss by omitting the vertical member. 
Another example is omitting one of the diagonals in a flat Howe or 
flat Pratt configuration to provide space for duct work or other me­
chanical and electrical requirements. The engineer should be able to 
detect potentially dangerous, proposed truss configurations. 

3.8 COMMERCIAL SYSTEMS 

Computer-based commercial design systems are available for analysis, 
design, cost estimates, and fabrication procedures for a wide variety 
of truss configurations and loading patterns. A customer, e.g., an ar­
chitect or builder, can call the service to input span, loading, material 
specifications, and other pertinent data. The customer quickly receives 
an optimized design and associated cost information. Availability of 
computer-based analysis and design systems does not obviate the need 
for engineers to know how to analyze stresses in trusses. Engineers 
need to be able to investigate proposed trusses for stability and ade­
quacy. If the engineer is not capable of doing this, he has no basis for 
creative designs or detecting faulty designs. Engineers, of course, should 
utilize but not be at the mercy of computer-based analysis and design 
systems. 
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3.9 TRUSS DEFLECTION 

In many instances, truss deflection needs to be controlled to prevent 
unsightly sagging, misalignment of equipment supported by the truss, 
faulty operation of doors and windows, water ponding on roofs sup­
ported by flat profile trusses, and other manifestations of unsatisfactory 
performance. Truss deflection can occur from axial deformation of truss 
members due to member axial stress, slippage at joints due to inade­
quate joint design, and uneven temperature change. 

Trusses of steep to moderate gable profile ordinarily are quite stiff 
because of a relatively large depth-to-span ratio. Flat profile trusses 
may have larger deflections. 

3.9.1 Real and Ideal Trusses 

Real trusses may have greater stiffness compared to their ideal coun­
terparts. Real truss joints (gusset plates, toothed plate connectors, welded 
connections) typically resist relative rotation of members, whereas the 
ideal truss has pinned connections. Truss members may be continuous 
through a joint, instead of terminating with pinned ends. 

Because of these and other differences between the real truss and 
its ideal counterpart, calculated deflections due to superimposed loads 
on the idealized truss are approximations to deflections of the actual 
truss. The most accurate information on truss deflection probably is 
obtained by load-testing of prototype trusses. Nevertheless, designers 
should be able to calculate deflections of ideal trusses to ascertain that 
truss performance criteria, such as limitations on maximum deflection, 
are met. Graphical and analytical methods are available for estimating 
truss deflection. We will present only an analytical method based on 
principles of virtual work. 

3.9.2 Virtual Work 

The principle of virtual work, first presented by the Italian engineer 
Alberto Castigliano in 1873, is based on the concept of virtual dis­
placements developed by John Bernoulli in 1717. 

The objective is to obtain a method for calculating the deflection at 
a specified joint or joints in specified directions (usually horizontal and 
vertical) for a truss under a specified pattern of loads. The member 
sizes and moduli of elasticity must be specified. 

The basic approach can be described with reference to a typical stat­
ically determinate truss in Fig. 3.13. The loads Ph P2 , ••• ,Ps are the 
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Fig. 3.13. Indexing load applied to truss. 

actual loads for which deflection is to be determined. Suppose we wish 
to calculate the vertical deflection at joint 6. (The same basic procedure 
would be used for any other joint.) Then we apply a vertical indexing 
load Q6 at joint 6. For convenience, we assign a value of unity to the 
indexing load. The load is applied in the direction of the desired de­
flection, in this illustration, downward at joint 6. (This indexing load 
is sometimes referred to as an imaginary or virtual load of unity.) With 
the indexing load in place, we now apply the regular loads, Ph' .. ,P5• 

After the Pi loads have been applied, each member has experienced 
axial deformation due to those loads which can be calculated based on 
the axial stress on the member, its length, cross-section area, and 
modulus of elasticity. In general, 

where 8ij is axial deformation, in. (cm), in member ij when subjected 
to axial stress, Sij, lbf (N), due to Pi loads; Sij, axial stress in member 
ij, lbf (N), due to Pi loads; l, member length, in. (cm); A, member cross­
section area, in.2 (cm2); E, member modulus of elasticity, Ibflin.2 (N/cm2). 

At the same time, each member will be subjected to a stress sij, due 
to the indexing load Qi. This stress can be calculated by the same 
procedure as for the stresses due to the Pi loads. Conceptually, this 
indexing stress "rides along" with the axial deformation produced by 
the Pi loads. The work done, or energy accumulated in a specified 
member by the Sij stress moving through deformation 8ij, is W m, ex­
pressed by 

W m = (8 i) (8i) in. x lbf 

The total amount of work done on all the members is the sum of the 
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work done on each member by the sij stresses moving through &ij. This 
work generated by the Sij stresses in the members must be equal to 
the work done by the indexing load moving through deflection d i at 
joint i, in this case, joint 6. This work Wi is expressed by 

where d i is deflection at joint i due to unit indexing load in direction 
of that load applied at joint i, in. (cm); and Qi' unit indexing load, lbf 
(N). By conservation of energy in an ideal system, 

where W m is the work done by each of the member stresses Sij moving 
through &ij or 

rearranging, 

(3.1) 

The term Si)Qi is the dimensionless ratio of the stress generated in 
member ij to the load Qi applied at a specified joint and generating 
stress Sij. As long as the truss deforms in a linearly elastic manner, 
stress Sij is directly proportional to load Qi. For convenience, a unit 
load is used for Qi in calculations. 

By substituting into Eq. (3.1) for 3ij , we have 

(3.2) 

Application of Eq. (3.2) for calculating the deflection in a specified 
direction and at a specified joint is done as follows: 

1. Calculate stresses Sij and the corresponding axial deformations 
in the members of the truss due to the applied loads Pi. 

2. Calculate the Si stresses in the members of the truss due to an 
indexing load Qi of unity applied at the joint where deflection is 
to be calculated. The indexing load must be applied in the di­
rection for which deflection is to be calculated, usually vertically, 
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horizontally, or both. (A separate set of calculations must be 
made for each direction.) 

3. Calculate, for each member, the product of the axial deformation 
due to the applied Pi loads times the axial stress in that member 
due to an indexing load Qi of unity. 

4. The summation for all the members of the products obtained in 
(3) will be the deflection ~i of joint i in the specified direction. 

A sign convention must be established for the axial deformations 
due to the applied loads and the indexing load, based on whether axial 
shortening or elongation occurs. It is convenient to use plus ( + ) for 
axial elongation (tension) and minus ( - ) for axial shortening (compres­
sion). 

An example of calculation of deflection in a truss of just a few mem­
bers follows. 

Example. Calculate the vertical and horizontal deflection of the 
peak of the truss of Fig. 3.14. 

Solution. The calculations are arranged in Table 3.2. The stresses 
Sij, Sijv, and Sijh entered in Table 3.2 are obtained by free body analysis 
for member stresses ofthe truss. One analysis is made for S, the mem­
ber stresses due to the applied loads, P b P2H, and P2V• The other two 
analyses are made for member stresses Sv and Sh due to (a) a vertical 
indexing load of unit value applied to the peak, and (b) a horizontal 
indexing load of unity applied to the peak, where deflection is to be 
calculated. 

The final values for peak deflection are 

~h = 0.232 in. (0.589 cm), ~ horizontal displacement of peak 

~v = 0.310 in. (0.787 cm), t vertical displacement of peak 

The same procedure would be followed for any other joint. Care must 
be exercised to use consistent units throughout the analysis. 

Note that in this example, the modulus of elasticity was introduced 
in the final calculation for deflection. This is valid only if all members 
have the same E value. Otherwise, the calculation for each member 
would include that member's E value. 
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E=2.0 x 106 psi 
Member Stresses are 
Minus far Compression 

~>s. 
3~O/6,. 

4 

, PI =900 Ibf 

~1'---------40"--------~ 

(a) Truss Loaded with P-Loads 

t QBV=I.O 

0.500 0.500 
(b) Truss Loaded with Indexing Load QBV= 1.0 

A +0.500 0 +0.500 C 
HA = 1.0--, ~ 

0.375 0.375 
(c) Truss Loaded with Indexing Load QBH= 1.0 

Fig. 3.14. Truss deflection calculations. 

PROBLEMS 

Problems 59 

3.1. Compute the axial stresses in the trusses shown in Fig. 3.15a, 
b, c, d, e, and f. Tabulate the stress in each member. Indicate the 
character of each member stress: T, tensile or C, compression. 

3.2. Compute the deflection in millimeters (horizontal and vertical 
components) of the peak joint and the two lower chord joints for 
the truss in Fig. 3.15a. Indicate direction of the deflections. 
E = 12,400 X 106 pascals. Members are 2 in. x 8 in. for all 
members. 
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(0) 

(b) 

2000N 

---+~--4m--~~­
~-----------12m------------~ 
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rtststsktkj 
R£ Rr 

( c ) 2500N 

Ll3 

2000N 2OO0N 

~ L 

R£ Rr 

(d) 1600 , 

Fig. 3.15. Problems. 

3.3. Compute the vertical deflection at the lower joint at the outboard 
end of the truss shown in Fig. 3.15e. E = 2.4 X 106 psi. Assume 
the lengths are in feet and the loads are in pounds force. The 
member cross sections are 20 in. 2 for the diagonals, 8 in.2 for the 
vertical members, and 15 in.2 for the horizontal members. 
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(e ) 

~ ,6 .,. 6 + 6---1 
200 300 400 

(f) 

Fig. 3.15. Continued. 

NOMENCLATURE FOR CHAPTER 3* 
A Truss member cross-section area, in.2 (cm2) 
B Number of bars (members) in a truss 
E Modulus of elasticity, Ibf/in.2 (pascals) 
Fx,Fy Force in x direction, y direction, lbf (N) 
H, V Horizontal (vertical) component of truss member stress, 

lbf (N) 
J 
1 
Pi 
Qi 
Qiv,Qih 
S 
Sij 

Number of pinned joints in a truss 
Truss member length, ft or in. (m, cm) 
External load applied at a truss joint i, lbf (N) 
Unit indexing load applied at a truss joint i, lbf (N) 
Vertical or horizontal indexing load, lbf (N) at joint i 
Axial stress in a truss member lbf (N) 
Axial stress in truss member ij due to applied P loads, lbf 
(N) 
Truss member ij axial stress generated by unit indexing 
load, lbf (N) 

*Note: Quantities such as F, H, V, P, Q, and S may be subscripted to indicate point 
of application or direction. 
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~ih 

Truss member ij axial stess generated by horizontal 
indexing load, h, or vertical load, v, lbf (N) 
Work equivalent of unit indexing load Qi acting through 
deflection ~i' in .. lbf (J) 
Work equivalent of sij member stress acting through 
distance ()ij, in .. lbf (J) 
Axial deformation of truss member ij due to applied loads 
Pi, in. (cm) 
Deflection of truss joint i in a horizontal direction, in. 
(cm) 
Deflection of truss joint i in vertical direction, in. (cm) 
Horizontal component of member stress generated by a 
horizontal indexing load of unity, lbf (N) 
Vertical component of member stress generated by a 
vertical indexing load of unity, lbf (N) 
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Bending Deformation 

The purposes of this chapter are to develop the concepts of bending 
and of bending deformation and their computation. This is of practical 
usefulness. Also, bending deformation is the basis for analysis of stat­
ically indeterminate frames and members. 

The amount of bending is often critical in deciding whether or ndt 
members or frames are adequate to carry superimposed loads. Exces­
sive deformation of machine frames, for example, may cause mis­
alignment and wear in moving parts. In building frames, it may cause 
unsightly sagging of the building, or faulty operation of doors and 
windows. The nomenclature used in this chapter is listed at the end 
of the chapter. 

4.1 DEFINITIONS 

For later reference, some important definitions related to bending de­
formation are given here. These will be illustrated in subsequent pages. 

Bending. Change in curvature of the elastic line at a point due to 
applied bending effect. 

Elastic line. Longitudinal neutral axis of an elastic member, as seen 
in the plane of bending. 

Curvature. Rate of change of direction of the elastic line with respect 
to distance measured along the elastic line. 

Direction of the elastic line. Direction of the tangent to the elastic 
line at a specified point, measured with respect to a set of reference 
axes. 

Bending effect, fl. An effect such as bending moment or nonuniform 

63 
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temperature change causing bending. In linear bending, the amount 
of bending is linearly and directly proportional to the bending effect. 
Bending effect may vary according to some function of distance along 
the elastic line; i.e., ~ = f(l) or ~(l). 

Bending deformation. Change in configuration (shape, position) of 
the elastic line due to bending. Deformation includes rotation and 
displacement of the elastic line. 

Rotation. Change in direction of the elastic line due to bending. Also, 
rotation at a hinged joint or reaction. 
(i) Relative rotation: Rotation at a point measured relative to the 

direction of an elastic line at some specified point. 
(ii) Absolute rotation: Rotation measured with respect to direction 

of a fixed reference line, i.e., one which does not rotate when 
bending occurs. 

4.2 CURVATURE AND BENDING 

The basic concept of bending is change in curvature of the elastic line 
of a member. The configuration of the elastic line is described by po­
sition and orientation of a tangent to the line at some specified point, 
and its curvature at all other points. The concept of curvature is il­
lustrated in Fig. 4.1a. Tangents defining the direction of the elastic 
line at P and pi form angle a. The average change in direction of the 
tangent per unit distance along the line is a/al. Now we conceptually 
shrink M, and cause pi to approach P. As al approaches zero, the 
average rate of change of curvature becomes the derivative at P of a 
with respect to l. We define the curvature at point P as da/dl. For 
example, a straight line has zero curvature; and a circular arc has 
constant curvature. For other curves, the curvature varies from point 
to point. 

Based on this concept of curvature, we define bending as change in 
curvature of the elastic line at a point on the elastic line. Some bending 
effect must be produced by the environment, or "outside world," such 
as temperature change or applied forces, for example. The concept of 
bending is illustrated in Fig. 4.1. For generality, we show an elastic 
line that is slightly curved before bending. The concepts are applicable 
to initially straight or initially curved members. 

A tangent to the elastic line at pi (Fig. 4.1a) before bending makes 
angle a with the tangent at P. Bending effect ~ applied along segment 
al ofthe elastic line causes a to change to a' (Fig. 4.1b). As al approaches 
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_ Pr;!t1dr 
(a) Before Bending 

-
(b) After Bending 

Fig. 4.1. Bending concept. 

zero, the curvature before bending becomes deld1 at P; and de'Id1 after 
bending. We define bending effect ~(l) at point Pas 

~(l) = de' _ de 
d1 d1 

or change in curvature of the elastic line at a point. Note that depending 
on loading and configuration, ~(l) may be constant or may vary as 
some function of distance along the elastic line. ~(l) has the dimension 
of change in curvature per unit length, or L-1• For bending due to 
bending moment M applied to a member with modulus of elasticity E 
and cross-section moment of inertia I, 

~(l) = MIEI 

The product EI is sometimes called the stiffness modulus. Therefore, 
bending is simply the change in curvature at a point due to bending 
effects. The units of bending are radians per unit length. 

4.3 BENDING ROTATION 

In general, bending effect ~ varies along the elastic line, and can be 
related to distance 1 measured along the elastic line by some function, 
~(l), i.e., deld1 = ~(l). Total change in direction, or angle change, de, 
of the elastic line due to bending applied along 6.1 is the integral of 
~(l)d1, or 

de = J 13(l) dl 
{j,l 
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(a) Elastic Line Before Bending 

(b) Elastic Line After Bending 

Fig. 4.2. Effects of bending on elastic line. 

Bending applied to the elastic line changes its configuration by causing 
rotations and displacements. The member or frame represented by the 
elastic line rotates and is displaced by the same amounts as the elastic 
line. 

Elastic line rotation is illustrated in Fig. 4.2, greatly exaggerated. 
An elastic line is shown before bending, Fig. 4.2a, and after bending, 
Fig. 4.2b. Usually we are interested in rotation of a frame or member 
at specified points such as A and B in Fig. 4.2. To indicate rotation at 
A and B relative to a fixed reference system, we conceptually solidly 
attach reference lines to the elastic line at A and B. Since the reference 
lines are attached to the elastic line, they rotate with it. One could 
initially orient the reference lines to coincide with horizontal or vertical 
directions before bending. Next, bending effect, [31(1), is introduced 
along segment ~lb and [32(1) along segment M2• This produces the 
changed configuration shown in Fig. 4.2b. 61 has increased to 6i, and 
62 to 62. We use the notation ~6 to denote these angle changes and 
write 
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.:leI = e~ - el f ~l(l) dl 
Illl 

and 

.:le2 = e2 - e2 = f ~2(l) dl 
1112 

Angle changes .:leI and .:le2 produce absolute rotations MA and MB • 

Since there are no hinges between A and B, the rotation at B relative 
to A is .:leB - M A, and 

In the general case, 

(4.1) 

We emphasize the idea that the difference, MB - MA , is relative ro­
tation. The absolute rotation at A or B depends on the location of the 
point where the elastic line is fixed against absolute rotation. For 
example, if the elastic line is fixed against rotation at A, Fig. 4.2, .:leA 
is zero and .:leB is the sum of all rotations between A and B. If the 
elastic line is fixed at some other point between Ml and .:ll2, .:leA and 
.:lOB have some other values. To compute absolute rotations at desig­
nated points, we must know the absolute rotation of some other spec­
ified point, say, at an end of the elastic line, or of some intermediate 
point. 

Because integration or summation of bending effects along an elastic 
line in general gives only relative rotation, we now introduce a double 
subscript notation for relative rotation to distinguish it from absolute 
rotation. Thus, .:leBA means "relative rotation of the elastic line at B 
with respect to the elastic line at A, or MB - MA ." The magnitudes 
of .:lOBA and .:leAB are equal, but have opposite senses. We use a single 
subscript to denote absolute rotation. For example, .:leA means "abso­
lute rotation at A." 

A tacit assumption throughout the foregoing explanation of bending 
rotation is that no hinges exist between A and B. A hinge is a discon­
tinuity at which deldl becomes undefined when bending effect is ap-
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Fig. 4.3. Geometry of small displacements of the elastic line. 

plied because a hinge has no resistance to bending. Therefore, bending 
cannot be transmitted through a hinge. However, hinges may coincide 
with A and B, Fig. 4.2, and integration or summation can be carried 
out between hinges. 

4.5 BENDING DISPLACEMENTS 

The preceding section dealt with relative changes in direction of the 
elastic line due to bending. Next we develop an analysis for relative 
displacements due to bending. This is based on the geometry of small 
displacements, and used later to compute deformations of frames and 
members subjected to bending. 

Displacement effects are illustrated in Fig. 4.3. For generality, a 
nondescript shape is shown, with bending deformation greatly exag­
gerated for clarity. Our objective is to understand and analyze how 
some point A on the elastic line moves when bending is applied along 
segment pp' of the elastic line. First, we establish reference directions 
by conceptually fixing an orthogonal pair of reference axes to the elastic 
line, say, at O. We observe that these axes are only fixed to the elastic 
line at 0, not necessarily fixed in absolute terms. If the elastic line 
rotates at 0, the reference axes rotate the same amount as the elastic 
line. 

Next, we construct chord p from pi to A. This chord is conceptually 
fixed to the elastic line at pi, and rotates with the elastic line at P'. 
Next, bending is applied along Ai. This produces rotation Mplp of the 
elastic line and chord p at P'. Point A is displaced to A' due to Mplp. 
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Neglecting as a second order effect the small displacement ofP' relative 
to P over !:ll, the displacement AA' is pCMp'p). Its components in the 
reference directions are !:ly and !:lx. The position of A with respect to 
P' is described by distances XA andYA. Because corresponding sides are 
orthogonal, small triangle AA'B is similar to large triangle P'AC. 
Based on the geometry of similar triangles 

or 

Similarly, 

Now we conceptually shrink!:ll causing it to approach zero length and 
P' to approach P. Then Mp'p becomes de, !:ly becomes dy, and !:lx be­
comes dx. We write 

dy = XA de 

dx = YA de 

Since de = j3(l) dl, we can rewrite the foregoing equations: 

dy = XAj3(l) dl 

dx = YAj3Cl) dl 

We integrate these to compute the x- and y-displacement components 
due to bending effect applied throughout a specified portion of an elastic 
line, say, between points A and 0, Fig. 4.3, as follows: 

C4.2) 

and 

C4.3) 
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It is important to see that .:lYAO and .:lxAO are displacements of A 
measured with reference to the direction of axes fastened to and ro­
tating with the elastic line at point O. Therefore, we must distinguish 
between relative and absolute displacements. Relative and absolute 
displacement of a point, say, A, Fig. 4.3, are the same only when the 
elastic line and the member it represents are fixed against rotation 
and displacement where the reference axes are attached. In general, 
relative and absolute displacements are not the same. 

The subscript notation we use fol' displacement is analogous to the 
one previously specified for rotations. A single subscript denotes ab­
solute displacement. For example, .:lYA means "absolute displacement 
of point A in the Y direction." A double subscript denotes relative 
displacement. The first subscript designates the displaced point. The 
second denotes the point at which the reference axes are attached to 
the elastic line. For example, .:lYAO means "bending displacement in 
the Y direction of point A relative to point 0 measured with respect to 
x-y axes attached to the elastic line at 0." As previously explained, 
we measure displacements either in the original or rotated reference 
direction, and ignore second order difference because the angle is so 
small. 

The limits of integration in Eqs. (4.1), (4.2), and (4.3) must be con­
sistent with the subscripts, otherwise ambiguity in sign conventions 
will occur. The first subscript should designate the upper limit of in­
tegration. Integration proceeds along the elastic line from the point 
where the reference axes are attached to the point for which we compute 
rotation or displacement. The subscripts on distances x and Y must 
correspond with the displaced point. It is important to note that dis­
tances XA and YA are measured from where bending occurs to the point 
whose displacement due to that bending is being calculated. The dis­
tances XA and YA are regarded as scalar quantities, so no sign conven­
tion is needed for them. 

4.6 SIGN CONVENTIONS FOR 
BENDING DEFORMATION 

The analyst must establish a sign convention to use in analysis of 
bending deformation. For rotation, signs denote sense, i.e., clockwise 
versus counterclockwise. For ~, signs denote rightward versus left­
ward displacement; and for .:ly, upward versus downward displacement. 
The choice of which sense or direction to call positive is optional. One 
should establish and denote the sign convention at the beginning of 
each analysis. 
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Fig. 4.4. Effect of location of a point on direction of displacements. 

Figure 4.4 illustrates how directions and consequently signs of rel­
ative displacements .:lx and fly depend on the direction of relative ro­
tation and the position of the displaced pointP relative to the reference 
point O. For example, clockwise relative rotation of p causes rightward 
relative displacement of a point P above the reference point 0 and 
downward displacement of P to the right of the reference point O. 

4.7 DEFORMATION DUE TO BENDING MOMENT 

Equations (4.1), (4.2), and (4.3) express relative rotation and displace­
ment of the elastic line as a function of bending effect j3(l), without 
defining the nature of the bending effect. Usually the bending effect 
is bending moment produced by forces on the frame or member. Now 
we relate bending moment to bending deformation. This will enable 
us to compute deformations due to specified bending moments. 

Conceptually, amount of bending deldl, caused by bending moment 
M, varies directly with the magnitude of M and inversely with the 
stiffness or resistance to bending of the member. Bending stiffness is 
defined as the product of the elastic modulus of the member material 
and the moment of inertia of the member cross section. The equation 
relating these quantities, developed in all elementary books on strength 
of materials, is 

de M 
-=-
dl EI 

where deldl is bending, radians per inch (cm), produced by bending 
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moment at a specified section; M, bending moment, lbf· in. (N . m), 
acting at the section; E, modulus of elasticity of the member material, 
lbf per sq. in. (Pa); I, moment of inertia of member cross section, in.4 
(cm4). 

One limitation introduced by the foregoing equation is that the cur­
vature of the member before bending must be small enough that the 
effects of curvature on internal stress distribution when bending is 
applied are negligible compared to a straight member. If the ratio of 
initial radius of curvature (reciprocal of curvature) to member cross­
section depth is greater than approximately 20, the effects of initial 
curvature in stress distribution may be neglected. Another limitation 
arises if the modulus of elasticity is regarded as constant when bending 
is applied. This implies that unit stress varies linearly with strain 
throughout the range of applied bending. Some materials used for 
members to resist bending only approximately conform to this as­
sumption. 

With these limitations noted, we write for bending effect Wl) its 
equivalent MIEI. Then we rewrite Eqs. (4.1), (4.2), and (4.3) as follows: 

rA M 
.:leAB = JB EI dl 

rA M 
.:lYAB = JB XA EI dl 

rA M 
.:lxAB = JB YA EI dl 

(4.4) 

(4.5) 

(4.6) 

Note that bending effect B = ;; can vary due to variations along the 

member in M, E, or I. 
Equations (4.4), (4.5), and (4.6) are the basic relationships for com­

puting bending rotation and displacements at A relative to reference 
axes fixed to a specified point B on the elastic line. We note that distance 
l is measured along the elastic line, not in the x or Y directions, unless 
these happen to coincide with the elastic line. 

4.8 APPLICATION OF DEFORMATION 
EQUATIONS 

Two applications of the deformation equations are (1) computation of 
deformations when the bending effect is known; and (2) stress analysis 
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Fig. 4.5. Valid and invalid elastic line sketches. 

of statically indeterminate members and frames subjected to specified 
loads and reactions. We will deal only with the first application in 
Chapter 4. 

A first and essential step in computing deformations is to sketch the 
elastic line as deformed by applied forces. The sketch is the basis for 
writing the deformation equations. It should be compatible with the 
geometry of the undeformed member or frame, and applied bending 
effects. A frequent mistake is to inadvertently introduce an inflection 
point at a rigid corner in a frame. Shown in Fig. 4.5 is a correctly 
drawn elastic line sketch, Fig. 4.5a, and one incorrectly drawn with a 
spurious inflection point at a rigid joint, Fig. 4.5b. The shape of the 
deformed elastic line in the incorrect sketch is incompatible with the 
applied force which produces zero bending moment (inflection point) 
at E. Figures 4.5c and d illustrate two different but valid deformation 
sketches of a hingeless frame. 

The second step is to choose the location of axes for referencing 
relative rotations and displacements. If the member has at least one 
fixed support (no rotation or translation), the reference axes should be 
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located there. (Recall that these relative reference axes are concep­
tually fixed to the elastic line and rotate with it.) Then relative and 
absolute rotations and displacements will be the same. If the member 
or frame has only hinged supports, the reference axes can be attached 
to the elastic line at one of the hinges. 

The third step is to establish the sign convention for rotations and 
displacements. This can be done by showing symbols, for example: 

The choice of positive sense and directions is optional with the analyst. 
The fourth and final step is to write the deformation equations, based 

on the sketch of the deformed elastic line; then compute the desired 
deformations. 

These procedures are illustrated in the following examples. At pre­
sent, we will not be concerned with the forces that produce bending 
moment and bending effect. For simplicity, we use the symbol 13 for 
bending effect, 13(l) = MIEI. 

Example 4.1. Cantilevered Member. Required: Compute the ab­
solute end rotation and displacement of the cantilever member shown 
in Fig. 4.6 when subjected to a constant bending effect 13 due to an end 
moment. 

Solution. Figure 4.6 shows the deformed elastic line, sign conven­
tion, deformation equations, and the computed deformations. The ref­
erence axes are attached to the elastic line at A where the end of the 
cantilever is fixed. Then, relative deformations computed with respect 
to these axes are also absolute deformations. 

We note that LUBA is zero, since for the undeformed member YB is 
everywhere zero. This illustrates the important point that distances 
XB and YB are measured with the elastic line in its undeformed position, 
regardless of whether the reference axes are fixed, as in the present 
example, or rotate, as do axes at a hinged support. This latter case will 
be illustrated in another example. 

Example 4.2. Cantilevered Member. Required: Compute the end 
rotation and displacement at C ofthe cantilevered member in Fig. 4.7. 
The member is subjected to constant bending 13 throughout AB and 
zero bending throughout BC. 

Solution. The deformed elastic line, sign convention, deformation 
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Fig. 4.6. Deformation of cantilever bent by end moment. 

equations, and the computed values are given in Fig. 4.7. We note that 
integration is performed along portion AB, from A to B since bending 
effect is zero along BC. However, distance Xc is measured to point C, 
whose displacement LlYCA we wish to compute. 

Example 4.3. Cantilevered Frame. Required: Compute the abso­
lute rotation and displacements at end D for the frame of Fig. 4.8. The 
frame is subjected to a constant bending effect ~ applied in the direction 
shown. 

Solution. The assumed valid deformed elastic line, sign convention, 
deformation equations, and calculations are shown in Fig. 4.8. It is 
convenient to integrate separately for each segment of a frame. The 
limits for each integration correspond with the ends of the segment. 
Distances X and yare always measured from the point on the frame 
where bending occurs to the point P whose displacement we compute. 
For example, the Y distance for bending effect in segmentBC is constant 
at 4 in. The x distance for bending in segment CD is 3 in. minus 3/5l 
in., with integration from l = 0 in. at point C to l = 5 in. at D. 

This example illustrates how the position of the displaced point D 
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Fig. 4.7. Deformation of cantilever bent by intermediate couple. 

relative to the reference axes influences its direction of displacement. 
The applied counterclockwise bending effect in column segment AE, 
below point E, displaces D to the left. The same bending effect along 
EB, above point E, displaces D to the right. This can be verified con­
ceptually by noting that the tip of a chord, FD, for example, fixed to 
segment AE at point F, moves leftward and upward when counter­
clockwise bending and rotation of AB occur. The tip of chord GD, for 
example, moves rightward and upward when counterclockwise bending 
and rotation of AB occur. This is the effect previously illustrated in 
Fig. 4.4. To take this effect into account, it is convenient to write 
separate integrals for LlxDA for the two portions AE and EB. 

Example 4.4. Two-Hinged Frame. Required: Write the deforma­
tion and other equations needed to compute absolute rotations at A 
and D for the two-hinged frame of Fig. 4.9. Bending effect 13(l) varies 
as a function of position along the frame. 

Solution. Figure 4.9 shows the deformed elastic line in two different 
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Fig. 4.8. Cantilevered bracket bent by end moment. 

positions, I and II. In position I, the deformed elastic line has been 
detached at D and swung counterclockwise to make AB vertical at A 
(as in the unloaded configuration), while preserving the bent shape of 
the elastic line. For this position, daDA and ilXDA are computed by 
integration. 

The second, final position of the elastic line is produced by swinging 
the entire frame clockwise so that it can be reattached at D. Absolute 
rotation aeA is calculated by aXDAlh or ay DAis. 
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Fig. 4.9. Deformation of a two-hinged frame, supports at unequal heights~ 

Finally, the absolute rotation at D is calculated from the expression 

We note that in two-hinged frames with the supports at different el­
evations, 

Therefore, if the supports are at the same elevation, even though ab-
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Fig. 4.10. Deformation of a three-hinged frame. 

solute rotation occurs at both supports, <f> = 0 and flXDA = 0, as in 
Fig. 4.10. 

Example 4.5. Three-Hinged Frame. Required: Write equations for 
the absolute rotations, flOA and flOE at the supports and the absolute 
displacement of the left haunch, aXB, for the three-hinged frame of 



www.manaraa.com

80 Bending Deformation 

Fig. 4.10. The right and left halves of the frame are subjected to bending 
moments ~R and ~L' respectively. These vary in a definable manner 
along the members. 

Solution. The deformed elastic line is shown in Fig. 4.10. We note 
that because of the internal hinge at C, 

Instead, we use the condition that absolute displacements at point C 
due to deformation of the right and left halves of the frame, respec­
tively, must be equal. This produces two equations, one for !lXe and 
one for !lYe, which can be solved for MA and M B • 

Finally, the absolute displacement of the left haunch is computed as 
the sum of the rotation and bending displacements in the left column. 

The equations are written out in detail in Fig. 4.10. 

4.9 AREA-MOMENT ANALOGIES 

Integration of the deformation equations can lead to cumbersome cal­
culations, especially when a member is subjected to bending effect ~l 
that varies along the member. For example, the bending effect in a 
cantilever beam with an end load varies linearly with distance from 
the unsupported end, 

Ml Pl 
~l = EI = EI 

For either constant or varying bending effects, calculations are sim­
plified by comparing the integrals in the deformation equations to areas 
and moments of areas, as illustrated in Fig. 4.11. Here, the elastic line 
is shown for a member that has some general curvilinear configuration 
in the xy plane. We wish to compute deformation of end B with 
respect to the elastic line at A. The bending effect diagram is super­
imposed on the elastic line, with ordinates drawn in the z direction. 
The centroid of the bending effect diagram occurs at XB and Y B located 
with respect to end B, where we wish to compute deformation with 
respect to A. As illustrated by Eq. (1) in Fig. 4.11, relative rotation of 
end B is numerically equal to the area enclosed between the bending 
effect diagram and the elastic line. The displacements of end B in the 
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Fig. 4.11. Generalized area-moment analogy. 

x and y directions are equal to the products of the area and the appro­
priate centroid distances. Therefore, the end displacements are anal­
ogous to static moments of the area taken with respect to the end whose 
displacement we wish to compute. These analogies have led to the name 
"area-moment" equations for Eqs. (4.4), (4.5), and (4.6), and their coun­
terparts in Fig. 4.11, where i3z = M/EI. Equation (4.4) is sometimes 
called the first area-moment equation, and Eqs. (4.5) and (4.6) the 
second area-moment equations. 

The generalized example of the area-moment analogy just given had 
the elastic line lying in the xy plane. The ordinates of the bending 
effect diagram are plotted in the z plane, and can be regarded as vectors 
whose directions define the plane of bending, i.e., the vectors are normal 
to the xy plane. A conventional approach has the bending effect dia­
gram plotted in the xy plane. This latter approach may in some cases 
be easier to conceptualize, depending on individual perceptions. The 
meaning of the direction of the bending effect diagram ordinates be­
comes somewhat ambiguous in the conventional approach, particularly 
when the member is curvilinear. Murphy (1950, p. 253) developed a 
"Conjugate Frame Analogy" in which the bending effect diagram or­
dinates are normal to the plane of the frame. The analyst should use 
the analogy that seems to him to be easier to apply (see Murphy, Glenn. 
1950. Similitude in Engineering. Ronald Press, New York). 
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Fig. 4.12. Basic bending moment diagrams. 

When the area-moment concept is used in analysis, mathematical 
integration can usually be replaced by arithmetic computations of geo­
metrically commonplace areas such as rectangles, triangles, and parab­
olas. For example, the bending effect diagram for a cantilever beam 
with an end load is a right triangle whose area is Pl2/2EI, as shown 
in Fig. 4.12. The centroid distance is 2/3 L. For members bent by 
uniform distributed loads, the bending effect diagram is a parabola. 
For members bent by a constant bending effect, such as due to an end 
moment, the bending effect diagram is a rectangle, Fig. 4.12. 

The area-moment analogies are helpful in recalling how to write 
the deformation equations, and how to calculate deformation. However, 
one should avoid blindly substituting the analogy for a basic under­
standing of the deformation equations. 

The examples that follow illustrate how the area-moment analogies 
can be used in computing deformation. 

Example 4.6. Cantilevered Bracket. Required: Compute the ab­
solute rotation and displacement of end C of the bracket shown in Fig. 
4.13 due to an end vertical load of 500 lbf. 

Solution. The deformed elastic line, sign convention, moment dia-
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Fig. 4.13. Area-moment analogy, cantilevered bracket. 

gram, and area-moment analog are shown in Fig. 4.13. We select A 
as the reference point, since no rotation or displacement occurs there. 
We note that end C is displaced both vertically and horizontally. Bend­
ing in AB produces both vertical and horizontal displacement at C, but 
bending in BC produces only vertical displacement, since Yc is every­
where zero for BC. 

The area-moment equations and the numerical calculations are given 
in Fig. 4.13. Signs are assigned to the rotation and bending effects 
based on the sketch of the deformed elastic line and the chosen sign 
convention. Rotation LleCA is the sum of the areas BbC and AabB, 
divided by EI. The bending effects in AB and BC both cause clockwise 
rotation at end C with respect to fixed end A, and therefore are given 
positive signs, consistent with the chosen sign convention. 

The displacements are calculated as the sum of the moments of the 
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Fig. 4.14. Area-moment analogy, simply supported frame. 

areas about C. For ay CA the moment of BbC is area Bbc times its 
centroid distance from C, 4 in.; and the moment of AabB is area AabB 
times its centroid distance, 6 in. For aXCA , similar calculations are 
made, using Y c, which for B bC is 0 in. and for AabB is 5 in. 

Example 4.7. Simply Supported Frame. Required: Find the ab­
solute rotations and displacements at end D of the simply supported 
rigid frame shown in Fig. 4.14. 

Solution. The deformed elastic line, sign convention, and area­
moment analog sketch are shown in Fig. 4.14. We note no bending can 
occur in the columns. Bending occurs only in the girder. The bending 
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B.--__ 3=-" _---,C 

.e=*!, rod.!in., 

= Constant 
=LC? 

M 

(a) Frome Configuration 

B 

(b) Deformed Elastic Line, 
Held ot A, Detoched at D 

Deformation Eguations: (Sign Convention: + t ---+ ".) 

10 (" II ") D . 6.80A= A f3dl = f3 3 +3 + 1.5 = 7.5~, radians 

6.XOA= fyO f3d 1 = f3 [+ fYOdl- ~~odl-fe~odl-fc~odl] 

B._---_C 

(c) Deformed Elastic Line 
(Final Position) 

[ 11.5 11.5 13 11.5] [ ] =f3 + o(1.5-y)dy- aydy - /5dx- aydy =f3 +1.125-1.125-4.5-1.125 

=-5.625f3" 

6.YOA= ~~of3dl = f3 [+ ~~odl+ fe~odl+ flod1] = f3[ + fo~dY+ fo(3-X)dX+ fo(,b)dl ]=+ 13.5f3" 

Geometric Sguations: 
p(6.8A)cos cp=-6.YoA; 6.8A=-6.YOA/(P cos cp)= -6.YOA/S = -13.5f3/3=-4.5~, radians 
6.80A= 6.80+6.8A; 6.80=6.80A- 6.8A = 7.5f3 - 4.5f3 = 3.0 fl, radians 
6.Xo=6.XoA+P(6.8A)(sincp)=6.Xo~h(6.8A)=-5.625f3-(4.5)(1.5f3)= -12.375fl" 

Fig. 4.15. Frame subjected to constant bending effect. 

moment is the same as for a simply supported beam with a uniformly 
distributed load, shown in Fig. 4.12. The area of the MIEI diagram is 
wV/l2EI. 

The deformation calculations are given in Fig. 4.14. We note that, 
because the supports have the same elevation, D.XDA and I:l.XD are the 
same, even though rotation of the reference axes occurs at A. We ne­
glect the difference between I:l.XDA and I:l.XDA cos e, because e is small 
and cos e is virtually unity. Note that I:l.YD = O. 

Example 4.8. Simply Supported Frame, Supports at Unequal 
Heights. The frame shown in Fig. 4.15a is subjected to a constant 
bending moment M throughout the frame. Joint A is pinned. Joint D 
is pinned to a roller which allows displacement only in a horizontal 
direction. Equal and opposite end moments M are "cranked" into the 
frame just above the pin-connected supports so that no reactions are 
transmitted into the supports. These moments applied to the frame 
produce a constant bending effect f3 throughout the frame. 
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The final deformed elastic line configuration can be achieved by a 
two-step process of analyzing the elastic line. First clamp the frame 
at A so that no rotation can occur there. Next release end D and 
introduce end moment M at D. This will produce end moment M also, 
at clamped end A and the configuration of Fig. 4.15b. With the elastic 
line in this position, calculations for the displacements of Fig. 4.15b 
can be made. Finally, unclamp the frame at A while maintaining mo­
ment M at A and D. Swing the frame CCW through angle.leA about 
end A to place end D at its final position reattached to the roller at D. 
In this position, calculations can be made for the rotations shown in 
Fig.4.15c. 

The deformations are: 

~eDA = + 7.513 radians 
~YDA = + 13.513 radians 
AxDA = - 5.6313 in . 
.leA = - 4.513 radians 
Axd = - 12.3813 in. 

4.10 ELASTIC LINE DEFORMATION SKETCHES 

A valid sketch of the deformed elastic line for a frame is a basic part 
of every deformation analysis. The main purpose of the sketch is to 
show how joints move and member curvatures change when the frame 
is loaded. It guides the analyst in writing valid and consistent defor­
mation equations. 

The sketch cannot be drawn to any particular scale of displacements 
because they are not known quantitatively when the sketch is made. 
Furthermore, displacements and changes in curvature are exaggerated 
for clarity. Otherwise, they would be practically invisible on a sketch 
of ordinary size. 

Because the sketch is made before any deformations are calculated, 
assumptions have to be made sometimes for the directions of certain 
displacements and curvature changes. The sketch is then developed 
consistent with these assumptions. Subsequent calculations will reveal 
the correct directions. 

The following suggestions will help in making deformation sketches 
for rigid frames consisting of straight members. 

Start with a scale drawing of the undeformed elastic line. It must 
correspond with the actual frame support conditions, location of hinged 
joints, and position and direction of applied loads. First, apply the loads 
and translate the joints into new positions without bending the mem-
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bers. Second, resketch the members to show bending curvature between 
the joints. 

To first translate the joints, conceptually replace rigid joints and 
supports by hinges that are spring loaded to prevent completely free 
rotation and collapse of the frame. Next apply the loads of the joints. 
If some or all of the original loads are intermediate between joints, 
apply equivalent loads at the joints. Next allow the loads to force 
the frame into a new position achieved by rotation at the joints. At 
this stage, the frame behaves like a mechanism of bars linked to­
gether by pinned, spring-loaded joints. Angles between members 
meeting at a joint will change slightly. It is important to preserve 
the original lengths of all members as we shift the joints into new 
positions. 

To complete the sketch, redraw all the original rigid joints at their 
new locations. This requires that the original angles between members 
be restored at each rigid joint but not at originally pinned joints or 
supports. The original directions of members with fixed supports must 
be restored at the fixed supports. 

Finally, resketch the straight elastic lines to transform them to 
smoothly curved lines that enter each joint tangent to the joint angle. 
At each fixed support, the elastic line must enter tangent to its original 
direction. This may require an inflection point in the elastic line be­
tween some joints. A common mistake is to inadvertently introduce 
inflection points to coincide with rigid joints. Theoretically, such co­
incidence can occur, but is unlikely in a real frame. Also, restore to 
their original intermediate positions any loads previously relocated as 
equivalent joint loads. This restoration may change the number of 
inflection points in the member carrying the intermediate loads. Cor­
responding corrections are made in the sketch. 

After some practice based on valid concepts, one can visualize and 
sketch the deformed elastic line for a rigid frame directly without 
resorting to all of the intermediate steps that have been described. 

PROBLEMS 

4.1 Refer to Fig. 4.15. Write the equations for IlXBA , IlXCD, IlYCD, and 
aD. (Express bending effect as 13, assumed constant throughout 
the frame.) 

4.2 Refer to Fig. 4.16. Write the deformation equations for calculating 
IlXBA , IlXB, and IlYDA. Assume member stiffness is constant 
throughout the frame. 
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~~.H~::~," 
~B r-r-1=-=_=_~_~_-_~_=_~ , 

I 

Fig. 4.16. Two-hinged drawbar. 

4.3 Refer to Fig. 4.10. The frame is loaded by a concentrated down­
ward load at point C instead of the generalized bending effects 
I3L and I3R. Draw the deformed elastic line. Write the deformation 
equations for solving for aXB, aXD , and aYe. 

4.4 Refer to Fig. 4.17. Draw the deformed elastic line for the one­
hinged frame. Write the deformation equations for calculating 
aXB. Joints A, C, and D are rigid. Joint B is pinned. 

B~ ____ ~ __ ~C~p 
6 

EI is Constant 

6 

A 

Fig. 4.17. One-hinged frame, Problem 4.4. 

4.5 Refer to Fig. 4.18. Sketch the deformed elastic line. Write equa­
tions for computing aYE' 
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I· 18' -I B C 
9 ,E 9' 

P 
10' 

E I is Constant 
A 0 

Fig. 4.18. One-hinged frame, Problem 4.5. 

4.6 Draw a valid sketch of the deformed elastic line for each of the 
frames of Fig. 4.19. 

p p 
....--------.-- r------,--

(0 ) ( b) (c) 

(d) (e) 

Fig. 4.19. Frames for sketching deformed elastic curve, Problem 4.6. 

4.7 The frame of Fig. 4.20 has a constant EI value of 2 x 106 1bf· ft2. 

Compute the horizontal and vertical displacement of points 1 
and 2. 

CD 2' 

3' 

I' 5000 LB 
® ~ 

Fig. 4.20. Frame for Problem 4.7. 
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4.8 The frame of Fig. 4.21 has an EI value of 5 x 105 1bf· ft2. Compute 
the internal pinned joint displacement when a downward load of 
2500 lbf is applied at the pin. 

2' 2' 

2500 LB 

3' ;3' 

Fig. 4.21. Frame for Problem 4.8. 

NOMENCLATURE FOR CHAPTER 4 
E Modulus of elasticity of a member, Ibf/in.2 (pascals) 
I Cross-section moment of inertia of a member, in.4 (cm4) 
M Bending moment applied to a member, in .. lbf (cm . N) 
P Concentrated load applied to a member, lbf (N) 
l Distance along the elastic line, in. (cm) 
j3 Bending effect, radians per unit length along elastic line 
o Direction of a tangent to the elastic line, radians, with respect 

to some reference direction 
d increment, e.g., dO is an incremental change in direction of 

the elastic line 
w uniformly distributed load, lbf/in. (N/cm) 
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Analysis of Statically 
Indeterminate Coplanar Frames 

5.1 CHARACTERISTICS 

5 

Statically indeterminate coplanar frames have reactions and internal 
stresses that cannot be determined only by applying the three basic 
equations of static equilibrium. In general, indeterminacy exists when 
there are more unknown reaction or stress components applied to a 
frame or member than the number of independent equations of static 
equilibrium that can be written. For example, the reactions from the 
supports of a two-hinged arch are statically indeterminate because the 
supports can develop a total of four independent reaction components 
(a horizontal and a vertical force at each hinge), but only three inde­
pendent equations of static equilibrium can be written. In this case 
there is one redundant reaction component, or one degree of indeter­
minacy. 

The nomenclature used in this chapter is listed at the end of the 
chapter. A frame can have only statically indeterminate reactions, or 
only statically indeterminate member stresses, or both. Examples are 
shown in Fig. 5.1. 

Many engineering structures are statically indeterminate. Some ex­
amples are (1) frames on at least two supports but with fewer than 
three hinges; (2) welded joint machine frames; (3) concrete culverts 
and drop inlet structures used in soil and water conservation; and (4) 
slabs or panels continuous over more than two supports. Because co­
planar statically indeterminate frames and members are encountered 
so frequently in structures and machines, an engineer should be able 
to analyze them to determine reactions, member stresses, and dis­
placements. 

91 
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Analysis of statically indeterminate frames is accomplished by in­
vestigating how the frame deforms when loads are applied. The defor­
mation depends on the elastic properties of the frame. Deformation 
includes bending of members, rotation of joints, and translation of 
joints. 

The two methods of statically indeterminate analysis presented here 
include (1) the area-moment method; and (2) the moment distribution 
method. 

5.2 AREA-MOMENT METHOD 

5.2.1 Area-Moment Concepts 

The area-moment method is useful for frames that have only two 
supports, such as the frames in Fig. 5.1. The area-moment method can 
become cumbersome to use for more complex frames with many sup­
ports. 

The area-moment method is based on the area-moment theorems. 
These should be thoroughly understood for three reasons. (1) They 
are directly applicable in the analysis of many indeterminate frames. 
(2) They are the basis for relationships used in other analytical 
methods. (3) They develop an understanding of how loaded frames 
deform. 

A basic problem in analysis of a statically indeterminate frame is 
usually to compute the unknown reaction components. When these 
have been determined, moments and shears in other parts of the 
frame can be computed. Because the frame is statically indetermi­
nate, equations in addition to those for static equilibrium must be 
written so that the total number of independent equations is equal 
to the total number of reaction components. In general, the addi­
tional equations are written based on the geometry of the frame and 
how it deforms at specific points when loads are applied. These 
equations will include terms containing unknown forces at the re­
actions. These equations (static equilibrium equations plus displace­
ment geometry equations) are solved simultaneously to yield values 
of the reactions. 

In Chapter 4, the three area-moment equations were developed to 
describe the geometry of deformation of coplanar frames. These equa­
tions are the basis for analysis of statically indeterminate coplanar 
frames. The three equations are 
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(a) Reactions Statically Indeterminate, 
Member Stresses Determinate 

Stresses in Knee Braced 
Joint are Indeterminate 

(b) Reactions Statically Determinate, 
Member Stresses Indeterminate 

(c) Reaction and Member Stresses 
Statically Indeterminate 

Fig. 5.1. Statically indeterminate rigid frame. 

fA mds 
.:l 6AB = JB EI 

fA mds 
JB YA EI 

fA mds 
.:l YAB = JB XA EI 

(5.1) 

(5.2) 

(5.3) 

where .:l6AB is the rotation in radians of the elastic line atA relative to 
the elastic line atB; .:l6BA is the rotation of the elastic line atB relative 
to the elastic line at A; m is the internal bending moment in in .. lbf at 
s; s is distance along the elastic line; ds is differential increment distance; 
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Fig. 5.2. Computation of integrals for area-moment analysis. 

E is the modulus of elasticity of the member in lbfper square inch; 6.xAB 

is the bending displacement in the X direction of point A on the elastic 
line relative to a set of x-y reference axes fixed to the elastic line at B; 
AYAB is the bending displacement in the y direction of point A with 
respect to the reference axes fixed to the elastic line at point B; YA is 
distance in the Y direction between the point where bending moment m 
is applied to point A on the elastic line; XA is distance in the x direction 
from point A on the elastic line to the point where bending moment is 
applied; and I is the cross-section moment of inertia of the member in 
. 4 
Ill .. 

Equation (5.1) is sometimes referred to as the first area-moment 
equation. Equations (5.2) and (5.3) may be referred to as the second 
area-moment equations. The integral in the first [Eq. (5.1)] area­
moment equation represents the area divided by EI under the moment 
diagram between the points A and B. The integrals in Eqs. (5.2) and 
(5.3) represent the moment about point A of the area divided by El. An 
illustration of the computation scheme is given in Fig. 5.2. The cross­
hatched area is the area under the bending moment diagram, 0 to A. 

5.2.2 Area-Moment Applications 

The application of area-moment equations to analysis of statically 
indeterminate frames will be illustrated by writing them in generalized 
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EI is Constant 

--x 

Fig. 5.3. Hingeless rigid frame. 

form for frames with two supports and hingeless, one-hinged, and two­
hinged configurations. Then numerical examples will be worked out. 

5.2.2.1 Hingeless Frame. Figure 5.3 illustrates a hingeless gable 
frame with fixed end supports at different elevations. Since EI is con­
stant, for all parts of the frame, EI need not be included in the com­
putations. Reference axes can be attached to the frame either at A or 
B, since no rotation of the frame occurs at the supports. The three 
area-moment equations written for this frame are 

AeAB = LA m ds = 0 

AxAB = LA YAm ds = 0 

AYAB = LA XAm ds = 0 

These three equations plus the three static equilibrium equations 
give a total of six equations that can be solved for the six reaction 
components, three at each support. 

5.2.2.2 One-Hinged Frame. A frame with only one hinge at 0 or B 
as in Fig. 5.4 has only two redundants because the condition that 
bending moment M is zero at the hinge can be used to write 

"'2.Mo = 0 

If the hinge is between the supports as in Fig. 5.4a, two more equa­
tions can be written based on the condition that 

and 
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B 
A 

(a) Hinge not at Support (b) Hinge at Support 

Fig. 5.4. One-hinged rigid frame: (a) hinge not at support and (b) hinge at 
support. 

The reference axes are placed at A and B, and do not rotate because 
the ends of the frame are fixed. 

From the area-moment equations for ~ and !1y, the two foregoing 
equations give 

and 

Lo m ds _ {o m ds 
A Yo EI - JB Yo EI 

Lo m ds _ rO m ds 
A Xo EI - JB Xo EI 

If the hinge occurs at a reaction as at B in Fig. 5.4b, B does not move 
with respect to axes at A, so the equations of zero displacement become 

and 

IB mds 
~BA = 0 = YB--

A EI 

IB mds 
!1YBA = 0 = A XB EI 

It is important to carefully choose the reference point to which distances 
x and yare measured if there are hinges as in Fig. 5.4a and b. For 
example, in Fig. 5.4b frame rotation occurs at B, so 
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, 

'" 

Fig. 5.5. Two-hinged frame, hinges at supports. 

because the reference axes at B rotate, and A and B are at different 
elevations. 

5.2.2.3 Two-Hinged Frame. A two-hinged frame has only one re­
dundant reaction component. In the general case, shown in Fig. 5.5, 
the supports are not at the same elevation. One of the reference axes 
should be chosen to pass through both reactions as in Fig. 5.5. Then 
the gross configuration of the frame can be established with respect to 
these axes. The area-moment equation that can be written with respect 
to these axes is either 

IB mds 
AxBA = 0 = YB--

A EI 

or 

LA mds 
AxAB = 0 = YA--

B EI 

Deflections of the frame can be computed by first evaluating the ab­
solute rotations, 6A and 6B , of the frame at the reactions, by the fol­
lowing expressions: 
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Fig. 5.6. Two-hinged frame, with internal hinge. 

_ LlYBA _ .!. JB m ds 
OA - S - S A XB EI 

_ LlYAB _ .!. fA m ds 
OB - S - S JB XA EI 

Then, deflections can be computed with respect to nt axes. For example, 
in Fig. 5.5, 

Ie mds 
.lneA = te--

A EI 

written with respect to an axis t that includes member AC and a 
perpendicular axis n. Then, the absolute deflection Lle of point C is 

Llc = LlnCA - BOA 

This deflection is normal to member AC. 
If one of the hinges is an internal hinge (not at a support) as in Fig. 

5.6, the equation that can be written is 

LlxBA = LlxBC 

because the frame does not rotate at C. The x axis must be established 
through the two hinges. 

5.2.3 Examples of Analysis by Area-Moment 
Theorems 

The general procedure for applying the area-moment equations in the 
analysis of reactions of coplanar statically indeterminate frames is as 
follows: 
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1. Determine the number of redundant reaction components. Draw 
a valid sketch of how the frame deforms when loaded. 

2. Write in generalized form the appropriate area-moment equa­
tions. As many equations must be written as redundant reaction 
components. Careful consideration must be given to specifying 
the location of the reference axes and the effects of rotation of 
these axes. 

3. Draw free-body diagrams for the parts of the frame used in writ­
ing the area-moment equations. 

4. Draw moment diagrams for each part. For clarity, draw an in­
dividual diagram for each load or reaction component. Compute 
the values of the integrals in the area-moment equations by a 
suitable tabulation routine. Notice that each part of the frame 
will have unknown reaction components (shear, direct stress, 
end moment) applied to each end of the part. A valid moment 
diagram can be drawn for moments about either end. Choose the 
end which will include the fewer number of unknown forces. 

5. Substitute numerical values from the tabulation into the gen­
eralized area-moment equations. 

6. Use the area-moment equations and equations of static equilib­
rium to solve for the redundant reaction components. 

Deflections can be investigated in either statically determinate or 
indeterminate frames by direct application of the area-moment theo­
rems after the reactions have been determined. 

The following numerical examples illustrate how to apply the area­
moment equations to determine reactions and deflections in statically 
indeterminate coplanar frames with two supports. 
5.2.3.1 One-Hinged Frame (Numerical Example). Figure 5.7 shows 

EI=1.8xlc1lb-in2 

(All Members) 

1+---- 40'-----.1.1 

Fig. 5.7. One-hinged rigid frame. 
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a symmetrical, one-hinged frame carrying a single concentrated load. 
The stiffness, EI, is the same for all parts of the frame. The problem 
is to determine (a) reactions at A and B; and (b) deflection of O. 

Solution. There are a total of six reaction components to be deter­
mined. Four equations from statics can be written (three for static 
equilibrium at the reactions, and one for the condition of zero bending 
moment at the hinge). Two additional equations must be written by 
applying the area-moment equations. These two equations are 

where 

~XOA = ~XOB 

Lo mds 
~OA = A Yo EI 

(0 m ds 
~OB = JB Yo EI 

Lo mds 
~YoA = A Xo EI 

(0 m ds 
~YOB = JB Xo EI 

It should be noted that, in the present example, 

and 

are not defined because of the hinge at O. EI is zero at the hinge, and 
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HO--t~O Vo 

B 

MB'ftHB 

VB 
Right Half Free Body 

2k 
(0) Free Bodies 

(b) Moments 

(c) Moments due to Vertical 
Reaction at 0 

~----:::;o~-Ho 

\!I'--'-~ 18.33Ho 

(d) Moments due to Horizontal 
Reaction at 0 

Vo 

~~-. 

(e) Moments due to Vertical 
Reaction at 0 

HO 

18.33HO 

(1) Moments due to Horizontal 
Reaction at 0 

Fig. 5.8. (a) Free body and (bHf) moment diagrams for the frame in Fig. 
5.7. 

a discontinuity occurs in d(M)lds there. Integration through the hinge 
is not valid, and mlEI is not defined at the hinge. 

The deformed frame is shown by the dashed line configuration in 
Fig. 5.7. Free body diagrams of the right and left parts of the frame 
are shown in Fig. 5.8a. Moment diagrams for the 2K load and each 
reaction component at 0 are shown in Figs. 5.8b-f. Note that some 
simplification in computation is obtained by drawing the InOInent dia­
grams for the effects of reactions at the hinge instead of at the supports, 
although the latter procedure would be valid. The hinge has only two 
reactions components, but there are three at each support. 
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Table 5.1. Analysis for One-Hinged Building Frame of Figs. 5.7 and 5.8.8 

Part f m ds Xo Yo Xo f m ds Yo f m ds 
(Fig. 5.8) (k - ft2) (ft) (ft) (k - ft3) (k - ft3) 

Left 1 108.33 16.67 6.94 -1805.86 + 751.81 
half 2 200.00 20.00 13.33 -4000.00 +2666.00 

3 216.67Vo 13.33 5.56 + 2888.20Vo -1204.69Vo 
4 200.00Vo 20.00 13.33 +4000.00Vo -2666.00Vo 
5 90.28Ho 13.33 5.56 + 1203.43Ho - 501.96Ho 
6 83.33Ho 20.00 13.33 + 1666.60Ho -1110.79Ho 
6A 50.00Ho 20.00 15.00 +1000.00Ho - 750.00Ho 

Right 7 216.67Vo 13.33 5.56 -2888.20Vo -1204.69Vo 
half 8 200.00Vo 20.00 13.33 -4000.00Vo -2666.00Vo 

9 90.28Ho 13.33 5.56 + 1203.43Ho + 501.96H 
10 83.33Ho 20.00 13.33 + 1666.60Ho + 1110.70Ho 
lOA 50.00Ho 20.00 15.00 + 1000.00Ho + 750.00Ho 

Summation, left half 

-5805.86 I +3417.81 
+ 6888.20Vo - 3870.69Vo 
+ 3870.03Ho -2362.75Ho 

Summation, right half 

- 6888.20Vo - 3870.69Vo 
+ 3870.03Ho + 2362.75Ho 

aSign convention for displacements: +~, + t. 

The values of the integrals in the area-moment theorems are com­
puted by the tabulation scheme shown in Table 5.1. The values tab­
ulated under column f m ds are the areas of the moment diagrams 
shown in Fig. 5.8. In this example the stiffness, EI, of the frame is the 
same for all members. Therefore the numerical stiffness value need 
not be taken into account when solving for reactions. In general, stiff­
nesses of different members would not all be the same. The f m ds in 
Table 5.1 would then be replaced by fm dslEI for each member. The 
values of Xo and Yo are taken from the moment diagrams as previously 
explained. 

An appropriate s!gn convention_must be established for the values 
in Table 5.1 under Xo fm ds and Yo fm ds. The sign convention used 
here is ( + ) for effects which tend to move point 0 to the right or upward. 
For example, it is apparent that the 2k load whose moment diagram 
is shown in Fig. 5.8b, tends to bend member AO so point 0 moves to 
the right. Therefore, the values of Yo fm ds corresponding to the mo­
ment diagram parts (1) and (2) in Fig. 5.8b have plus ( + ) signs as in 
the last column of Table 5.1. The downward force, Vo, on the right half 
of the frame, Fig. 5.8e, tends to bend the right half of the frame so 
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point 0 moves to the left and downward. Accordingly, minus ( - ) signs 
are given to the values of Xo 1m ds and Yo 1m ds corresponding to 
parts (7) and (8) in Table 5.1. 

The analysis for the reactions at A and B is completed by writing 
two equations that involve the unknown reaction components Ho and 
Vo. Ho and Vo are evaluated. The reaction components at the supports 
are computed by free body equations. 

Compute reactions: 

Write 

and 

But 

UOAEI = f: Yo m ds = ~ ( Yo f m ds, left half) 

AXoaB! = J: Yo m ds = ~ ( Yo J m ds, right half) 

LlY OAEI = f: Xo m ds = ~ (Ko f m ds, left half) 

LlYaBEI = J: Xo m ds = ~ (Xo J m ds, right half) 

So, inserting numerical values we have 

-5805.86 + 6888.20Vo + 3870.03Ho = -6888.20Vo + 3870.03Ho 

and 

+3417.81 - 3870.69Vo - 2362.75Ho = -3870.69Vo + 2362.75Ho 

Solving these gives 

Vo = + 0.421 kip, upward, left half, as assumed 

Ho = + 0.723 kip, leftward, left half, as assumed 
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Next, by free body analysis, left half of frame is 

VA = 1.579 kip (7023 N), upward 

HA = 0.723 kip (3216 N), rightward 

MA = 1.673 kip-ft (2268 N . m), cw 

By free body analysis, right half of frame is 

VB = 0.421 kip (1873 N), upward 

HB = 0.723 kip (3216 N), leftward 

MB = 4.833 kip-ft (6553 N . m), ccw 

Next, compute U o as follows: 

LO Yom ds ~ [ Yo J: m ds ] 

U o = U OB = EI = EI 

(2362.75Ho - 3870.69Vo) x 1000 x 1728 = ~----~~------~~-----------
1.8 X 109 

U o = 0.075 in. (0.1905 cm), rightward 

Next, compute ayo: 

~ [Xo J m ds ] 
ayo = aYOB = -----E ...... l------

ay = (-6888.20Vo + 3870.03Ho) x 1000 x 1728 
o 1.8 x 109 

ayo = - 0.098 in. or 0.098 in. (0.249 cm), downward 

The free body analysis results compared with the assumed elastic line 
deformation, Fig. 5.7, reveal: a) the fixed end moment at B is actually 
counterclockwise instead of clockwise as first assumed; b) pt. 0 actually 
moves rightward instead of leftward as assumed in Fig. 5.7; c) no 
inflection point occurs in column AA. The student should verify this 
and correct the elastic line to conform with the results of the analysis. 
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This is given to the reader as an exercise on deformation of the elastic 
line. 

5.2.3.2 Two-Hinged Drawbar Frame (Numerical Example). Figure 
5.9 is a two-hinged drawbar frame. The problem is to compute (a) the 
reactions; and (b) the movement of points Band C when the 5 kip 
horizontal load is applied at B. 

Solution. The free body diagram for the frame is shown in Fig. 
5.9b. A sketch of the deformed elastic line is shown in Fig. 5.10. The 

5k 
B r-- 3'---jC 

EI= 120x la' 1, 
Ib!' inZ I 

A 0 ---1 

5k -----,.....-~ I ----,\ 
-. H,l -rHD 

VA tVD 

5k __ ~ 

I OJ 
I-*-10k' 

(0) 2-Hinged Drawbar 

(b) Free Body 

(c) Momem due to 
5k Load 

(d) Moment due to 
Shear of A 

® (e) Moment due to 
Axial Force at A 

Fig. 5.9. Analysis diagram for two-hinged drawbar. 
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6,l;r6'~ 
~B r-~~_~_--_-_--_-_--_~_~~ 

I 
I 

Fig. 5.10. Geometry of deformed two-hinged drawbar. 

reactions have only one redundant. Only one area-moment equation 
is needed. The supports cannot move laterally and are at the same 
elevation. Therefore, 

JD mds 
dxDA = YD-- = 0 

A EI 

Note that, although the frame rotates at A and D, the foregoing equa­
tion is valid because the difference between unity and cos eA is neg­
ligible, where eA is the rotation at A. In other words, the x distance 
from D to the Y axis on the frame at A is the same before and after 
loading, neglecting second order effects. The numerical computations 
for the reactions are given in Table 5.2. 

The geometry for the computation of horizontal deflection of Band 
C is illustrated in Fig. 5.10. This deflection is due to two effects: frame 
rotation at A; and bending of member AB. Frame rotation eA is ob­
tained by first evaluating .lYDA by the second area-moment equation. 
Then eA can be computed by the relationship 

as illustrated in Fig. 5.10. Movement of B due to bending relative to 
the frame axis at A is 
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rB m ds 
dxBA JA YB EI 

Finally, the absolute movement of B due to rotation and bending is 

The computations for this analysis are worked out in Table 5.2. The 
movements of Band C are equal. 

Table 5.2. Analysis for Two-Hinged Drawbar Frame of Figs. 5.9 and 5.10. 

Part f mds XD YD XD f m ds 
(Fig. 5.9) (k - ft2) (ft) (ft) k - ft3 

1 10.0 0.000 0.667 0.000 
2 2.0HA 3.000 1.333 + 6.000HA 
3 6.0HA 1.500 2.000 + 9.000HA 
4 2.0HA 0.000 1.333 0.000 
5 4.5HA 1.000 2.000 - 4.500VA 
6 6.0VA 0.000 1.000 0.000 

+ 15.000HA 
- 4.500VA 

Compute reactions: 

Write ~MD = O,t+': -3VA + 5 x 2 = 0; VA = 1~kiP! 

Also A XDA x EI LD YDm ds = 0 

or + 6.667 + 17.333HA - 15.000VA = 0 
gives HA = 2.500 kip leftward (11,120 N) 

Compute BA: t+' 
Write BA = AYDA 

S 
but AYDA x EI = 15.000HA - 4.500VA = 22.500 kip-ft3 

22.500 x 1728 x 1000 
gives AYDA = 120 X 106 = 0.324 in. (0.823 em) 

0.324 in. 
so BA = 36' = 0.009 rad 

m. 

Compute IlXB (cf. Fig. 5.10): 

Write AxB = HBA - AxBA 

YD f m ds 
k - ft3 

+ 6.667 
+ 2.667HA 
+ 12.000HA 
+ 2.667HA 
- 9.000VA 
- 6.000VA 
+ 6.667 
+ 17.333HA 
-15.000VA 

i B 
YB m ds 

But AxBA = 2HA x 1.333 2 x 2.5 X 103 x 1.333 x 1728 
EI EI 120 x 106 

AxBA = 0.096 in. (0.244 em) 
So AxB = 24 x 0.009 - 0.096 = 0.120 in., to right (0.305 em). 
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The foregoing problem illustrates the difference between absolute 
and relative rotations of a frame. The first area-moment equation 
integrated from A to B would give the relative rotation of the frame 
at A with respect to the frame at B. This is not the same as the absolute 
rotation at A because the frame also rotates at B. Absolute rotation 
at A must be computed by application of the second area-moment 
equations. 

An effect ignored in the foregoing examples is length change due to 
elastic axial strain in the members. It is assumed that the members 
are the same length before and after loading. The length change in 
members produced by stresses can usually be ignored. 

5.2.3.3 Application to Arches. The area-moment equations can be 
used to analyze arches of curvilinear configuration. The general ap­
proach is the same as for frames with rectilinear members. The area­
moment integrals can be evaluated graphically by approximating the 
actual curved configuration by short straight line segments. Then 
the integrals can be evaluated for each segment. A scale drawing of 
the arch should be used to measure distances instead of calculating 
these analytically. Too few segments give a poor approximation to the 
actual arch configuration. Too many segments require too many com­
putations. The selection of an adequate segment length is a matter of 
judgment. 

5.2.3.4 Application to Fixed End Members. The area-moment 
equations can be applied to calculate bending moments at fixed ends 
of members due to loads on the member, or displacements and rotations 
at the ends. For example, consider case G in Table 5.3. The problem 
is to obtain the fixed end moments that occur when the left end is 
rotated through angle eA' The first area-moment equation is appli­
cable, 

The analysis for this case is worked out in Fig. 5.11. The student should 
verify the other cases in Table 5.3 by application of the area-moment 
equations. 

5.3 MOMENT DISTRIBUTION 

Analysis of statically indeterminate structures by moment distribution 
is rapid, self-checking, and can be carried to any desired degree of 
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Table 5.3. Fixed End Members. 

End Moment 

Case LDad and Support Configuration 
(Absolute Values) 

Left Right 
ML MR 

w IblH ~ wJ. 2 wJ. 2 
A ~ 111111111111111111111111111111111111111111111111 12 12 

I. £ -I 
1--0 

p 

.~ t b Pob2 P02b 
B l £2 -y 

£ .1 
1--0-----1 ML: 

C ~IIIIIIIIIIIIIIIIIII r if} (6t-80J.+302) 
MR:jfi(4J.- 30) I- £ .1 

D ~----} w12 w12 

30 20 
I. £ -I 

8 

~ t 
E l ~ GElS GElS 

f .1 
12 --p-

£ 

8 ; ~ 3ElS F A 0 7 
.I I. £ 

~ ~ 
4El8 2El8 

G ~ r -J- -1-

£ .1 

~ H ~ 3EI8 0 -1-

I. £ .1 
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~MA( t----vf )~MB 
VA 

-.L 
A IIT"!'T'TII IITT'T'TI I IITT'T'TI III T'T"TTIIII T'T"TT111111"T'"m11111"T'"m1111"'T'TTI1111 ~MA 

-r 

A " " ! Ii I 1111111111111111]]] v!£ 
T 

!l Obtain VA inTerms of t.MA 

LA mds 2 12\1 12 
t.yAB=O= BXA EI = (-3"1 x -t- +'2 X t.MA) lEI 

t.MA 
or VA=!.5 -1-

2) Relate 8A and ~MA (Axis at B does not Rotate) 

8A =t.~B= t~'f= (t.MA1-i~1) lEI 

3) Eliminating '4 Gives: 

a - t.MA1 
A- 4EI 

Fig. 5.11. Application of area-moment theorems to beam analysis. 

precision. If no joint translations occur, moment distribution does not 
require solution of simultaneous equations. Therefore it is often a more 
convenient method to use for frames with many supports. In contrast, 
the area-moment method can become cumbersome to use when many 
simultaneous equations must be solved for several supports. The mo­
ment distribution computation routine is patterned after the mechan­
ical behavior of the loaded frame. Therefore, it should appeal to en­
gineers who prefer an analytical method which readily portrays physical 
behavior. 

5.3.1 Moment Distribution Concepts 

The basic concepts of moment distribution are illustrated by analysis 
of the four-member frame in Fig. 5.12. The outer ends of the members 
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B 40' 
EI=/OO 

E 

(a) Frame Characteristics 

B 

(b) Deformation Due to Load (continued) 

Fig. 5.12. Four-member frame for analysis by moment distribution. 

are fixed. The members are connected at A by a rigid joint. Joint A 
can only rotate, not translate, because the members are mutually per­
pendicular and held at the outer ends. The problem is to analyze the 
frame by moment distribution to obtain the bending moments that 
occur at the ends of all four members when load P is applied. 

First, imagine that a large, immovable clamp is temporarily applied 
at joint A. This completely prevents rotation of A when the members 
are loaded. A is said to be "locked" by the clamp. 

Next, load P is applied. It produces deformation of member AD as 
shown in Fig. 5.12a. With A locked, AD is identical to an ordinary 
fixed end member, and fixed end bending moments, or FEMs, can be 
computed by a standard formula from Table 5.3. Moments at joint A 
in the locked position are shown in Fig. 5.12c. 

Next, imagine that the clamp is removed to unlock A. Joint A can 
now rotate through some angle MA as shown in Figs. 5.12b and d. The 
A ends of all members rotate through the same angle, ~eA' because of 
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M=O 

Resisting Moment 
from Clamp, -MAD 

M=O ---+--;.;---
)MAD, Fixed End Moment 

Due to Load, P 

M=O 

(c) Moments at Joint A in Locked Condition 

(d) Moments at Joint A in Unlocked Condition 

Fig. 5.12. Continued. 

the rigid joint at A. The rotation changes the bending moments in the 
ends of the members at A. The change in end moment in each member 
depends on the EI value of the member, its length, and whether the 
opposite or far end is fixed or hinged. 

5.3.1.1 Stiffness Factor. A stiffness factor k can be defined for each 
member that takes into account these factors: 

k = t:.M/ M ft . Ibf/radian 

where k is stiffness factor, units of bending moment at end, per unit 
end rotation, t:.M/ M, ft . Ibf/radian; t:.M is bending moment change at 
the end of the member, ft . Ibf; and M is rotation at the end, radians. 

In general, the stiffness factor will be different for each end of a 
member. t:.M and M are measured at the end for which k is defined. 
Stiffness factors can be evaluated from the relationships between bend-
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ing moment and angular rotation for cases G and H in Table 5.3. When 
the opposite end of the member is fixed (case G) 

When the opposite end is pinned (case H) 

The change, AM in bending moment produced in the A end of each 
member when joint A is unlocked can be calculated by analysis of the 
free body, Fig. 5.12d. By 'ZM = 0 applied to joint A, 

Notice that the shear at the A end of each member, although present, 
is not shown because, conceptually, the AMs are applied at joint A, 
and the end shears are zero distance from joint A. Thus, end shear at 
end A produces no moment at end A. 

The FEM, MAD, is unbalanced when the clamp is removed until the 
joint rotates enough that opposite moments totaling MAD are developed 
in the ends of the members. Each AM is called a distributed moment 
because it is a share of the unbalanced moment distributed to each 
member at the joint. Substituting AM = k M for each of the terms on 
the left-hand side of the preceding equations: 

The proportion AM/MAD of the unbalanced moment resisted at each 
member end, using end AB as an example, is 

and 

AMAB kAB kAB 
--= 

kAB + kAC + kAD + kAE - 'Zk 
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5.3.1.2 Distribution Factor. Next, define rAB = kABI"ik. The term rAB 
is called the distribution factor for end A of member AB. The subscript 
denotes the member and end. For example, AB denotes end A of mem­
ber AB. As the words distribution factor imply, rAE when multiplied 
by the unbalanced moment at a joint, in this case MAD, gives the share 
ofthe unbalanced bending moment distributed to the end AB. By sim­
ilar analysis for ends AC, AD, and AE, 

kAC 
rAC = "ik 

kAD 
rAD = "ik 

kAE 
rAE = "ik 

5.3.1.3 Carry-over Moment. The last step is to compute the bending 
moment at the outer or opposite end of each member when joint A is 
unlocked. The moment at the other end is called the carry-over moment, 
abbreviated COM, because, loosely speaking, it is an effect transmitted 
or carried from end A to the opposite end. 

The COM for a member with the opposite end fixed can be evaluated 
from the relationship for case G in Table 5.3. By comparing bending 
moments at the right and left ends, it is seen that 

MR 1 
-= 

Therefore, bending moment applied to one end of a member produces 
one half that moment with opposite sign at the other end, if this other 
end is fixed. 

The sign convention used here is based on interpretation of the di­
rection (clockwise, cw, or counterclockwise, ccw) the moment in ques­
tion tends to rotate thejoint. Here, a positive sign is used if the moment 
tends to turn any joint, either internal or at a fixed support in a clock­
wise direction. Therefore, the original FEMs of member AD (Fig. 5.12) 
are positive at end A and negative at end D. The carry-over moment 
will always have the opposite sign of the distributed moment, as in­
spection of Table 5.3, case G, will reveal. A counterclockwise rotation 
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(I) ComQutation Qf Distribution Factors: 

Member EI Length k= 4iI r= ;k 
AS 100 40 10.00 0.1 76 
AC 100 30 13.33 0.235 
AD 50 30 6.67 0.118 
AE 200 30 26.67 0.471 

~k 56.67 1.000 

(2) ComQutation Qf Fixed End Moments from Table 5.3: 

FEMAo = P.e°1b2 = 2l(~400 = 8.88 k-ft 

FEM _Po2b_2xIOOx20_444k ft 
OA -P - 900 -. -

(3) Moment Distribution: 

Fi no I Moment 
COM 

~~~L-~~~~~~~=tFEM 

Fig. 5.13. Moment distribution computations. 

of the left-end joint tends to rotate the right-end joint in a clockwise 
direction. 

5.3.2 Example, Four-Member Rigid Frame 

The foregoing principles are illustrated by a numerical example using 
the frame of Fig. 5.12a. The problem is to calculate the end moments 
developed in both ends of each member when a load P of 2 kip is applied 
to member AD. 

1. Compute stiffness factors k and distribution factors r as shown 
in Fig. 5.13. The rvalues are entered in the diagram ofthe frame 
in Fig. 5.13. For example, the distribution factor for end A of 
member AC is 0.235. 

2. Compute fixed end moments for member AD due to the 2 kip 
load. 
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These are evaluated by case B, Table 5.3, and entered as shown 
in Fig. 5.13. For example, the FEM for end A of member AD is 
+ 8.88 ft kip. The FEMs for the other members are, of course, 
zero, since they are not loaded while joint A is clamped or locked. 
A sign convention must be adopted and used in moment distri­
bution. The sign convention used here is plus ( + ) for moments 
which tend to turn any joint clockwise. This sign convention is 
used for FEMs, distributed moments, and COMs. 

3. Unlock joint A. Distribute the unbalanced moment of + 8.88 ft 
kip. The share of the unbalanced moment distributed to each 
member at the joint is r for that end multiplied by the total 
unbalanced moment. Note that the sign for the distributed mo­
ments is always the opposite of the sign for the total unbalanced 
moment which, in this case, is the FEM at end AD. The distrib­
uted moments are entered in Fig. 5.13 following the unbalanced 
FEM. 

4. Carryover each distributed moment from the A end of each 
member to the opposite end. The sign of the COM is always the 
opposite of the distributed moment. 

5. Add the moments at each end to obtain the actual end moments 
in the loaded structure. 

6. By free body analysis of each member, compute end shears and 
draw shear and moment diagrams. 

5.3.3 Multijoint Structures 

The foregoing analysis dealt with a frame with only one joint which 
could rotate but not translate. In the general case, a frame has several 
joints, some of which can translate as well as rotate. The following 
example illustrates moment distribution for a frame with more than 
one joint. The joints can only rotate, not translate. 

5.3.3.1 Example, Multijoint Structures. Figure 5.14 depicts a frame 
with two internal joints, Band C, which can rotate. Joint translation 
is prevented because each joint is held by two members in mutually 
perpendicular directions and with the outer ends restrained against 
translation. As a result, the only translation that can occur is due to 
axial strain. This is neglected as a second order effect. The problem is 
to compute the end moments for all members. The EI values for the 
members are given in Fig. 5.14. The analysis starts with calculation 
of stiffness factors, distribution factors, and FEMs as shown in Fig. 
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(I) Coml2utation Qf Distribution Factors: 

End EIIl k r= k/~k 

{BA 30 x3=90 0.290 
Joint B BC 25 x4=100 0.323 

BF 30 x4=120 0.387 
l:k=310 1.000 

{CB 25 x4=100 0.286 
Joint C CD 30 x3=90 0.257 

CE 40 x4=160 0.457 
Lk=350 1.000 

(2) Coml2utation Qf Fixed End Moments(£f. Table 5.3, 
Case ~ and Case ~): 

MBA: 6'820 = 15.00ft-k 

MBc : 5X~;:56 = 17.78ft-k 

M : 5x64xl6 =8 89ft-k 
CB 576 . 

Mco: IXi~0=33.33ft-k 

Fig. 5.14. Continuous frame for analysis by moment distribution. 

5.14. Note that the stiffness factors for members BA and CD are 
3EIIL, since the opposite ends are hinged (Table 5.3, case H). 

The distribution factors and FEMs are entered in the frame diagram; 
see Fig. 5.15. Thejoints are then unlocked and the unbalanced moment 
at each joint is distributed according to the distribution factors. This 
completes the first cycle. Note that the initial unbalanced moment at 
eachjoint is the sum taking sign into account of the FEMs for the ends 
of all members meeting at that joint. One half of each distributed 
moment is carried over to the opposite end. Joints A and D do not 
receive CaMs, since hinged ends cannot resist bending. The CaMs to 
joints Band C again unbalance them. The unbalanced moment at each 
joint is again distributed. This completes the second cycle. Each mo­
ment distribution cycle after the first includes (a) carrying over; (b) 



www.manaraa.com

118 Analysis of Statically Indeterminate Coplanar Frames 

+15.42 Finol Moments -9.76 +14.17 
+0.02 -0.0 I - 0.01 
- 0.06 +0.04 0 
- 0.08 etc. .j:"'(f.j"(j 
+0.26 0 
+0.75 Dis!. Mom. - 0.46 
- 2.32 COM __ 0 

:-3.55 Dis!. Mom. + 4.16 
+ 3.50 COM -16.67 

0 - 0.90 Dis!. Mom. - 6.28 
-15.00 

+17.78 FEM +33.33 
+15.00 Dis!. Factor 0.257 

Fig. 5.15. Moment distribution analysis for continuous frame. 

computing the unbalanced moment at each joint; and (c) distributing 
the unbalanced moment to the ends of the members meeting at each 
joint. In each cycle, the sum of the distributed moments at each joint 
must be equal but of opposite sign to the unbalanced moment. 

The COM normally becomes smaller with each new cycle. When the 
distributed moments become negligibly small, no more cycles are needed, 
and the computations stop. In the example of Fig. 5.15, five cycles have 
been illustrated. The calculations could be continued through addi­
tional cycles if desired to obtain greater precision. The final end mo­
ment is the algebraic sum of the original FEM, the distributed mo­
ments, and the COMs at each member end; or, simply, the algebraic 
sum of each column of figures. The algebraic sum of all the final end 
moments at each internal joint should, of course, be zero. If not, a 
computation error has occurred. 

Many statically indeterminate frames have pinned connections at the 
supports or at internal joints. A pinned connection cannot resist any 
moment. The moment distribution must take this into account by cal­
culations for k, the stiffness factor for each member that has a pinned 
end connection. The k value for a member with a pinned end is 3 EIIZ, 
compared to a member with the opposite end fixed, for which the stiffness 
is 4EIIl. For example, Fig. 5.14,jointB, member endB A has a stiffness 
factor of 3 EIIl because the opposite end, A, is pinned instead of fixed. 
This is reflected in the distribution factor, r. The initial fixed end 
moments due to the applied loads are calculated assuming that all pinned 
as well as the fixed joints are temporarily fixed against rotation. 

The moment distribution process begins with unlocking the joints, 
then calculating the unbalanced moment and the distributed moment 
at each joint. The pinned joints are also unlocked. The original FEMs 
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at the pinned joints are balanced with an end moment opposite in sense 
but equal in magnitude to the original FEM with the pinned joint 
locked. For example, pinned joint A, Fig. 5.15, has an original FEM 
of + 15.00 ft.k. When unlocked, the balancing moment is -15.00 ft.k. 
One half of the balancing moment, + 7.50 ft.k is carried over to end 
B, and becomes part of the unbalanced moment at joint B, cycle 2. 

After this initial balancing of pinned end joints, joint A remains 
pinned and no further effect of pinned end A occurs. The pinned end 
can resist no moment in its locked condition. No further COM is gen­
erated at A. The same is true for joint B. 

Notice again that the stiffness factor for a member with one end 
fixed and the other pinned is 3 EI/l instead of 4 EI/l for a member with 
both ends fixed. 

5.3.4 Joint Translation 

The foregoing moment distribution methods assume that only joint 
rotations, not joint translations (sometimes called "sidesway") occur 
when the frame is loaded. The configuration and loading arrangements 
of many frames are such that some joints translate as well as rotate. 
For example, the knee joints of a symmetrical gable-shaped frame 
spread apart under gravity loads. As a result, moment distribution 
analysis assuming no joint translation is modified to produce a spurious 
load for static equilibrium when reactions and internal stresses are 
calculated. To correct for this spurious load a second moment distri­
bution is completed for the frame deformed by only an assumed load 
of arbitrary value and opposite in direction with respect to the spurious 
load. Fixed end moments and stiffness factors corresponding to joint 
translation are computed by case E or F, Table 5.3, depending on 
whether the member is fixed at both ends or only one end. Finally, the 
moments of the first distribution are corrected by the ratio of the spu­
rious load to the opposition load from the second distribution. The 
corrections for joint translation are usually quite small. (It should be 
noted that the area-moment method inherently takes into account 
joint translation.) Further exposition of sidesway corrections can be 
found in most textbooks on statically indeterminate structures. 

5.4 OTHER METHODS FOR ANALYSIS OF 
STATICALLY INDETERMINATE FRAMES 

Other methods for analysis of statically indeterminate structures are 
available. They all require solution of a set of simultaneous algebraic 
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equations. The number in the set is equal to the degree of static in­
determinacy. For example, a coplanar frame supported on four fixed­
end reactions, with no internal hinges for which Lm = 0 could be writ­
ten, is indeterminate to degree 9 and would require some analytical 
method to produce a set of nine simultaneous linear equations. The 
coefficients in these equations are used to set up a matrix which is 
then solved on a computer. 

One might ask why it is thought necessary to understand the fun­
damentals of analysis of statically indeterminate structures because 
computer programs are available to do the otherwise tedious work. 
Engineers need to have a basic understanding of the response of a load­
bearing system to forces, displacements, member properties, and changes 
in geometry, even though hand calculations can be eliminated for so­
lution of the system. Otherwise the analyst will be at the mercy of the 
computer and unable to use it creatively. 

Some additional methods for analysis of statically indeterminate 
frames and members include the following: 

1. Slope-deflection method. Simultaneous equations are written in 
terms of the slopes and deflections at the ends of the members. 
The number of independent equations is equal to the degree of 
statical indeterminacy. 

2. Force (equilibrium) method. A statically determinate solution is 
assumed. Then the discrepancies in geometry resulting from the 
assumed solutions are computed and corrected. This produces a 
set of simultaneous equations equal in number to the degree of 
indeterminacy. A coefficient matrix can be written and solved, 
typically by a high-speed computer. 

3. Displacement (geometrical) method. Instead of assuming a 
statically determinate solution, a solution that satisfies the 
geometry of the deformed frame is assumed and corrected for 
the discrepancies in static equilibrium. A set of linear equa­
tions is obtained and solved by matrix algebra on a high-speed 
computer. 

4. Column analogy. The equations for the axial stress in a short 
column loaded by an eccentric force are analogous to the 
equations for stresses in a statically indeterminate arch or 
other ring-shaped structure. A detailed development of the 
column analogy can be found in Michalos, James, and Wil­
son, Edward N., Structural Mechanics and Analysis. Macmil­
lan, New York. 1965. 
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PROBLEMS 

5.1 Compute the reactions at the supports for the frame of Fig. 5.16. 
Draw the shear and moment diagram for each member. Joints A, 
B, and D are rigid. 

5000N 

A 

Member 
AB 
Be 
BO 
OE 
OF 

EI,N o cm2 

20xlO IO 

2OxiOlO 

l20xIO 'O 

2OxiOlO 

120x1O'o 

F 

7000N 

Fig. 5.16. Statically indeterminate frame, Problem 5.1. 

5.2 Compute the reactions at the supports for the frame of Fig. 5.17. 
Draw the shear and moment diagram for each member. Joints B, 
C, and D are rigid. 

3" EI=2P 

1 D 

Fig. 5.17. Statically indeterminate frame, Problem 5.2. 

5.3 Compute the reactions at the supports for the frame of Fig. 5.18. 
Draw the shear and moment diagrams for each member. Calculate 
the maximum deflection of member BC. 
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~--------400cm--------~ 

A 

IOOON 

EI, Columns,6xl<J' N ·em2 

EI, Girders, 14xl<J'N· em2 

D 

Fig. 5.1S. Two-hinged frame, Problem 5.3. 

5.4 Calculate the reactions at the supports for the drawbar frame 
of Fig. 5.19. Draw the shear and moment diagrams for each 
member. Calculate the vertical and horizontal displacements at 
point Q. 

7000lbf r"-5'1 ~4 C 

B Q T 
\4-----4'-0"---------+1 "_0" 

A 

EI = 120 x 1081bf . in2 

All Members 

I-.f-5000 Ibf 

"_0" 

D __ t 

Fig. 5.19. Hingeless frame, Problem 5.4. 

5.5 Calculate the shear and moment at the ends of each member for 
the buried road culvert of Fig. 5.20. Draw the shear and moment 
diagrams for each member. 
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EI Values: 

AB,CD: 2.5xIOSlbf·in2 

BC: 4.0 x 10·lbf ·in! 
AD: 5.0 x 10· Ibf . in2 

Fig. 5.20. Box culvert, Problem 5.5. 

Problems 123 

5.6 Compute the reaction at the supports for the frame of Fig. 5.2l. 
Compute the deformation (absolute displacement, absolute ro­
tation) at joints B, C, and D. 

C 

EI= 1.6xl08 1bHn2 

All Members 

1------40'-----+1 

Fig. 5.21. One-hinged gable frame, Problem 5.6. 

5.7 The RIC frame for an agricultural products warehouse is con­
figured and loaded as shown in Fig. 5.22. Compute the reactions. 
Draw the shear and moment diagram for each member. 
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F 
EI Values: 
AB: 50 X 109 Ibf· in2 

BC: 40 x lOS Ibf· in2 

CD: 70x 109 Ibf· in2 

BF: 30x 109 Ibf· in2 

CEo 20x 109 Ibf· in2 

Fig. 5.22. Warehouse, Problem 5.7. 

5.8 An all welded tool bar frame is configured and loaded as shown 
in Fig. 5.23. Calculate the shear and moment at the end of each 
member. (Neglect the axial strains induced by direct stresses in 
the members.) 

1 
5' 

A~ __________ ~D~ ________ ~~ 
f-2'+ 2+ 2+2'+2'+2'-1 

1200 1200 1200 1200 1200 1200 1200 

Fig. 5.23. Welded tool bar frame, Problem 5.8. 

5.9 Verify the relationships shown for each of the cases of Table 5.3. 
5.10 Calculate the reactions for the frame of Fig. 5.21. The frame is 

loaded by a wind load of 150 lbf/lineal ft of the left half of the 
frame. The concentrated load at the ridge is removed. 
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NOMENCLATURE FOR CHAPTER 5 
E Modulus of elasticity, lbf/sq in. (pascal) 
I Flexural member cross-section moment of inertia, in.4 (cm4) 
kip Force or reaction, thousands of pounds force 
M Meeting moment 
m Bending moment at designated position on elastic line, lbf· ft 

(N· m) 
s, l Length increment measured along the elastic line, in. (cm) 
XA Distance in x direction from centroid of bending moment 

diagram to point A (cf. Fig. 5.2), in. (cm) 
XA Distance in x direction between point A on the elastic line to 

point where bending effect is applied, causing displacement 
at A (cf. Fig. 4.3) 

AxAB Bending displacement in x direction of point A on the elastic 
line relative to point B where a set of x-y reference axes are 
attached to the elastic line in. (cm) 

Y A Distance in y direction from centroid of bending moment 
diagram to point A in. (cm) (cf. Fig. 5.2) 

YA Distance in y direction between point A on the elastic line 
and the point of application of the bending effect, in. (cm) (cf. 
Fig. 4.3) 

dYAB Displacement in Y direction of point A on the elastic line 
relative to point B where a set of reference axes are attached 
to the elastic line, in. (cm) 

MAB Rotation of elastic line at A relative to elastic line at B 

Note: Consistent units must be used in calculations of forces and 
deformations. The following equivalents will be useful in converting 
from English units to SI units, and vice versa. 

1 ft = 0.3048 m 
1 ft ·lbf = 1.3558 Newton meter (N . m) 
1 ft· kip = 1355.8 Newton meter (N . m) 
1 in. = 2.540 cm 
1 in. ·lbf = 0.1130 Newton meter (N . m) 
1 in.4 (cross-section moment of inertia) = 41.62 cm4 
1 kip = 4448 N 
1 kip/sq in. = 6.895 x 106 Pa 
Ilbf = 4.448 Newton (N) 
1 psi = 6895 pascal (Pa) 
1 sq ft = 0.0929 meter2 (m2) 
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Load Analysis 

Often design loads are specified by a building code or possibly by a 
professional standard. The designer must check to see if the design is 
supposed to conform to one code or if it can be based on the best avail­
able information from a variety of sources. This chapter does not follow 
one code or standard. The American National Standards Institute (ANSI), 
Building Officials and Code Administrators (BOCA), and Uniform 
Building Code (UBC) publications have been used to illustrate the 
factors affecting loads. 

Design load selection is important because loads are the foundation 
of design. The designer has an opportunity to assume conservative or 
unconservative loads according to his engineering judgment. Loads are 
frequently used as the point to interject the designer's judgment be­
cause often the designer has a better feel for the magnitude ofthe loads 
than for design stresses or procedures. 

The load assumption may be modified in some manner to take into 
account the severity offailure. Severity offailure is usually measured 
in terms of possible loss of human life. Code writers recognize the 
probability of loss of human life during collapse by classifying the 
structures according to the use and therefore according to the risk 
involved. Classifications such as assembly areas, mercantile, business, 
storage, residence, and animal housing have associated probabilities 
of loss of life during collapse. 

Structures may also be classified according to the permanence re­
quired and the financial losses that can occur upon collapse. Codes 
recommend loads for permanent and temporary structures and provide 
for design load selection to account for various magnitudes of financial 
loss upon failure. Technological advances in agriculture have caused 
rapid obsolescence of agricultural buildings in the past. This factor has 

127 
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caused designers to consider these buildings less permanent than houses, 
for example, and to choose design loads accordingly. 

Many agricultural structures are designed for lighter loads than 
most other structures, because the comparative severity of failure, in 
terms ofloss of human life, is considered small. This assumption should, 
however, be examined when designing each structure. Higher loads 
should be used if the structure is likely to be occupied by people a high 
percentage of the time, such as for produce processing buildings, or if 
the structure is likely to contain items for which a collapse would cause 
a heavy financial burden on the owner. As a measure of the relative 
magnitude of assumed loads, agricultural structures, where loss of life 
is not likely, have been designed on a 25-year recurrence interval for 
snow loads while residences have been designed on a 50-year recur­
rence interval. Assembly areas have been designed on a 100-year re­
currence interval. 

6.1 LOAD CLASSIFICATION 

Loads are usually classified as dead loads, live loads, or natural loads. 
Dead loads are those loads that do not change in magnitude or location 
during the life of the structure. Dead load includes the weight of the 
structure plus permanently installed equipment. 

Live loads are those loads that occur through use of the structure. 
People walking on the floor, weight of materials stored on a warehouse 
floor, pressure of grain against the sides of the bin, and loads imposed 
by vehicles crossing a bridge are all examples of live loads. 

Natural loads are those loads that occur due to nature. Snow, wind, 
and earthquake loads are the usual natural loads considered. 

6.2 COMBINATION OF LOADS 

The design process must consider those combinations of loads that can 
be expected to act together. The most severe combination of loads will 
vary depending upon the member being considered. ANSI Standard 
A58.l-l982 suggests the following load combinations be investigated 
for allowable stress designs: 

1. Dead 
2. Dead + [Live + (Roof live or snow or rain)] 0.75 
3. Dead + [Wind or Earthquake] 0.75 
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4. Dead + [Live + (Roof live or snow or rain) + (Wind or Earth­
quake)] 0.75 

6.3 DEAD LOADS 

Dead load estimation presents a dilemma in that the dead load is 
needed to design a structure but the dead load is not known until the 
structure is designed. Fortunately, the dead load of a structure is usu­
ally low when compared to the total load capacity. Often, a dead load 
assumption based on experience is acceptable. Dead loads are often 
assumed to be zero where experience is not helpful in estimating the 
dead load and then one or two iterations usually establishes the dead 
load and the total design load to an acceptable accuracy. 

The designer is encouraged to be conservative in dead load estimates 
because dead loads can increase over the life of the structure. Wood 
and similar materials can absorb moisture; a second roof, floor, or wall 
covering can be installed; additional insulation added; or permanently 
installed equipment can increase the dead load. Dead load tables such 
as Table 6.1 are normally conservative. 

The ratio of dead to total load for a structure varies with the con­
struction material used, member type (tension, column, or beam), and 
the extent to which other structural dead loads are being supported 
by the member under study. To illustrate some of these variations and 
yet establish that the variation is remarkably small in well-designed 
structural members, consider the following examples: 

Example 6.1. Consider a 2.44-m (8-ft) long concrete slat with a 
cross section as shown in Fig. 6.1. The 1983 edition of Structures and 
Environmental Handbook (Midwest Plan Service) gives the live load 
capacity of the slat as 189 lb/ft. The dead load per slat is calculated as 
follows: 

Dead load 

= (178 mm)(127 mm + 100 mm) (~) (2440 mm)(2.40 mg/mm3) 

= 118 kg 

Live load capacity = (189 lb/ft) ( 1.49 ~:~:) (2.44 m) = 687 kg 

Total load capacity = 118 + 687 kg = 805 kg 

Dead loadltotalload capacity = (118 kg/805 kg)100 = 14.7% 
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127mm 
(5in) 

C 

178mm(7in) 

~4bor 

C: 38mm (1.5in) 

Fig. 6.1. Example 6.1. 

Table 6.1. Dead Loads for Design Purposes. 

Item 

Basic Building Materials 
Clay, damp and plastic 
Concrete 

stone aggregate 
vermiculite and perlite aggregate, 

nonstructural 
light aggregate, load-bearing 
reinforced, stone aggregate 

Earth, dry and loose 
damp and packed 
wet and packed 

Gravel, dry, loose 
dry, packed 
wet, loose 

Limestone, crusher run 
38 to 50 mm (1.5 to 2 in.) 
above 50 mm (2 in.) grade 

Metals, rolled steel 
cast aluminum 

Plastics, medium density polyethylene 
polyvinylchloride 
fiberglass-reinforced polyester sheet 

Sand, dry, loose 
wet, packed 

Specific 
Gravity" 

1.76 

2.31 
0.40-0.80 

1.12-1.68 
2.40 
1.22 
1.54 
1.92 
1.65 
1.81 
1.92 
1.52 
1.36 
1.28 
7.85 
2.64 
0.93 
1.39 
1.55 
1.52 
1.92 

Ib/ft;2 
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Table 6.1. Continued. 

Specific 
Item Gravity kg/m2 Ib/ft2 

Stone, granite 2.80 
limestone and marble 2.64 
slate 2.80 
sandstone 2.36 

Wood (l2% moisture) 
Douglas fir 0.54 
fir, commercial, white 0.43 
hemlock 0.46 
oak, white 0.75 
pine, southern 0.61-0.67 
pine, white 0.43 
softwood lumber 

2 x 4-305 mm (l ft) o.c. 7.3 1.5 
2 x 4-406 mm (16 in) o.c. 5.4 1.1 
2 x 4-610 mm (2 ft) o.c. 3.4 0.7 
2 x 6-305 mm (l ft) o.c. 11.0 2.3 
2 x 6-610 mm (2 ft) o.c. 5.4 1.1 
2 x 8-305 mm (l ft) o.c. 15.0 3.0 
2 x 10-305 mm (l ft) o.c. 19.0 3.9 
2 x 12-305 mm (l ft) o.c. 23.0 4.7 

Trusses, wood, span 6 to 18 m (20 to 60 ft), 
spacing 0.6 to 2.4 m (2 to 8 ft) 

psf = 1 + 0.1 (span, ft)/(spacing, ft) 
kg/m2 = 4.9 + 0.5 (span, m)/(spacing, m) 

Roof, Wall and Floor Coverings 
Asbestos cement board, corrugated roofing or 

shingles 20 4 
Asbestos cement board, flat, per 25 mm (1 in.) 

thickness 1.4 35 7.3 
Asphalt shingles 12 2.5 
Brick, 100 mm (4 in.) 171 35 
Composition roofing, 5-ply felt and gravel 29 6 
Concrete block, 100 mm (4 in.) hollow, stone 146 30 

aggregate 
102-mm (4-in.) hollow, lightweight 98 20 
aggregate 
203-mm (8-in.) hollow, stone aggregate 268 55 
208-mm (8-in.) hollow, lightweight 186 38 
aggregate 
203-mm (8-in.) solid, stone aggregate 327 67 

Corrugated steel, 28 gauge 3.9 0.8 
Corrugated aluminum, 0.53 mm (0.021 in.) 2.0 0.4 
Glass, plate 2.58 
Gypsum board 

127 mm (l/2 in.) 0.8 10 2.1 
159 mm (5/8 in.) 13 2.6 

Particle boards, fiberboard 
sheathing, 127 mm (l/2 in.) 0.31 3.9 0.8 
flake board, 127 mm (112 in.) 0.72 9.2 1.9 
hardboard, per 25-mm (l-in.) thickness 1.16 29.0 6.0 

(continued) 
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Table 6.1. Continued. 

Item 

Plywood 

Specific 
Gravity Ib/ft2 

9.5 mm (3/8 in.) 0.57 5.4 1.1 
127 mm (112 in.) 0.57 7.3 1.5 

Insulation 
Blanket and batt 

fiberglass per 25-mm (l-in.) thickness 0.29 0.06 
fiberglass, sheet or board per 25-mm (l-in.) 0.39-0.88 0.08-0.18 
thickness 

Mineral wool, per 25-mm (I-in.) thickness 0.24 0.05 
Foamed plastics 

polystyrene, extruded, per 25-mm (l-in.) 0.93 0.19 
thickness 
polystyrene, molded, per 25-mm (I-in.) 0.39 0.08 
thickness 
polyurethane, foil covered, per 25-mm (I-in.) 0.88 0.18 
thickness 
urea formaldehyde, per 25-mm (l-in.) 0.39 0.08 
thickness 

Loose fill (settled density) 
cellulose, per 25-mm (I-in.) depth 0.045 1.12 0.23 
fiberglass, per 25-mm (I-in.) depth 0.035 0.88 0.18 
mineral wool, per 25-mm (I-in.) depth 0.05 1.17 0.24 
vermiculite, per 25-mm (l-in.) depth 0.13 3.32 0.68 

aSpecific gravity of 1.0 = 1.0 Mg/m3 or 1.0 mg/mm3 (62.4 Ib/ft3). 

Example 6.2. The uniform load carrying capacity of a W6 x 20 
A36 steel beam with a 16-ft span is 766 lb/ft according to the Manual 
of Steel Construction (American Institute of Steel Construction, 1980). 
The percent dead load is calculated as follows: 

Dead load = (16 ft)(20 lb/ft) = 320 lb 

Total load = (16 ft)(766 lb/ft) = 12,256 lb 

Dead loadltotalload = (320 lb/12,256 lb)100 = 2.6% 

If the load were a concentrated load at the center of the span, the 
minimum load would be 6,350 lb and the percent dead load would be: 

Dead loadltotalload = (320 lb/6350 lb)100 = 5.0% 

Example 6.3. Consider the truss shown in Fig. 6.2. The dead load 
is estimated as follows: 
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2,,10 

1------- - 40' - 0"-------J·1r---..,-

Fig. 6.2. Example 6.3. 

Top chord == (1.03 x 40 ft)(3.9 lb/ft) == 161 lb 

Lower chord == (40 ft)(1.5 + 2.3) lb/ft == 152 lb 

Web members == (48 ft)(1.5 lb/ft) == 72 lb 

18-gauge plates == (1,440 in.2/144 in.2/ft2) x 2lb/ft2 == 20lb 

16-gauge plates == (920 in.2/144 in.2/ft2) x 3.3 Ib/ft2 == 21lb 

Total dead load == 426 lb 

Total design load (at normal load duration) 

== (26 psD(40 ft)(7.5 ft) == 7800lb 

Dead load/total design load == (426 Ib/7800 lb) 100 == 5.5% 

If the whole roof structure, including the truss, is considered then 
the percent dead load is changed considerably. Assume the roof consists 
of 28 gauge steel roofing, 2 x 4 purl ins 2 ft o.c. (on center), the truss, 
2 x 4 2-ft o.c. ceiling furring strips, !-in. plywood ceiling, and 6-in. 
fiberglass batt insulation. Then the dead load (D.L.) is calculated as 
follows: 

Roofing 
Purlins 
Truss (426 Ib/40 ft x 7.5 ft) 
Furring strips 
Insulation 
Total D.L. 

0.8 psf 
0.7 psf 
1.4 psf 
0.7 psf 
0.4 psf 
4.0 psf 
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Total load (T.L.) 
D.L.IT.L. = (4.0 psf/26.0 psf) 

6.4 LIVE LOADS 

26.0 psf 
100 = 15.4% 

Live loads are those loads that occur through use of the structure. 
Sometimes these live loads, such as a bulk milk tank, can be accurately 
estimated in magnitude and location. In other instances, however, the 
magnitude and location of loads can vary so much that it seems im­
possible to predict them. In the latter cases, experience has shown that 
certain live loads, as shown in Tables 6.2, 6.3, and 6.4, do not neces­
sarily predict the live loads that will occur but use of these loads has 
resulted in adequate designs unless unusual circumstances are present. 
For example, consider the floor load on the first floor of a dwelling. 
Table 6.2 gives the minimum design live load as 195 kg/m2 (40 Ib/ft2). 
This design load has proven adequate for all but unusual circumstances 
even when the location and size of furniture is not known. 

Table 6.2. Minimum Uniformly Distributed Live Floor Loads.-

Occupancy or Use 

Assembly halls and other places of assembly 
fixed seats 
movable seats and platforms 

Balcony (exterior) 
one- and two-family dwellings only 

Corridors 
first floor 
other floorsb 

Dining rooms and restaurants 
Fire escapes (on multi- or single-family residential bldgs. only) 
Garages (passenger cars only) 
Manufacturing 

light 
heavy 

Office buildings 
offices 
lobbies 
corridors, above first floor 
file and computer roomsC 

Residential 
multifamily houses 

private apartments 
public rooms 
corridors 

dwellings 
first floor 

kg/m3 

293 
488 
488 
293 

488 

488 
195 
244 

610 
1220 

244 
288 
390 

195 
488 
390 

195 

Ib/ft2 

60 
100 
100 
60 

100 

100 
40 
50 

125 
250 

50 
100 
80 

40 
100 
80 

40 
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Item 

second floor and habitable attics 
uninhabitable atticsd 

Reviewing stands and bleachers 
Sidewalks, vehicular driveways, and yards subject to trucking 
Stairs and exitways 
Storage warehouse 

light 
heavy 

Stores 
retail 

first-floor rooms 
upper floors 

wholesale 

6.4 Live Loads 135 

kg/m3 Ib/ft2 

146 30 
98 20 

488 100 
1220 250 
488 100 

610 125 
1220 250 

448 100 
366 75 
610 125 

aAbstracted from The BOCA Basic General Building Code/1975 (Building Officials & 
Code Administrators International, Inc., 1975). For the design of members supporting 
more than 14 m2 and the live load is less than 488 kg/m2 the live load can be reduced 
a percentage R as given by R = 0.86(A - 14m) where A is the area supported in m2. 
The maximum reduction is 40% for members receiving load from one level only and 60% 
for others but not more than R = 23.1(1 + DlL) where D is the dead load supported 
and L is the live load supported. Reduction shall not apply to places of public assembly 
or garage. 
bSame as occupancy served, accept as indicated. 
CRequire heavier loads, based upon anticipated occupancy. 
dLive load is applied to joists or to bottom chords of trusses or trussed rafters only in 
those portions of attic space having a clear height of 1.07 m (42 in.) or more between 
joist and rafter in conventional rafter construction; and between bottom chord and any 
other member in trusses or trussed rafter construction. However, joists or the bottom 
chords of trusses or trussed rafters shall be designed to sustain the imposed dead load 
or 49 kg/m2 (10 Ib/ft2) whichever is greater, uniformly distributed over the entire span. 

A further ceiling dead load reduction to a minimum of 24 kg/m2 (5 Ib/ft2) or the actual 
dead load, whichever is greater, may be applied to joists in conventional rafter construc­
tion or to the bottom chords of trusses or trussed rafters under either or both of the 
following conditions: 

If the clear height is not over 76 cm (30 in.) between joist and rafter in conventional 
construction and between the bottom chord and any other member for trusses or trussed 
rafter construction. 

If a clear height of greater than 76 cm (30 in.) as defined in preceding item a does not 
exist for a horizontal distance of more than 30 cm (12 in.) along the member. 

Table 6.2 gives the minimum uniformly distributed live load to be 
used in design of floors. Most of these buildings are nonagricultural 
but the table is included for occasional use and for comparison purposes. 

Table 6.3 gives the recommended design floor live load for agricul­
tural buildings. Table 6.4 gives concentrated loads to be considered if 
actual loads are not known. Unless otherwise specified these concen­
trated loads are to be applied over 0.23 m2 (2.5 ft2). In cases where a 
uniform load and a concentrated load apply to the same design, consider 
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each load separately and select the most critical load for each part of 
the design. 

Table 6.3. Recommended Design Floor Live Loads for Agricultural Buildings.· 

Solid Floor 
and Floor 
Support 

kg/m2 Ib/ft2 

Beef cattle 
calves to 135 kg (300 lb) 244 50 
feeders, breeders 488 100 

Dairy cattle 
calves to 135 kg (300 lb) 244 50 
mature 488 100 

stall area 293 60 
maternity or hospital pen 244 50 

Swineb 
to 25 kg (50 lb) 171 35 
90 kg (200 lb) 244 50 
180 kg (400 lb) 317 65 
225 kg (500 lb) 342 70 

Sheep 
feeders 195 40 
eves, rams 244 50 

Horses 488 100 
Turkeys 146 30 
Chickensc 

floor houses 98 20 
Greenhouses 244 50 
Manure (per unit depth) 1040 65 
Shops, storages, vehiclesd 

Chickens, suspended cages' per length of cage row 
full stair step (double deck, no dropping boards) 
modified stair step (double deck, with dropping boards) 
modified stair step (triple deck, with dropping boards) 

Slat per Unit 
Length 

kg/m lb/ft 

223 150 
372 250 

223 150 
372 250 
372 250 
223 150 

74 50 
149 100 
223 150 
253 170 

149 100 
179 120 
372 250 
37 25 

22 15 

Suspended 
Load' 

kg/m lb/ft 

112 
164 
223 

75 
110 
150 

aAbstracted from ASAE Engineering Practice: EP378. 2, Agricultural Engineers Year­
book of Standards (American Society of Agricultural Engineers, 1983). 
bFor floors that are outdoors, add snow load on the ground. Increase solid floor live load 
25% for floors supporting crowded animals (e.g., crowding pen, dairy holding pen with 
automatic gate, handling alleys near loading chute). 
cWhere slats are interconnected between supports so that three or more slats must deflect 
together, design each span of slat between support and interconnection, and between 
two interconnections, for the recommended load per unit length of slat. Design the full 
span of each slat for one-half the recommended load per unit length. 
dCage loads. Base design loads for floor-supported cages. 
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Table 6.3. Footnotes Continued. 

-Storage loads: Calculate the design load for product storage on the basis of individual 
mass but no less that 488 kg/m2 (100 Ib/ft2). Vehicle loads: For vehicle traffic on a manure 
tank lid, use 4540 kg (10,000 Ib) axle load, or a loading equivalent of two 2270 kg (5000 
Ib) concentrated loads 1.2m (4 ft) apart and oriented any direction on the tank cover. 
Vehicle storage (uniformly distributed): The minimum design load on a floor area used 
for farm machinery with traffic limited to access and egress should be 730 kg/m2 (150 
Ib/ft2), except where the area will be occupied by either loaded farm trucks or large farm 
tractors (those with a mass exceeding 5900 kg (13,000 Ib) including mounted equipment). 
In such cases the design load should be 975 kg/m2 (200 Ib/ft2). 
'Suspended loads. Loads for suspended poultry cages are based on 4-row (double deck) 
or 6-row (triple deck) cages with two birds per 0.2 m (8 in.) cage, or three birds per 0.3 
m (12 in.) cage, and 0.05 m (2 in.) of manure accumulated on dropping boards under 
upper cages. 

Table 6.4. Concentrated Live Loads. 

Location 

Greenhouse roof bars, purlins, raftersa 
Manufacturing 

lightb 
heavyb 

Office fioorsa,b,c 
accessible truss lower chord panel point or ceiling joist over 

manufacturing, processing, repair areaC 

Slat, design for uniform load or concentrated loadd 
farrowing pend 

Stair tread on area of 2600 mm2 (4 in,2) of treadb,c 
Stores 

retailb 
wholesaleb 

Vehicle 
passenger car on area of 1290 mm2 (20 in,2)b,C 
tractor and implements on 200 x 300 mm (8 x 12 in,) per wheeld 
loaded trucks not exceeding 9075 kg (20,000 lb) gross weight on 

100 x 510 mm (4 x 20 in.) per wheeld 
loaded trucks exceeding 9075 kg (20,000 lb) gross weight on 150 

x 560 mm (6 x 22 in,) per wheeld 

kg 

45 

908 
1362 
908 
908 

115 
115 
136 

908 
1362 

908 
2270 
3632 

5448 

Ibs 

100 

2000 
3000 
2000 
2000 

250 
250 
300 

2000 
3000 

2000 
5000 
8000 

12000 

aAbstracted from The BOCA Basic Building Code11981, (Building Officials & Code Ad­
ministrators International, Inc" 1981). 
b Abstracted from Uniform Building Code (International Conference of Building Officials, 
1976). 
cAbstracted from ANSI A58.1-1982 (American National Standards Institute, 1982). 
dAbstracted from ASAE Engineering Practice EP378.2 (American Society of Agricultural 
Engineers, 1983). 



www.manaraa.com

138 Load Analysis 

Roof minimum live load recommendations are also applied to roofs 
as shown in Table 6.5. This live load specification is to allow for loads 
that occur during construction or during repair. Notice also that the 
load is less with increasing roof slope and area supported. This decrease 
in load intensity as the area increases can also be noted in Table 6.3 
where slat loads are much higher per unit area than loads on floor 
support beams which support much greater floor areas. This is because 
a peak load can occur on a small area but it may be physically impos­
sible or highly unlikely for the same peak load to occur over a much 
larger area. 

6.5 SNOW LOADS 

The snow load of interest to the building designer is the maximum 
snow load on the roof during the useful life of the structure. Available 
data, however, is usually snow depth or weight of snow on the ground 
at weather stations in the area. Difficulties arise in converting snow 
depth to snow load, translating weather station data to the building 
site, and then using the ground snow load to estimate the maximum 
load that will occur on the roof. The design roof snow load is predicted 
by the following equation: 

S = SgICsCt (6.1) 
= SgICrCa(drift coefficient) Ct 

where Sg is ground snow load; I, importance factor; Cs, ground-to-roof 
load factor combining Cn Ca , and the drift coefficient; Ct, heat loss 
factor; Cr, ground to roofload factor; Ca , roof slope factor. 

6.5.1. Ground Snow Load (88 ) 

Long-term ground snow records in the United States have been taken 
by the National Weather Service (NWS) and also by the Soil Conser­
vation Service (SCS). Many NWS stations only record ground snow 
depth; however, since about 1952 most first-order weather stations 
have recorded ground snow load. The SCS records snow depth and 
weight to predict flooding of certain rivers or water availability. SCS 
data collection sites were selected for the preceding objectives and 
therefore do not give uniform nationwide coverage, but the data is 
useful as a supplement to other data. NWS ground snow load data is 
too sparse and the length of record is too short to make sufficiently 
accurate snow load maps in certain areas. For these regions, NWS 
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Fig. 6.3. Fifty-year recurrence interval ground snow map in pounds per square 
foot (Sg)' Dark shaded areas are where the variation precludes mapping at 
this scale. Lighter shaded areas are where available data should be applied 
with caution. (Load is in kg/m2 = 4.88 Ibm/ft2.) From ANSI Standard A58.1-
1982. 

ground snow load data, NWS snow depth data translated to ground 
snow load data by nearby NWS density data, and SCS load data are 
used to establish ground snow loads. The ANSI Standard A58.1-1982 
ground snow load map, shown in Fig. 6.3, is based on both NWS and 
SCS data. 

In instances where only snow depth is known, difficulties arise in 
predicting snow load because snow densities vary. As snow depth in-

Table 6.5. Roof Minimum Live Loads, kg/m2 (psf)" 

Roof Slope 
Tributary Loaded Area for Any Structural 

Member m2 (ft2) 

<4 rise in 12 run 
> 12 rise in 12 run 

o to 18.6 (200) 
98 (20) 
59 (12) 

For loads between the above slope and area values: 
98(1.20 - 0.0107A)(1.2 - 0.05F) > 59 kg/m2 
20(1.20 - O.OOlA) (1.2 - 0.05F) > 12 psf 

where F is rise per 12 run; A is tributary loaded area. 

>55.7 (600) 
59 (12) 
59 (12) 

aAbstracted from ANSI Standard A58.1-1982 (American National Standards Institute, 
1982). 
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creases density increases due to snow compressibility. Melting and 
refreezing, rain on the snow, as well as variations in new fallen snow 
density also alter the snowpack average density. Snow specific densities 
of 0.05 to 0.2 for freshly fallen snow, 0.2 to 0.4 for snowpacks, and 0.7 
to 0.8 for snowpacks in mountainous regions have been reported. 

6.5.1.1 Importance Factor (1). As mentioned in a previous section, 
the designer may want to increase or decrease the design load because 
of the severity offailure or because of building permanence. Some codes 
use snow load maps with different probabilities of occurrence or dif­
ferent recurrence intervals (Rl). The snow load map in Fig. 6.3 has an 
annual probability of occurrence of 0.02 or 50-year recurrence interval. 
ANSI Standard A58.1-1982 uses importance factors to convert the 50-
year recurrence interval map to 25-year or 100-year values. The im­
portance factors (1) used are as follows: 

All buildings not in the categories listed below (50-year RI) 1.0 
Assembly areas for 300 people or more 1.1 
Essential facilities-hospitals, police stations, disaster center 

(lOO-year RI) 1.2 
Low human life hazard facilities-agricultural buildings, 

temporary facilities (25-year RI) 0.8 

6.5.2 Snow Loads in Mountainous Regions 

In mountainous regions the usual snow load maps cannot show the 
extreme variation in snow load on the usual scale maps. It has been 
found more satisfactory to modify the map by relating the loads to a 
reference elevation. This greatly simplifies the map in most cases. To 
calculate the snow load at any location, the map snow load at the 
reference elevation is modified to the load at the site elevation by a 
functional relationship between snow load and elevation. 

The functional relationship is usually of the form: 

(6.2) 

where C1 and C2 are constants; H, elevation above sea level; So, snow 
load at a reference elevation. 

The reference elevation sometimes assumed is sea level but more 
commonly it is 300 to 600 m (980 to 1970 ft). 

Figure 6.4 shows 1969 snow load data presented by Schaerer (1970) 
from several locations near the coast of British Columbia, Canada. The 
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Fig. 6.4. Ground snow load versus elevation for several locations near the 
coast of British Columbia, Canada, in 1969. 

Seymore Mountain location is near the coast and in a wet area. Fidelity 
mountain and Kimberly represent areas ofless and less rainfall. Notice 
that the relationship is linear as rainfall decreases; i.e., C1 in Eq. (6.2) 
is less significant. 

Figure 6.5 shows the ground contour map and the normalized snow 
load map for Latah County, Idaho. As can be seen, the normalized snow 

A 

Fig. 6.5. (A) Ground contour map of elevation above sea level for Latah 
County, Idaho. (B) typical normalized snow load map for Latah County, Idaho. 
From Rusten et al. (1980). 
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loads do not follow the ground contours but a more general weather 
pattern. The relationship between ground snow load and elevation 
proposed by Rusten et al. (1980) for this county is 

Sg = (map normalized snow load, psf/ft)(elevation, ft) 

This equation assumes sea level as the reference elevation and a linear 
relationship WI = 0). 

To select design snow loads in mountainous regions with the present 
data available, the designer must consult local building code enforce­
ment agencies and weather bureaus for sources of pertinent informa­
tion. Future codes may use normalized snow maps and specify the load­
elevation relationship in mountainous regions. 

6.5.3. Ground-to-Roof-Snow-Load Relationship (Cr ) 

Wind during snow deposition, wind removing previously deposited snow, 
radiant energy, and snow melt due to radiant energy or heat loss 
through the roof all are factors which can reduce roof snow loads as 
compared to the ground snow load. The factor for converting the ground 
snow load (Sg) to the load on a flat roof is Cr. The value of Cr probably 
changes with climate. In cold, high snow regions, the maximum roof 
snow load is a function of the weather the entire winter. Snowfall after 
snowfall add to the roof snow load and increase the snowpack density. 
Wind and radiant energy reduce the snow load and Cr is reported to 
vary from 0.5 to 0.8. In more moderate climates where snow does not 
stay on the roof for very long, the maximum snow load often occurs as 
the result of a single snowfall, ice storm, or rain absorbed into snow 
and Cr could approach 1.0 depending on the associated wind. These 
two examples represent the variety of conditions that result in maxi­
mum snow loads on structures. Most codes assume one Cr for all re­
gions, and the designer should know that this could be an unconser­
vative assumption in low snow load regions. Minimum snow loads are 
sometimes written in the code to account for this factor. 

Wind is probably the major factor in the determination of Cr. Os­
tavnov and Rosenberg (1966) stated that snow is removed from a snow­
pack at velocities over 6 ms-I (13.5 mph) and during snowfalls at ve­
locities over 3-4 ms-1 (6.5-9.0 mph). Ostavnov proposed that Cr is 
related to velocity by the following equation: 
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Cr = 1.24 - 0.13 Yw when Yw is in ms- 1 

or 

Cr = 1.24 - 0.29 Y w when Y w is in mph 

where Y w is the average winter wind velocity. 
On the basis of Canadian studies, both the 1970 National Building 

Code of Canada and ANSI Standard A58.1-1972 recommended a Cr = 0.8 
for sheltered roofs. For roofs fully exposed to winds of sufficient velocity 
to remove snow and that have no projects such as parapet walls that 
stop snow from blowing off, a Cr = 0.6 is recommended. The ANSI 
Standard A58.1-1982 defines Cr as follows: 

Cr = 0.7Ce 

= (0.7)(0.8) = 0.56 for windy exposed areas 

= (0.7)(0.9) = 0.63 for windy areas with little shelter 

= (0.7)(1.0) = 0.70 for areas where wind cannot 
be counted on to remove snowfall 

= (0.7)(1.1) = 0.77 low wind areas where buildings or 
trees shelter the roof* 

= (0.7)(1.2) = 0.84 in dense conifer forest areas 

where Ce is an exposure factor. 

6.5.4 Roof Slope Effect (Ca ) 

Roof slope also has an effect on the roof snow load. Most codes do not 
reduce the flat roof loading for roof slope angles less than 20 or 30=. 
For slopes greater than 20 or 30=, the flat roof snow load is linearly 
decreased with roof slope angle to 0 load at 60= or 70=. ANSI Standard 
A581.1-1982 introduced the combined effect of less snow deposited on 
steep slopes and the potential for snow sliding off the roof as follows: 

*Shelter is provided by obstructions within 10 ho of the roof where ho is the obstruction 
height above roof level. 



www.manaraa.com

144 Load Analysis 

Co. = (70 - a)/55 for 15= < a < 70= and warm 
slippery roof which would allow 
snow to slide off the eaves 

Co. = (70 - a)/40 for 30= < a < 70= and warm not 
slippery roof or cold slippery roof 
which would allow snow to slide off the eaves 

Co. = (70 - a)/25 for 45= < a < 70= cold, not slippery roof 

where a is the roof angle measured in degrees from horizontal. The 
slope reduction coefficient Co. is bounded by zero and one, therefore 
Co. = 1.0 for any angle below the minimum and Co. = 0 for any angle 
above 70=. 

6.5.5 Snow Drifting 

Snow is deposited on roof areas where the velocity is below the depo­
sition velocity for the snowflakes, or ice particles in that storm. In 
areas of high velocity and turbulence, snow is not deposited and pre­
viously deposited snow may be removed. It is important to consider 
drifting because of the high probability that drifting will occur and 
because the resulting snow distribution is often the critical loading. 

Most codes are in general agreement on the snow distributions to be 
checked. Figure 6.6 is a summary of the distributions required by the 
ANSI Standard A58.1-1982. These distributions take into account the 
reduced snow on the roof compared to the ground, roof slope effects 
and drifting. 

Snow may slide off a sloped roof onto a lower roof. Consider the lower 
roof to accumulate all the snow (balanced load condition) that can slide 
off the upper roof and remain on the lower roof. 

6.5.6 Effects of Heat Loss Through the Roof (Gt) 

With proper conditions, heat loss through the roof can reduce the roof 
snow load. The heat loss must be great enough to melt the snow and 
allow it to flow off the roof. Often the water from the melted snow will 
flow to a colder area of the roof, such as an overhang, and then freeze. 
Ice accumulations in this area can cause roof leaks and damage to 
gutters but usually are not critical structural loads. The amount of 
load reduction due to melting depends upon the inside temperature, 
ambient temperature, roof insulation value, and time. Restraint must 
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Fig. 6.6. Snow load distributions required by ANSI Standard A58.1-1982. 
Symbols a, n, and L defined in this figure apply only to this figure. 

be exercised in reducing snow load due to heat loss because assumptions 
made about inside temperatures and insulation values may change 
during the life of the structure. 

The ANSI Standard A58.1-1982 contains the following heat loss 
factors: 

Heated structure 

Structure kept above freezing 

Ct = 1.0 

Ct = 1.1 
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Unheated structure 

6.5.7 Snow Load Summary 

Ground snow loads (8g ) are obtained from snow load maps such as Fig. 
6.3 or from local code enforcement agencies when snow load maps do 
not give sufficient information. This ground snow load is modified to 
obtain the roof snow load (8) as follows: 

where I is the importance factor; Ct, heat loss factor; Cs = CrC, (drift 
coefficient); Cn ground to flat roof conversion factor; Ca., roof slope 
factor. 

Cs, which includes drift coefficients as well as Cr and Ca., is given in 
Fig. 6.6. Ct is given in the previous section. 

6.6 WIND 

Wind forces on buildings result from the building in the path of the 
wind altering the wind velocity and direction. If the wind velocity is 
completely converted to pressure, then the pressure exerted by the 
wind is 

Pressure = 'Y V2/2ge (6.3) 

where 'Y is air mass density, kg m-3 (lb ft-3); V, air velocity, ms-1 (ft 
S-l); ge, gravitational constant, 1 ms-2 kg N-1 (32.17 ft s-2 lb lbf-1). 

Using standard values for the air density and the usual dimensions, 

or 

Pressure = 1.22 kg/m3 x V2/2ge 

= 0.61 V2 N/m2 or Pa, 

P _ (1113.05)(5280 ft mi -1/3600 s hr- 1)2 V2 
ressure - (2)32.17 ft s- 2 lb lbr - 1 

= 0.00256V2 in Prsf where V is in mph 

(6.4) 

As the wind changes direction and goes around the building it causes 
different pressures (positive-Le., above atmospheric pressure; nega­
tive-Le., below atmospheric) to act on the building surfaces. Usually 
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these pressures are related to the velocity pressure by a wind surface 
coefficient. The pressure acting on a building surface is described by 
the design wind velocity and a pressure coefficient; i.e., 

p = f(Vz c) 

where Vz is the design wind velocity at height z; and c is the pressure 
coefficient. 

6.6.1 Wind Storms 

The design wind velocity usually arises from a variety of wind storms 
depending on the area of the United States. Along the Atlantic and 
Gulf coasts of the United States, the design velocity winds result from 
hurricanes. They are storms that can last for several days with top 
winds approaching 44.7 ms-1 (100 mph). Hurricane winds are generally 
accompanied by rain that can increase the air mass density and there­
fore the pressure. 

Tornadoes are cylindrically shaped rotating clouds extending down­
ward from a thunderstorm cloud base to ground level. Winds in the 
intense whirl or vortex range from 45 to 100 ms-1 (100 to 250 mph) 
and the atmospheric pressure at the core is 10 to 25% lower than 
immediate surroundings. Analysis of the path of destruction from tor­
nadoes indicates that most tornado paths are 45 to 130 m wide, 1.5 to 
10 km long, with an average area of destruction of about 2.2 km2 (0.85 
mF). 

Figure 6.7 gives the observed yearly tornado frequency per 25,900 
km2 (10,000 mi2). This map shows where tornadoes are most or least 
likely to occur. That frequency along with the average area of destruc­
tion for a tornado can be used to estimate the recurrence interval. For 
example, consider the recurrence interval for an area that has 9 tor­
nadoes per 25,900 km2 (10,000 mi2) per year when the damage per 
tornado covers 2.2 km2 (0.85 mF) area. Ifthe probability of occurrence 
is uniform over the area, then 

P b b'l' f _ (9 tornadoes/yr)(2.2 km2/tornado) 
ro a 1 Ity 0 occurrence - 25,900 km2 

= 0.00076 

and 

Recurrence interval = 110.00076 

1308 
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Fig. 6.7. Observed tornado frequency per 25,900 square kilometers (10,000 
square miles) per year. From U.S. Department of Commerce, National Oceanic 
and Atmospheric Administration. 

The recurrence interval for a specific site in the area where tornadoes 
are most likely to occur is over 1000 years. The usual conclusion is 
that it is uneconomical to design most farm buildings to resist torna­
does because the wind force is extreme and the probability of a tornado 
hitting a specific building is quite low. 

At some locations there can be unusual winds that must be taken 
into account in design. Such areas are shown as special wind areas on 
basic wind velocity maps. 

6.6.2 Design Wind Velocity (Vz ) 

Wind velocities are influenced by the atmospheric pressure gradient 
parallel to the earth surface (resulting in a wind at gradient wind 
velocity if no obstructions reduce the wind velocity) and the earth 
surface roughness. At the ground surface the velocity is considered to 
be zero and increases for several kilometers upward to the gradient 
wind velocity. The mathematical description of this variation in wind 
speed as originally suggested by Davenport is 

(6.5) 
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where Vz is wind velocity at height z; V G, gradient wind velocity; HG , 

height to the gradient wind velocity; a, exponent dependent on ground 
roughness; z, height above ground surface where Vz is calculated. 

ANSI Standard A58.1 suggested the following values of HG and a: 

Terrain Ha m (ft) a 

Center of large cities and 
very rough terrain 455 (1500) 113 Exposure category A a 

Suburban areas, wooded areas 
and rolling terrain 365 (1200) 1/4.5 Exposure category Ba 

Flat open country 275 (900) 117 Exposure category ca 
Flat coastal areas <460 m 

(1500 ft) inland 213 (700) 1/10 Exposure category Da 

aExposure categories are defined later in this section. 

Wind speed from a map such as in Fig. 6.8, however, is not the 
gradient wind speed but is the wind speed at 10 m (33 ft) above the 
ground in open terrain (exposure C). To calculate wind speed at another 
height (z) and in another type of terrain, first obtain the design wind 
velocity at the location in question V map' Then 

250 --o 500 
SCALE(MILESl 

Fig. 6.8. Fifty-year recurrence interval basic wind speed map in miles per 
hour. Values are fastest-mile speeds at 33 ft (10 m) above ground for exposure 
category C. Linear interpolation between wind speed contours is acceptable. 
To convert to 25-year recurrence interval, multiply basic wind speed by 0.95. 
To convert to lOO-year recurrence interval, multiply basic wind speed by 1.07. 
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WIND VELOCITY 

Mo~ill'UTl 
Velocity 

Fig. 6.9. Schematic showing increased wind stability with height above ground 
surface. 

where z = 10 m for V map; HG = 275 m; a = 117 for exposure C. 
Then for another exposure and height the design velocity (V",) is 

or (6.6) 

If wind velocity is measured at a point, it can be seen to vary sig­
nificantly with a frequency of about 1 sec. One cause of velocity vari­
ation is turbulence caused by surface roughness. The smoother the 
surface, the less turbulence and more stable the wind velocity. This 
turbulence also diminishes with height above the ground surface. This 
decreased turbulence is shown schematically in Fig. 6.9. 

To obtain design wind speed, velocity is averaged over a time period 
and the maximum average value used. The shorter the averaging pe­
riod, the closer the maximum will be to the highest velocity wind gust. 
However, below some time period length, the design wind speed may 
occur for such a short duration that many structures would not be 
engulfed in that gust and would not react to that gust alone. If a long 
time period is selected, the design velocity determined could certainly 
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be exceeded for a long enough time period for the building to react and 
therefore would underestimate the wind load. Cohen and Vellozzi (1968) 
gave the following factors to convert to a 1-hr time average velocity: 

VI sec = 1.55 X VI hr 

VlO sec = 1.43 X VI hr 

VI min = 1.25 X VI hr 

VlO min = 1.06 X VI hr 

Code writers do not agree on the time period to use in determining 
the design wind speed. The time period has varied from 2-3 seconds 
in Australia to 1 hr in Canada. The ANSI Standard A58.1-1982 uses 
the "fastest mile" time period to develop the design or basic wind speed 
map in Fig. 6.8. The "fastest mile" time period is the shortest time 
necessary for a particle of air to travel 1 mi. ANSI Standard A58.1-
1982 also recommends a gust factor be included to account for short­
term high velocity winds. 

Selection of gust factors should take into account the factors which 
affect wind gustiness and also building characteristics which make it 
susceptible or resistant to wind gusts. Most agree that buildings with 
high natural frequencies (~10 cps) are not as susceptible to gusts and 
therefore can be designed with a gust factor approaching 1.0. Buildings 
with low natural frequencies (0.1 to 0.2 cps) are not as stable, therefore 
gusts are more critical and the gust factor can approach 3.6. 

The natural frequency of a building is related to the dimensions, 
mass, stiffness, and damping characteristics. There are, however, sev­
eral approximate formulas for natural frequency. One such equation 
is given in the Uniform Building Code (1976) as follows: 

Frequency = 20Vdlhn cps (6.7) 

where d is structure depth in the direction ofthe wind, ft; hn is structure 
height, ft. 

Gust factors used in the ANSI Standard A.58.1-1982 for the design 
of relatively stable buildings are shown in Table 6.6. If the building 
is tall and narrow, more detailed analysis is recommended. 

6.6.3 Wind Pressures on Buildings 

The basic wind speed, given in Fig. 6.8, must be related to the exposure 
and height of the building to be designed. Building height is usually 
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Table 6.6. Gust Response Factors GH.-

Height, z, m (ft) 

0-4.5 (15) 
6 (20) 
7.5 (25) 
9 (30) 

A 

2.36 
2.20 
2.09 
2.01 

Exposure 

B C D 

1.65 1.32 1.15 
1.59 1.29 1.14 
1.54 1.27 1.13 
1.51 1.26 1.12 

aFor the main structure, z is the mean roof height. For cladding, z is the cladding height. 

taken as the mean roof height. Exposure categories are described in 
the ANSI Standard A58.1-1982 as 

Exposure A: Large city centers with at least 50% of the buildings in 
excess of 21 m (70 ft) tall for the greater of 805 m (0.5 mi) or 10 
times the building height (h) upwind. 

Exposure B: Urban, suburban, wooded areas or other areas where nu­
merous closely spaced obstructions the size of single family dwellings 
are upwind for a distance of 457 m (1500 ft) or 10 times the building 
height, whichever is greater. 

Exposure C: Open terrain with scattered obstructions less than 9.1 m 
(30 ft) or flat open country. 

Exposure D: Flat unobstructed coastal areas exposed to wind flowing 
over large bodies of water. This area shall extend inland 457 m (1500 
ft) or 10 times the building height. 

When the velocity is determined for the building exposure and height, 
the velocity is converted to a basic velocity pressure, qz as follows: 

qz = 0.61[1.61 V map(zIHG)a]2 in Pa when V map in ms (6.8) 

= 0.00256[1.61 V map(zIHG)a]2 in pfsf 

or as tabulated in Table 6.7. 

6.6.4 Pressure Coefficients (c) 

The pressure on any part of the building is related to the basic wind 
pressure (qz) by a pressure coefficient c. This coefficient is empirical 
and is usually determined by wind tunnel tests on models. The coef­
ficient is negative if below atmospheric pressure and positive if above. 
In general, wind pressure on a gable-roofed building is as shown in 
Fig. 6.10 and general statements about wind pressures can be made 
as follows: (1) The more wind that is blocked by a building, the closer 



www.manaraa.com

6.6 Wind 153 

Table 6.7. Basic Wind Pressures, q. In Pa Ib, ft"2.8 

Vmap, Height z, 
Exposure 

mls (mph) m (ft) A B C D 

31.3 (70) 0-4.5 (15) 71 (1.5) 219 (4.6) 478 (10.0) 716 (15.0) 
6 (20) 86 (1.8) 250 (5.2) 519 (10.8) 759 (15.8) 
7.5 (25) 100 (2.1) 276 (5.8) 554 (11.6) 793 (16.6) 
9 (30) 113 (2.4) 299 (6.2) 583 (12.2) 823 (17.2) 

35.8 (80) 0-4.5 (15) 94 (2.0) 287 (6.0) 626 (13.1) 937 (19.6) 
6 (20) 113 (2.4) 326 (6.8) 679 (14.2) 992 (20.7) 
7.5 (25) 131 (2.7) 360 (7.5) 724 (15.1) 1038 (21.7) 
9 (30) 148 (3.1) 391 (8.2) 763 (15.9) 1076 (22.5) 

40.2 (90) 0-4.5 (15) 118 (2.5) 362 (7.6) 789 (16.5) 1181 (24.7) 
6 (20) 143 (3.0) 412 (8.6) 857 (17.9) 1251 (26.1) 
7.5 (25) 166 (3.5) 455 (9.5) 913 (19.1) 1308 (27.3) 
9 (30) 187 (3.9) 493 (10.3) 962 (20.1) 1357 (28.3) 

44.7 (100) 0-4.5 (15) 146 (3.0) 448 (9.4) 976 (20.4) 1461 (30.5) 
6 (20) 176 (3.7) 509 (10.6) 1059 (22.1) 1547 (32.3) 
7.5 (25) 205 (4.3) 562 (11.7) 1129 (23.6) 1618 (33.8) 
9 (30) 231 (4.8) 609 (12.7) 1189 (24.8) 1678 (35.0) 

49.2 (110) 0-4.5 (15) 176 (3.7) 543 (11.3) 1182 (24.7) 1770 (37.0) 
6 (20) 214 (4.5) 617 (12.9) 1283 (26.8) 1874 (39.2) 
7.5 (25) 248 (5.2) 681 (14.2) 1368 (28.6) 1960 (40.9) 
9 (30) 280 (5.8) 738 (15.4) 1441 (30.1) 2033 (42.5) 

aGust factor is not included. 

the windward wall coefficient approaches 1.0 and the more negative 
are the coefficients on the roof and end walls; (2) the windward roof 
pressure coefficient is as low as -1.0 on flat roofs, increases to 0.0 at 
about 30° roof slope, and is positive above 30°; (3) winds parallel to the 
ridge cause negative pressures over the entire roof and often are the 
critical situation for roof uplift; (4) open sections of the building cause 
internal pressures of the approximate magnitude as would have oc­
curred on the external surface of the removed section. 

For a rectangular enclosed building with a gable roof, most codes 
are in agreement that the pressure coefficients should be approximately 
as follows: 

Wind Perpendicular to the Ridge 
Windward wall + 0.8 (0.5 to 0.8) 
Leeward roof -0.7 (-0.4 to -0.7) 
Leeward wall - 0.5 ( - 0.4 to - 0.6) 
End or side walls - 0.7 

Wind Parallel to the Ridge 
Windward wall + 0.8 
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Fig. 6.10. General wind pressure patterns. Symbols h, L, and W defined in 
this figure apply only to this figure. 

Roof -0.7 
End or side walls - 0.7 

However, there seems to be much less agreement about the windward 
roof pressure coefficient when the wind is perpendicular to the ridge. 
Most agree that the coefficients are positive for roof slopes above 40°, 
zero somewhere between 20° and 40°, and - 0.6 to -1.0 for flat roofs. 
Table 6.8 gives the 1978 ASAE Standard for windward roof pressure 
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Table 6.S. Shape Coefficients c for External Wind Loads on Single Span Gable-Type 
Building-Totally Enclosed! 

Windward Roof Coefficient Roof Slope 

HIW 1:12 2:12 3:12 4:12 5:12 6:12 7:12 

0.10 -0.34 -0.24 -0.13 -0.03 0.05 0.12 0.19 
0.15 -0.51 -0.35 -0.20 -0.05 0.05 0.12 0.19 
0.20 -0.60 -0.47 -0.27 -0.06 0.05 0.12 0.19 
0.25 -0.60 -0.59 -0.34 -0.08 0.05 0.12 0.19 
0.30 -0.60 -0.60 -0.41 -0.18 0.01 0.08 0.16 
0.35 -0.60 -0.60 -0.47 -0.26 -0.07 0.05 0.12 
0.40 -0.60 -0.60 -0.53 -0.33 -0.15 0.01 0.09 
0.45 -0.60 -0.60 -0.57 -0.39 -0.22 -0.06 0.05 
0.50 -0.60 -0.60 -0.60 -0.44 -0.29 -0.14 0.00 
0.60 -0.60 -0.60 -0.60 -0.49 -0.34 -0.20 -0.06 
0.70 -0.60 -0.60 -0.60 -0.53 -0.39 -0.25 -0.13 
0.80 -0.60 -0.60 -0.60 -0.57 -0.43 -0.30 -0.18 
0.90 -0.60 -0.60 -0.60 -0.60 -0.47 -0.35 -0.23 
1.00+ -0.60 -0.60 -0.60 -0.60 -0.51 -0.39 -0.28 

From ASAE Standard S288.3 1978-79 Agricultural Engineers Yearbook. 
aFor designing trusses, columns, rigid frames, and other main members. 

coefficients. This standard represents a moderate estimate of the pres­
sure coefficients, i.e., between the extreme values used by various codes. 

The ANSI Standard A58.1-1982 recommends calculation of interior 
pressure as follows: 

For main frames 

(6.9) 

where Pi is internal pressure; qn is pressure calculated at average roof 
height; GCpi is gust factor (GH ) multiplied by the building internal 
pressure coefficient = 0.75 and -0.25 if the openings in one wall ex­
ceed all other wall openings by 10% and the openings in all other walls 
do not exceed 20% of the total area of the one wall. 

For components and cladding less than 18 m (16 ft) high: 

(6.10) 

where Pi and GCpi are as defined for Eq. (6.9); qh is pressure calculated 
at average roof height and exposure C. 

Most codes agree on the coefficients to be used for arched roof build­
ings. The roof is usually divided into the windward quarter, center 
half, and leeward quarter. The coefficients shown in Table 6.9 are those 
accepted by the ANSI Standard A58.1-1982. 
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Table 6.9. External Pressure Coefficients for Arched Roofs. 

Rise-to-Span Windward Center Leeward 
Ratio, f/w = r Quarter Half Quarter 

Roof on elevated 0<r<0.2 -0.9 -0.7 - r -0.5 
structure 

0.2'-;;r<0.3 (1.5r-O.3)" -0.7 - r -0.5 
0.3'-;;r<0.6 (2.75r-O.7) -0.7 - r -0.5 
0.3<r<0.6 (2.75r-O.68) -0.7 - r -0.5 

Arch springing 0.3<r<0.6 1.4r -0.7 - r -0.5 
from ground 

"Alternate coefficient 6r-2.1 shall also be used. 

For towers the pressure coefficient depends upon the slenderness of 
the tower and its surface roughness. The net pressure coefficients that 
act on the vertical projected area, [height (h) x diameter or dimension 
perpendicular to the wind] of towers, chimneys, tanks, and similar 
structures, as given by ANSI A58.11982 are shown in Table 6.10. 

6.6.5 Pressures on Components and Cladding 

As the area supported by a member is decreased, the greater the prob­
ability is that the whole area will be subjected to a more extreme 
pressure. On large areas the structure is counted on to integrate the 
high and low pressures and therefore the design pressure is an average. 
For this reason, the absolute value of design pressure coefficients usu­
ally increase as the area supported decreases. 

The ANSI Standard A58.1-1982 recommends that the pressure for 
components and cladding be calculated by the equation 

(6.11) 

where p is wind pressure acting on components or cladding; qh, wind 

Table 6.10. Pressure Coefficients for Chimneys, Towers, Tanks, and 
Similar Structures. 

Shape Type Surface 

Square All 1 
Round, DVq. < 2.5 Moderately smooth 1.3 

Rough (D'llJO' 0.02) 0.5 
Very Rough (D'ID" 0.08) 0.8 

From ANSI Standard A58.1-1982. 

HID 

7 25 
1.4 2.0 
0.6 0.7 
1.0 1.2 

aD' is the depth of protruding elements in ft; D is the diameter or least horizontal 
dimension in ft. 
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Fig. 6.11. Pressure coefficients for roofs and walls. From ANSI Standard 
A58.1-1982. a = 10% minimum width or O.4h, whichever is smaller, but not 
less than either 4% of minimum width or 3 ft. h = mean roof height, in feet, 
except that eave height may be used when 6 ~ 10°. 6 = roof slope from hori­
zontal, in degrees. Symbols a, h, and 6 defined in this figure apply only to this 
figure . 

pressure at mean roof height using exposure C; G~p, given in Fig. 
6.11; Pi, internal pressure as given in preceding section. 

6.6.6 Wind Load Summary 

The wind load for the main frame is given by 

(6.12) 

where z is mid-roof height for windward roof, leeward roof, and leeward 
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wall, z is height to point where qz is calculated for windward wall; 
qz = (0.61)[1.61 V(zIHa)a]2 in Pa, qz = 0.00256 [1.61 V (zIHa)a]2 in psf 
or refer to Table 6.7; GH is gust response factor from Table 6.6; c is 
pressure coefficient from pressure coefficient section and Tables 6.8, 
6.9, and 6.10. 

The wind load on components and cladding is given by 

(6.13) 

where qh is wind pressure at mean roof height using exposure C; GCp , 

gust factor and pressure coefficient given in Fig. 6.11; Pi, internal 
pressure [see Eq. (6.9)]. 

Example. Wind Load Problem. What is the design wind pressure 
acting on a 12-m wide, 30-m long and 4-m eave height machinery 
storage building located near Kansas City, MO? The roof slope is 3.5 
in 12. One side of the building is 80% open. The site exposure category 
is C. See Fig. 6.12. 

Solution. Design wind velocity 

V map = (76 mph)(0.447 ms-1/mph) 

= 34 ms- 1 (interpolated value) 

Design height 

h = 4 m + (3 m)(3.5/12) = 4.875 

Basic pressure at 

z = h, qz = (0.61)[1.61 V map(zIHg)a]2 

= (0.61)[(1.61)(34)(4.875/275)1/7]2 

= 577 Pa 

Gust factor GH = 1.31 (interpolated value). 
External pressure 

at 4.875 m, 
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6.6 Wind 159 

(156)(0 8)' 605 Po TOP VIEW 

Fig. 6.12. Example-Wind Load Problem. 

p = (577)(1.31)c = 756c Pa 

at4m, 

p (0.61)[(1.61)(34) (4.0/275)1/7]2(1.31)c = 714c Pa 

at2 m, 
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P = (0.61)[(1.61)(34) (2.0/275)1/7]2(1.31)c = 586c Pa 

Internal pressure 

Pi = qn (GCpi) 

= (577)(0.75) = 433 Pa 

or 

Pi = (577)( - 0.25) = -144 Pa 

For components and cladding: Pressures for the five areas of the 
building shown in Fig. 6.11 are as follows: 

P = qh (GCp) = (577 Pa)(GCp) 

Pi = qh(GCpi) = 433 or -144 Pa 

Assume the tributary area for members being designed is 0.93 m2 (10 
ft2): 

Area 1: P = (577 Pa)( -1.3) - 433 = -1183 Pa (outward) 

Area 2 & 3: P = (577 Pa)( - 3.0) - 433 = - 2164 Pa (outward) 

Area 4: 

and 

Area 5: 

and 

P = (577 Pa)(1.4) + 144 = 952 Pa (inward) 

P = (577 Pa)( -1.5) - 433 = -1298 Pa (outward) 

P = (577 Pa)(1.4) + 144 = 952 Pa (inward) 

P = (577 Pa)( - 2.0) - 433 = -1587 Pa (outward) 

6.7 LOADS EXERTED BY CONFINED LIQUIDS AND 
GRANULAR MATERIALS 

During the lives of many agricultural structures, loads may be imposed 
on the structures by stored materials. The loads may be from a liquid 
such as water, fuel, or liquid fertilizer; from granular materials such 
as grains, fertilizers, or gravel; or from a mixture of granular and liquid 
materials such as silage or soil. The magnitude of the load can be large 
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compared to the natural loads, and the nature of the granular and 
granular-liquid load is not well defined; therefore careful attention to 
these loads is required and conservative design is recommended. 

6.8 LIQUIDS 

Liquids at rest, in this discussion, cannot resist a shear force and 
therefore the forces on any particle of liquid must be the same in all 
directions. If the force were less in any direction, flow would occur. The 
vertical pressure exerted at any point in liquid is equal to the pressure 
exerted by the liquid mass above that point. Thus, the expression for 
the pressure exerted by a fluid in any direction at a vertical distance 
z below the surface is 

(6.14) 

where 'Y is liquid mass density, kg m-3 (lb ft-3); z, vertical distance 
below the liquid surface, m (ft); g, the acceleration of gravity, g = 9.8 
ms-2 (32.17 ft S-2); gc = 1 m S-2 kg N-1 (32.17 ft S-2 lb lbr -1). 

When this liquid pressure is confined by a boundary, the pressure 
exerted is perpendicular to that boundary. Since the pressure is per­
pendicular to the boundary, no forces are exerted along the boundary. 
Tension or compression forces within the wall, however, can occur due 
to a curved boundary and weight of the boundary wall. 

Example. Fluid Pressure Problem. What pressure does gasoline 
exert on the walls of a tank shown in Fig. 6.13? 

Solution. Gasoline exerts pressure on the tank walls according to 
Eq. (6.14) 

Pn = 'Y z(g/gJ 

where'Y = 673 kg m-3 ; g = 9.8 m S-2; gc = m S-2 kg N-1. 
Therefore, 

Pn = (673 kg m- 3 ) (9.8 m s-2/1N-1 kg m S-2) z 

= 6595 z, N m- 2 or Pa 
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4m 

1-==:-1 LlOUID 
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PRESSURE PERPENDICULAR 
TO THE TANK WALL, p 

Fig. 6.13. Gasoline tank and the pressure exerted by the gasoline on the tank 
walls in Example-Fluid Pressure Problem. 

The pressure perpendicular to the tank wall is a linear equation with 
depth as shown in Fig. 6.13. 

6.9 GRANULAR MATERIALS WITHOUT BRIDGING 

Granular materials in this discussion are materials, such as shelled 
corn, consisting of individual particles that are small with respect to 
the size of the storage; the particles exhibit insignificant cohesion or 
adhesion. This granular material, unlike liquids, does possess some 
resistance to shear forces and therefore the pressure at a point is not 
the same in all directions. A measure of the ability of the granular 
mass to resist shear forces can be demonstrated by the stable conical 
shape assumed by the mass when the material is discharged at one 
point and allowed to fall onto the floor. The steeper the cone angle, the 
greater the shear resistance, and therefore less pressure exerted by 
the material on any vertical boundary. 

For a cohesion less material the shearing resistance at failure is given 
by Coulomb's equation 

T/cr = tan <1> (6.15) 

where T is shear stress on the failure plane; cr, compression stress 
perpendicular to the failure plane; <1>, angle of internal friction. This 
angle <1> can be determined by direct shear tests but is often approxi­
mated by the emptying angle of repose. The emptying angle of repose 
re.presents the minimum angle of internal friction. 
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To investigate the conditions of failure in a cohesionless granular 
mass, consider the condition of equilibrium for an element within the 
granular mass (see Fig. 6.14). The stresses acting on the vertical and 
horizontal sides, (11 and (12, are principal stresses. The angle a is any 
arbitrary angle. Summing the horizontal and vertical forces for an 
element of unit thickness yields 

IFx = 0 = (1 ds sin a - T ds cos a - (13 ds sin a 

IFx 0 = (1 sin a - T cos a - (13 sin a 

"iFz = 0 = - (1 ds cos a - T ds sin a + (11 ds cos a 

IFz 0 = - (1 cos a - T sin a + (11 cos a 

Solving Eqs. (6.16) and (6.17) for T and (1 yields 

(6.16) 

(6.17) 

T = ((11 - (13)sin a cos a = ~((11 - (13)sin 2a (6.18) 

(1 = (11 cos2 a + (13 sin2 a = ~((11 + (13) + ~((11 - (13)COS 2a (6.19) 

These equations specify stresses T and (1 on a section at any angle a 
from the horizontal. These parametric equations plot as a circle on a 
T-<T graph as shown in Fig. 6.15. For example, the stress on a plane 

, 
cr, = P . (g/9cI ·z 

I----d x----<-I 

Fig. 6.14. Free body diagram of an element in a granular mass. 
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O~(~-P~)~~~--~~~~--~-I'~O')----U 

Fig. 6.15. The T-<T diagram of the stresses on a plane in the granular mass. 

at an angle a from the horizontal is represented by the point A at angle 
2a from the (J' axis. Stresses on the plane are (J'B and TB. Coulomb's 
equation is illustrated by straight lines at angles ± <I> from horizontal 
on the (J' - T graph as shown in Fig. 6.16. When the stress circle falls 
between the line ± T/(J' = tan <1>, the material is stable. When the stress 
on any plane is such that T/(J' :;;;,: ± tan <1>, failure occurs along that plane. 

Consider the stress circle A in Fig. 6.16. In this case the maximum 
and minimum stress are such that the material is stable. However, 

T 
O~~-4~----=+----~~~---L--~------~--

Fig. 6.16. The T-<T diagram for the Rankine active and passive cases. 
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consider the case where 0'1 remains constant as 0'3 is reduced. The 
stress circle enlarges until it touches the failure criteria line at Band 
failure occurs along a plane inclined at an angle CXf from the horizontal. 
Since the circle is tangent to the line -rIO' = tan 4>, the angle at B 
between the tangent and the radius is 90°. The angle OCB is 90° - 4> 
and the angle 2cxf is 

2 cxf = 180° - (90° - 4» = 90° + 4> 

cxf = 45° + 4>/2 

Therefore, the angle between the horizontal and the failure angle is 
45° + 4>/2. 

The stress 0'3 is determined as follows: 

BCIOC = sin 4> 

but 

and 

Therefore 

Rearranging the terms 

0'3/0'1 = (1 - sin 4»/(1 + sin 4» (6.20) 

By trigonometric identities it can be shown that 

(1 - sin 4»/(1 + sin 4» = tan2 (45° - 4>/2) (6.21) 

Therefore 

0'3/0'1 = tan2(45° - 4>/2) 

0'3 = 0'1 tan2( 45° - 4>/2) 

0'1 = ,,/z (glgc) 

0'3 = "/Z (glgC> tan2(45° - 4>/2) (6.22) 
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Referring again to Fig. 6.16, the material could also fail if a1 is kept 
constant while a3 is increased until the stress circle again touches the 
failure criteria line at E. This time 

2af = 90° - <\> 

af = 45° - <\>/2 

The stress a3 is determined as follows: 

and 

DEIOD = sin <\> 

112 (a3 - (1) I 112 (a3 + (1) = sin <\> 

a31a1 = (1 + sin <\»/(1 - sin <\» = tan2 (45° + <\>/2) 

a3 = a1 tan2(45° + <\>/2) 

a3 = "(z (glgc) tan2(45° + <\>/2) (6.23) 

The first case, where a3 is reduced until failure occurs, is referred 
to as the Rankine active state. This problem was first solved by Rankine 
in 1857. It is termed the active state because as a3 is reduced, gravity 
forces are active in the failure of the mass to maintain a3 as a minimum 
pressure. If a vertical wall confining the material moves away from 
the material, gravity force on the material causes the mass to fail and 
move to the wall. 

The second case where a3 is increased to failure is known as the 
Rankine passive case. Here the gravity force does not assist but resists 
the failure. The passive case represents the maximum pressure the 
granular mass can exert on the wall if the mass is free to fail in one 
direction. 

This discussion has been concerned with the stresses in the granular 
mass but the real interest is the force exerted by the granular material 
on the confining structure. This force is considered to be the same as 
the material stress at the boundary, and frictional forces are considered 
to be related to the normal boundary forces by the friction coefficient. 
The forces on the vertical wall confining a granular mass are sum­
marized as follows: 
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Active Rankine case: 

Pv = Ph tan fl 

Passive Rankine case: 

Pv = Ph tan fl 

(6.24) 

(6.25) 

(6.26) 

(6.27) 

where Ph is horizontal pressure on the wall, Pa; Pv, vertical pressure 
on the wall, Pa; fl, friction angle between the wall and the granular 
material. 

The force on any horizontal surface is the weight of the granular 
material over the surface minus any frictional force. The frictional 
forces do not reduce the vertical loads very far from the wall, therefore 
the effect of these frictional forces reducing vertical forces on horizontal 
surfaces is usually ignored and the vertical pressure on the floor is 
given as follows: 

At the floor Pfv = "Iz(glgc) (6.28) 

Rankine active state is assumed to exist when the granular mass 
moves to the wall such as when a bin is filled. The active state exerts 
the minimum force on the walls. If there is any expansion of the grain, 
such as when the moisture increases or when material flowing in the 
bin forms a shear surface which causes the grain mass to expand, or 
if granular mass restrains the bin wall such as when the bin temper­
ature drops rapidly, then the state of the grain mass is somewhere 
between the active and passive state. 

Notice that the horizontal force on the wall is linearly related to z, 
the same as it is for a fluid. Sometimes the terms p tan2(45° - q,12) are 
grouped in the active case and called the equivalent fluid density. The 
force on the wall is then given as 

(6.29) 

where "Ie = "I tan2 (450 - q,12) is the equivalent fluid density, kg m-3. 
Properties of granular material necessary for the calculation of pres­

sures exerted by these materials are given in Table 6.11. 
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Table 6.11. Properties of Granular Materials. 

Angle of Static Coefficient of Frictionb 

Specific 
Repose, 

Galv. Steel Douglas Fir 
Gravity" <Pmin Steel Troweled Lumber, Perp. 
(bulk), (tan Concrete to Grain 

Product p/Pwater Empt. Fill Il) (tan Il) (tan Il) Ref. 

Barley 
eastern 0.64 28 16 0.34 0.62 0.41 c 
western 0.69 28 16 0.34 0.62 0.41 c 

Coal 
anthracite 0.83 27 0.32 0.70 0.70 d 

Corn 
ear 0.45 0.62 d 
shelled 0.77 27 16 0.37 0.64 0.38 c 

Flaxseed 0 25 14 c 
Crushed stone 1.92 40 
Grain, sorghum 0.72 33 20 d 
Hay, chopped 1.7 in. (10% n.c.) 0.4 0.45 e 
Oats, central 0.56 32 18 0.59 0.44 0.30 c 
Rice, rough 0.58 36 20 c 
Phospho rock 1.25 35 
Rye 0.74 26 17 c 
Sand, dry 1.60 30 0.32 0.58 0.58 d 
Soybeans 0.74 29 16 0.20 0.55 0.44 c 
Wheat 0.33 0.68 0.50 c 

hard red spring 0.83 28 17 
hard red winter 0.82 27 16 
soft red winter 0.78 27 16 
durum 0.83 26 17 

aAt maximum bulk density expected. 
bAt high storage moisture contents for grains. From ASAE Paper 63-628 for grain. 
cMidwest Plan Service 1983. Structures and Environment Handbook. 11th ed. Midwest 
Plan Services, Ames, IA. 
dKetchum, M. S. 1919. The Design of Walls, Bins, and Grain Elevators. McGraw-Hill 
Book Company, New York. 
'Christensen, M. 1952. Investigation of Vertical Hay Feeder for Cattle and Sheep. Un­
published M.S. Thesis, Michigan State University, East Lansing, MI. 

Example. Problem. What is the equivalent fluid density of grain 
sorghum? 

Solution 

"Ye "y tan2(45° - <1>/2) 

0.72 Mg m- 3 tan2 (450 - 33/2) 

212 kg m- 3 
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Example. Granular Pressure Problem. What is the active case to­
tal vertical force per linear foot at the bottom of the wall of a 6.4-m 
(21-ft) diameter bin ifthe grain depth is 4.9 m (16 ft)? The grain stored 
is shelled com. The bin wall is corrugated galvanized steel. 

Solution. The vertical pressure at any depth z is 

Pv ;::: Ph tan J..I. ;::: -yz(glgc) tan2(45° - <l>/2)tan J..I. (6.30) 

Assuming that no variables in Eq. (6.30) are functions of z, then 
integrating with respect to z, the total force V, is given by 

V t ;::: f Pv dz ;::: f -yz (glgc)tan2(45° - <1>12) tan J..I. dz 
= (112) -y Z2 (glgc)tan2 (45° - <l>/2)tan J..I. (6.31) 

From Table 6.11 -y ;::: 770 kg m-.3 (481b ft-3), <I> = 27°, and tan J..I. = 0.37, 
therefore 

V t = (112)(770 kg m- 3)(4.9 m)2(9.8 kg N-l)tan2[45° - (27°/2)](0.37) 

= 12.59 kN m- l 

What would the active horizontal pressure be at the bottom of the 
wall? 

or 

Ph ;::: -y z(glgc)tan2(45° - <1>/2) 

= (770 kg m- 3)(4.9 m)(9.8 kg N-2)tan2[45° - (27°/2)] 

= 13.89 kN m- 2 

_ (48 pcf)(16 ft)(32.17 ft s-2)tan2[45° - (27/2)]2 - 288 f 
Ph - (32.17fts-2 Iblbr- l) - Prs 

What is the passive pressure at the bottom of the wall? 

Ph = -yz(glgc)tan2(45° + <1>/2) 

= (770 kg m- 3)(4.9 m)(9.8 kg N-l)tan2[45° + (27°/2)] 

= 98.46 kN m- 2 

= (48 pcf)(16 ft)(32.17 ft s-2)tan2[45° + (27/2)]2 = 2045 f 
(32.17 ft s-2lb lbr-l) Prs 
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BIN CROSS-SECTION AREA = A 

BIN CIRCUMFERENCE = C 

Fig. 6.17. Equilibrium of an infinitesimal arch in a granular storage. Used 
in the derivation of Janssen's equation. 

If the surface of the granular mass is inclined at an angle a above 
the horizontal, then the horizontal pressure on a vertical wall is given 
by 

Ph = -yz(g/gc)cos2 <1>/[1 + (sin <I> sin(<I> - a)/cos a)-5]2 (6.32) 

where a must be less than <1>. 

6.10 GRANULAR MATERIALS WITH BRIDGING 

In 1895 Janssen conducted experiments with model bins in which he 
measured the force of the granular material on the wall and on the 
floor. He found that when the depth-to-diameter ratio reached two and 
more, a higher portion of the weight of additional granular material 
was supported by the wall as compared to the floor. He theorized that 
the only way that could happen was for arches to be formed in the 
granular mass. 

To derive the equations that describe the horizontal and vertical 
pressure on the walls, Janssen isolated a thin layer within the mass 
(Fig. 6.17) and wrote the differential equation of equilibrium as follows: 

Vertical equilibrium of the arch yields 

Pv(Cdz) - AV m + (V m + dV m)A - Adz-y(g/gc) = 0 (6.33) 
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where C is bin circumference; Pv, vertical friction force of wall on the 
layer; V m, vertical pressure of the mass above the layer; A, bin cross­
section area. 

Expanding and rearranging the terms of (6.33) yields 

Cprtf,z + AdV m - A-y(glgc)dz = 0 

AdV m = [A'Y(glgc) - Cpv]dz 

AdV m = A[-y(glgc) - CpvfA]dz 

dV m + C Pv = 'Y (g) 
dz A gc 

Let AIC = R (hydraulic radius) and Pv = Ph tan I.L where I.L is the fric­
tion angle between the wall and the stored material. 

From the derivation of the active Rankine state, the relation between 
horizontal and vertical pressure is 

Ph =KV 

where K = (1 - sin <1»/(1 + sin <1» or tan2(45° - <1>/2) then 

dVm + Ktan I.LV = 'Y (g) 
dz R gc 

(6.34) 

which is a first-order, linear, differential equation. The general solution 
is 

f ef [K(tan 1J.)/R1dz'Y(glgc) dz 
V m = ef[K(tan IJ.)/R)dz (6.35) 

If R, K, p, and tan I.L are not functions of z, then 

atz = 0, V = 0 
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Therefore 

and 

and 

V m = R'Y(g/gC> [1 _ e-Kz(tan ~)/R] 
K tan J.1 

(6.36) 

(6.37) 

The equations for Ph and Pv are known as Janssen's equations for 
vertical and horizontal pressure exerted on the bin walls by the gran­
ular mass. The total vertical force in the bin wall per unit length of 
wall C2:,pv) from z = 0 to z = z is given by 

z z 

'ZPv = f Pv dz = f R'Y(:J [1 - e-Kz(tan .... )/R] dz 
o 0 

'ZPv = R'Y(g) [z - R [1 _ e-Kz (tan ~)/R»)] 
gc Ktan J.1 

[ g Ph] 'ZPv = R 'Y- z - -
gc K 

(6.38) 

If the bin is round in cross section the hydraulic radius (R) is 

R = (7rD2/4)/ (7rD) = D/4 

where D is bin diameter. 
If, however, the bin is some other shape, the hydraulic radius is 

defined as follows. A square with side length s: 

R = s/4 

A rectangle with side length II and l2 where l2 > ll: 



www.manaraa.com

6.11 Depth of Transition from Shallow to Deep Bin 173 

SHALLOW BIN 

A 

z 

DEEP BIN 

B 

Fig. 6.18. (A) Graphical representation of a shallow hin. (B) Graphical rep­
resentation of a deep hin. 

for the long side: 

for the short side. 

6.11 DEPTH OF TRANSITION FROM SHALLOW 
TO DEEP BIN 

A number of criteria have been used to determine the transition depth 
of granular material. At depths less than the transition depth, Ran­
kine's equations predict the pressures (shallow bin) and at depths greater 
than the transition depth, Janssen's equation predicts the pressures 
(deep bin). The most used definition is shown graphically in Fig. 6.18. 
The transition depth is the depth at which the active case rupture 
plane starting at the wall-floor intersection extends to the grain sur­
face-opposite wall intersection. 

Mathematically 

z < D tan(45° + <1>/2) 

z > D tan(45° + <1>/2) 

shallow bin 

deep bin 

(6.39) 

(6.40) 

Another approach would be to determine the shape of the arch formed 
in the granular mass and to set the transition depth as the height of 
the arch. The arch shape is determined by the shape required to support 
a load without moment. Considering Fig. 6.19 and assuming that the 
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Fig. 6.19. The arch formed in a deep bin of granular material and a free body 
diagram of a portion of that arch. 

arch must support a uniform load of w, then summing moments about 
point A yields 

Solving for y 

But at x = r, y = 0, and Y = Wr-ISPh' 
Therefore substituting for Ph 

Setting z = Y and rearranging 

(6.41) 

(6.42) 

If a w is assumed to be the weight of the arch itself and the depth of 
the arch is unity, then 
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and 

Y [1 - e-KY(tan fL)tR] = r tan Il/SR (6.43) 

The height of the arch Y can be determined by trial and error. 
Several interesting ideas come from this analysis. If the derivative 

of y is evaluated at x = r, which is the friction angle between the wall 
and the material, it is found that 

dyldx = - wrl2ph (6.44) 

This indicates that the angle of the arch at the wall depends upon the 
lateral pressure Ph. The maximum angle is 11 and as the pressure Ph 
increases the angle decreases. 

Example. Transition Depth Problem. What is the transition depth 
for a 4-m diameter bin filled with shelled corn? Assume tan 11 = 0.4. 
Determine the transition depth by both methods shown above. 

Solution. From Table 6.11 

Calculating 

'Y = (0.77)(1 Mgm- 3 ) = 770kgm- 3 

</> = 27° (emptying angle of repose) 

K = (1 - sin</»/(1 + sin</» = (1 - sin 27°)1(1 + sin 27°) = 0.376 

R = DI4 = 4 m/4 = 1 m 

The transition depth using the criteria 

z = D tan(45° + </>/2) 

= 4 m tan(45° + 27°/2) = 6.5 m 

Using the height of the arch as the transition depth 

Y [1 - e-KY(tan fL)tR ] = r2 (tan 1l)/SR 

Y [1 - e-(O.376)(Y)(O.4)tl] = 42 m(O.4)/8(1 m) 

Y [1 - e-O.150 YJ = 0.8 m 

By trial and error Y = 2.6 m satisfies the preceding equation. 
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SEGMENT TiHI A 

Hz 8 
---t=-

H Hz C 

T 
2Hz 0 

Fig. 6.20. Geometry of funnel flow for calculation of minimum overpressure 
factors in deep bins. 

The preceding problem illustrates the wide variation in transition 
depth depending on the criteria used. The Rankine solution usually 
gives higher lateral and vertical pressures, therefore a higher value 
for the transition depth usually gives the more conservative design. 

6.12 DYNAMIC PRESSURES 

When the granular material is discharged from the bottom of the bin, 
two different flow patterns may develop in the granular mass. One 
flow pattern is for the material on top to flow to an area where a small 
column of material is moving down to the discharge and out. This is 
called funnel flow, and if the discharge is in the center of the bin, the 
column or funnel is formed in the center of the bin and any increase 
in pressure at the funnel edge is somewhat absorbed by the grain before 
it reaches the bin walls. The funnel flow pattern is established when 
the bin walls or hopper do not form a smooth transition to the discharge. 
Fig. 6.20 illustrates funnel flow during bottom center discharge and 
the geometry for calculation of overpressure factors. 

The other flow pattern exists when the entire granular mass moves 
down at the same time. This is called mass flow condition. In this 
situation the pressure caused by the flow can be significant especially 
where the cross section of the bin changes. 

The Structure and Environmental Handbook (Midwest Plan Service 
1983) makes the following recommendations to account for dynamic 
pressures: 
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1. The following apply to funnel flow patterns not mass flow. 
2. Do not increase lateral loads for dynamic conditions in shallow 

bins. 
(6.45) 

4. PYdynamic = Phdynamic (tan f.L) (6.46) 
5. Minimum overpressure factors, Cd for deep bins, are as follows: 

Material Depth 
Segment from Surface HlD~2 Cd3 ;;.4 

A o to HI = D tan f.1 1.35 1.45 1.50 
or HI = II tan f.1 
or HI = l2 tan f.1 

B HI to (HI + H2) 1.45 1.55 1.60 
C HI + H2 to HI + 2H2 1.55 1.65 1.75 
D HI + 2H2 to HI + 4H2 1.65 1.75 1.85 
E Hopper depth h 1.65 1.75 1.85 

where h is hopper depth or depth of hopper-forming grain (emptying 
angle of repose sloped hopper); D, bin diameter; 11' short side of rec­
tangular bin; 12' long side of rectangular bin; H = total depth of ma­
terial; H2 = ( - h - H 1)/4. 

Notes: (1) The pressure can be decreased in the hopper as the hy­
draulic radius changes. (2) Cd may be linearly interpolated between 
HID values shown. (3) If H1 < H < 2H1, use the Cd from segment B 
for the total bin. (4) Cd values are for free-flowing noncohesive granular 
products and funnel flow conditions. 

6.12.1 Moist Granular Materials 

Silage and soil are examples of granular materials in which the mois­
ture in the granular material can influence the lateral pressure exerted 
by the material. If the material is not saturated, the moisture affects 
the mass density, the internal friction, and the friction between the 
material and the wall. If, however, the material can be considered 
cohesionless, the pressure pattern is described as previously indi­
cated-i.e., granular materials with or without bridging. 

However, when the material becomes saturated and liquid pressure 
is not reduced by drainage, the horizontal pressure is given as 

(6.47) 

where Ph is horizontal pressure; V., vertical pressure at the point where 
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the material becomes saturated; 'Ys, saturated mass density; z, vertical 
distance from the material surface to the point at which the horizontal 
pressure is predicted; zs, vertical distance from the material surface to 
the point at which the material becomes saturated. 

The saturated density of the material can be calculated as follows: 

'Ys = [8m (1 - M) + M] 'Yw (1 - rv) (6.48) 

where 'Ys is material saturation density; 8 m , material specific density; 
M, water mass/(material mass + water mass); 'Yw, water mass density; 
rv , void volume/unit volume at saturation. 

6.12.2 Silage 

Wood (1971) reported that for corn silage the saturation density was 
achieved at rv = 0.1 and that the specific density of corn silage is 1.60. 
From these two values, the saturation density from corn silage would 
be 

'Ys = [1.60(1 - M) + M]1.0 Mg m -3(1 - 0.1) 

= 1.44 - 0.54M Mg m- 3 

Negri (1983) reported the following empirical expression for the density 
of corn silage as a function of moisture content, time, and pressure 

'Y = (1 ~ M) [120 + (4440 - 4540M + 3105.3(ln M) 

+ 14.7(lnT)(1 - e-O.027Vm)) (6.49) 

where'Y is silage bulk density; M, as defined in Eq. (6.48); T, time in 
days; V m, vertical pressure. 

Equation (6.49) applies to whole plant corn silage with moisture 
contents in the range of 65 to 80%. Negri used a 30-day time period 
for calculation because silage settlement is essentially complete 30 
days after initial fill of the silo. 

Equations (6.47), (6.48), and (6.49) along with the equation for ver­
tical pressure in the silage mass, 
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will allow solution for the lateral pressure in the unsaturated and the 
saturated condition. The procedure outlined by Wood (1971) is to divide 
the silo into a number of finite layers and calculate the vertical pressure 
and density at the bottom of each layer. These values are then compared 
to the saturation density and the lateral pressure calculated accord­
ingly. 

The National Silo Association recommends an equivalent fluid den­
sity of 0.32 Mg m-3 (20 lb ft-3) for corn silage at 68-72% moisture 
content. This equivalent density is determined assuming a maximum 
p = 1.04 Mg m-3 and <I> = 32°. The lateral pressure is given by 

The frictional force on the wall is estimated as follows: 

v w = 5.5 Z1.08 
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PROBLEMS 

1. What is the dead load of the following walls per meter (ft.) of wall 
length? 

a. 203-mm-thick (8-in.) reinforced concrete (stone aggregate) 
wall 3 m (9.8 ft) high 

b. 203-mrn-thick (B-in.) hollow concrete block (lightweight 
aggregate) wall 3 m (9.B ft) high 
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c. a wall consisting of 2 x 4 studs 406 mm (16 in.) o.c., 2 x 6 
sill, 2 - 2 x 4's plate, steel siding (28 gauge, 127 -mm­
thick inside lining), 102-mm-thick fiberglass batt insula­
tion between the studs and 3 m (9.8 ft) high 

2. What live loads should be used to design the following: 

a. first floor of a single family dwelling 
b. solid floor in a free stall dairy building that will use a 

tractor to scrape the floor 
c. floor slats for a swine gestation and breeding building 
d. a 5 in 12 sloped gable roof truss with a 15 m span and a 

2 m spacing (specify minimum live load) 

3. What is the roof snow load per unit area for a machinery storage 
building with a 3 in 12 even gable roof? The building is located at 
the intersection of the South Dakota, Nebraska, and Iowa borders. 
The building is in a windy area with little shelter. The building 
is unheated. The roofing is galvanized steel. Building width is 12.2 
m (40 ft), length is 36.6 m (120 ft), and eave height is 3.7 m (12 
ft). 

4. What is the snow load in problem 3, if the building is now insulated 
at the ceiling level and the attic is well ventilated? In addition, 
other buildings and a tree windbreak are in the area. 

5. What is the maximum uplift reaction due to wind for the truss in 
example problem 3 if the building is located as described in problem 
3 above? The building has one side entirely open. The other side 
and both ends are closed. The truss spacing is 1.2 m (4 ft). 

6. What is the wind design load for the roof purlins in the center of 
the roof area of the building in problem 5? Purlin spacing is 0.61 
m (2 ft). 

7. What is the maximum horizontal grain pressure in a corrugated 
galvanized steel bin 6 m in diameter and 9 m high to the eave? 
Consider the bin to store shelled corn, soybeans, or wheat. What 
is the maximum vertical wall force in the bin? What is the max­
imum floor load? 

8. Plot the dynamic horizontal pressure as a function of depth in a 5 
m diameter, 9 m tall corrugated galvanized steel bin storing shelled 
corn. The bin has a center discharge and a flat floor. 

9. Compare the horizontal pressure in a 6 m diameter and 18 m high 
silo full of whole corn silage at 72% moisture content as calculated 
by the two methods given in the text. Use 2-m-thick layers in the 
analysis. 
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NOMENCLATURE FOR CHAPTER 6 

Cs 

Ct 

Ca 

C1. C2 

D 
D' 
F 
GH 

GCp 

M 
R 
8 
8g 

8 0 

T 
V 
Va 
Vm 
Vmap 

Vs 

bin cross-sectional area or tributary loaded area, m2 (ft2) 
bin circumference, m (ft) 
dynamic overpressure factor, dimensionless 
exposure factor, dimensionless 
ground to flat roof load factor without drifting, 
dimensionless 
ground to roofload factor combining Cn Ca and drift 
coefficient, dimensionless 
heat loss factor, dimensionless 
roof slope factor, dimensionless 
constants, dimensionless 
diameter of bin, tower, chimney, tank, etc., m (ft) 
protruding element depth, m (ft) 
rise per 12 run, m (in.) 
gust factor, dimensionless 
internal pressure coefficient for components and cladding, 
dimensionless 
building internal pressure coefficient, dimensionless 
elevation above sea level in Eq. 6.2 or bin height in Fig. 
6.20, m (ft) 
height to the gradient wind velocity, m (ft) 
vertical dimension of bin segment A, m (ft) 
vertical dimension of bin segment B, m (ft) 
importance factor, dimensionless 
ratio of horizontal to vertical pressure in a granular 
mass, dimensionless 
water mass/(water mass + material mass), dimensionless 
hydraulic radius, m (ft) 
design roof snow load, kg m-2 (lb ft-2) 
ground snow load, kg m-2 (lb ft-2) 
ground snow load at a reference elevation, kg m-2 (lb ft-2) 
lapsed time, days 
air velocity, m S-1 (ft S-I) 

gradient wind velocity m S-1 (mph) 
vertical pressure in a granular mass, Pa (lbf ft-2) 
wind velocity from Fig. 6.8 for a specific location at 10m 
height and a fifty-year recurrence interval, m S-1 (mph) 
vertical pressure in moist granular materials at the point 
where the material becomes saturated, Pa (lbf ft-2) 
total vertical force per unit wall length due to granular 
mass, N m-l (lbf ft-l) 
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a 

Pi 
Pn 

Pv 

qz 
r 

s 
8 m 

W 

x, y, z 
Zs 

IFx 
IFz 
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design wind velocity at height z, m S-l (mph) 
average winter wind velocity, m S-l (mph) 
arch height, m (ft) 
exponent of zlHG ratio which is dependent upon ground 
roughness, dimensionless 
wind pressure coefficient, dimensionless 
structure depth in the direction of the wind, ft 
acceleration of gravity = 9.8 m S-2 (32.17 ft S-2) 
gravitational constant, 1 m S-2 kg N-1 (32.17 ft S-2 lb 
Ibr-1 ) 

hopper depth or depth of hopper-forming grain, m (ft) 
structure height, ft 
obstruction height above the roof eave height, m (ft) 
short side length for rectangular bin, m (ft) 
long side length for rectangular bin, m (ft) 
wind pressure acting on the main frame or components 
and cladding, Pa (lbf ft-2) 
vertical pressure on the floor, Pa (lbf ft-2) 
horizontal pressure exerted by the granular mass on the 
bind wall, Pa (lbf ft-2) 
internal pressure, Pa (lbf ft-2) 
liquid pressure in any direction at a distance z below the 
surface, Pa (lbf ft-2) 
vertical pressure exerted by the granular mass on the bin 
wall, Pa (lbf ft-2) 
wind pressure calculated at average roof height and 
exposure C, Pa (lbf ft-2) 
basic velocity pressure, Pa (lbf ft-2) 
rise to span ratio for an arch roof, dimensionless 
ratio of void volume to unit volume at saturation, 
dimensionless 
square bin side length, m (ft) 
material specific density, kg m-3 (lbf ft-3) 
weight of the arch in a granular mass, N m-1 

lengths in x, y, and z directions, respectively, m (ft) 
depth of granular material to saturation depth, m (ft) 
summation of forces in the x direction 
summation of forces in the z direction 
roof slope angle from horizontal, or an arbitrary angle 
used to derive pressure relationships in static granular 
materials without bridging, or the incline of the granular 
surface from horizontal, degrees 
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Cif angle between horizontal and failure plane in granular 
materials without bridging, degrees 

T shear stress on the failure plane, Pa (lbf in-2) 
I.l friction angle between wall and granular material, 

degrees 
'Y density, kg m-3 (lbf ft--3) 
'Ye equivalent fluid density, kg m--3 (lbf ft--3) 
'Ys saturated mass density, kg m--3 (lbf ft--3) 
'Yw water mass density, kg m--3 (lbf ft--3) 
a compression stress perpendicular to the failure plane, Pa 

(lbf in.-2) 

al maximum principal stress, Pa (lbf in.-2) 
a3 minimum principal stress, Pa (lbf in.-2) 
<l> angle of internal friction, degrees 
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Fundamentals of 
Structural Connections 

7.1 INTRODUCTION 

7 

Connector failures, along with instability failures, account for the vast 
majority of structural inadequacies. Thus, it is imperative that the 
designer become familiar with the techniques for analysis of structural 
joints. 

Structural systems consist of combinations of axial, flexural, and 
torsional members fastened by structural connectors. The connecters 
may be bolted, glued, or welded joints which must transfer all the axial 
loads, shear loads, in-plane moments, and out-of-plane moments ex­
isting at the ends of the connected members. It is the primary goal of 
this chapter to learn how groups of connectors are used to transfer 
various types ofloads. Specific details of particular connector-allowable 
loads (e.g., the allowable load for a single bolt in No.2 southern pine 
lumber) will be left to the chapters on timber, steel, and concrete design. 

A structural connector has many points of stress concentration, such 
as bolt holes, corners, and concentrated loads. Consequently, the stress 
distributions are extremely complex and difficult, if not impossible, to 
analyze exactly. Thus, greatly simplified procedures are used which 
yield approximate, but adequate, connector designs. The basic philos­
ophy is to use a simplified, approximate analysis technique to evaluate 
the loads carried by the individual connector and then to reduce the 
allowable load per connector to compensate for discrepancies between 
assumed and actual connector behavior. 

The purposes of the chapter are to (1) identify the general classes of 
connectors; (2) identify the general classes of structural joints; (3) iden­
tify how loads are transferred in common types of structural joints; 

185 
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(a I Lap Joint (b I Butt Joint 

Fig. 7.1. Types of structural joints. 

Gusset 
Plate 

P 

and (4) develop the skills to analyze and design common types of struc­
tural joints. 

7.2 CLASSES OF STRUCTURAL CONNECTORS 

Structural connectors may be classified as being either discrete or con­
tinuous. Discrete connectors include rivets, bolts, nails, deformed metal 
plates, screws, and split rings. Continuous connectors include glue and 
welds. Of these connectors, the most important are bolts, nails, de­
formed metal plates, and glue for timber structures and bolts and welds 
for steel structures. 

Discrete and continuous connectors are analyzed within the same 
basic set of assumptions. Methods for evaluation of some properties of 
the connector areas do, however, differ. 

7.3 CLASSES OF STRUCTURAL JOINTS 

Common structural joints can be grouped by their geometry and by 
the type loads they transmit. Most joints are either lap or butt joints 
(see Fig. 7.1). 

In the lap joint, member loads are transferred directly from one 
member to another via the connector group. There are no gusset plates 
in the lapjoint. A lap joint may be used to connect two or more members. 

In the butt joint, the structural members are butted end-to-end. The 
load is transferred first to the gusset plates, and then to the other 
member. There may be one or two gusset plates in the butt joint. If 
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there is one gusset plate, the individual connector is said to be loaded 
in single shear. With two gusset plates, the connector is loaded in 
double shear. 

Structural joints transfer axial loads, in-plane moments, out-of-plane 
moments, or any combination of these loads (see Fig. 7.2). The axially 
loaded lap joint of Fig. 7.2a is typical of upper or lower chord splices 
in trusses. The load, of course, may be either tensile or compressive. 
The in-plane moment'illustrated in Fig. 7.2b is typical of either the 
eave or ridge joint in rigid frame structures. The end moments of the 
vertical legs lie in the plane of the frame and must be transferred by 
the connectors and gusset plate. In-plane moments are often accom­
panied by axial and shear loads, thereby creating a combined state of 
loading in the connectors. 

The side bracket in Fig. 7.2c is among the most common out-of-plane 
connector moment encountered in agricultural structures. The out-of-

(a) Axially Loaded 

(b) In-Plane Moments 

Principal Axes 
of Connector Group 

(e) Out -of- Plane Moments 

Fig. 7.2. Loads transferred by structural joints. 
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plane moment is the result of the eccentricity between the line of load 
application and the shear plane of the connector group. By using cou­
ples, the eccentric load is resolved into a shear load acting through the 
shear plane and an out-of-plane moment, Pe. The connector load is a 
combination of shearing forces and tensile forces in the upper rows of 
connectors. It is easily seen that when the load is applied eccentrically 
with respect to either principal connector group axes in Fig. 7.2c that 
the connectors are subjected to axial forces, in-plane moments, and out­
of-plane moments. 

7.4 LOAD AND MOMENT CAPACITY OF JOINTS­
AXIALLY LOADED JOINTS 

The allowable load per connector, the number of connectors, the con­
nector geometry, and the nature of the loading are the primary factors 
which determine the load or moment capacity of a structural joint. The 
load acting on each connector in the joint is obtained by applying 
principles of statics and strength of materials. The procedures for ana­
lyzing several common joints follow. The following discussion assumes 
that the members are adequate in size, the net section remaining after 
drilling holes is adequate, and the connectors are adequately spaced 
with respect to each other and with respect to end and edges of the 
joint. 

The design load capacity, P, of an axially loaded two-member lap 
joint connected with discrete connectors (see Fig. 7.3a) is simply 

P = (N)Pall 

where N = number of connectors and Pall = allowable load per con­
nector in single shear. If the discrete connectors are replaced by an 
adhesive over the entire lap area (Fig. 7.3b), the design load capacity 
of the connector group becomes 

P = (b x d)(q) 

where b x d = adhesive area and q = allowable shear strength ofthe 
adhesive. If the lap joint is connected by a fillet weld, the design load 
for the connector group is 
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(0) Discrete ConnectOl"S (b) Adhesive Connectors 

p ~ , :w;; ; ;, 
(c) Welded Connectors 

Fig. 7.3. Lap joints. 

where Aeff is effective weld area, Aeff = (O.707t)(L) (see Fig. 7.4); t, 
thickness of the connected parts or the weld leg dimension; L, length 
of the weld; and q, allowable stress of weld material. For the weld 
group shown in Fig. 7.3c, the design load capacity is 

P = (O.707t)(2d)(q) 

The load capacity of the connector group of a three-member discretely 
connected, axially loaded, lap joint (see Fig. 7.5) is usually greater than 

t 

L~ 
~t 

Fig. 7.4. Effective area of fillet welds. 
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Fig. 7.5. Three-member lap joint. 

a two-member joint with the same number of connectors because the 
connectors are loaded in double, rather than single shear. The allow­
able load per connector in double shear typically is 33-100% larger 
than in single shear. The calculation procedure for theoretical load 
capacities of welded and glue connected three-member lap joints is 
identical to that for two-member lap joints. 

In the butt joint (see Fig. 7.6) the loads need to be transferred twice; 
first to the gusset plate and then to the other member. The load capacity 
of the joint is P = (!)(N)P all. Similarly, the capacity of a glued or welded 
butt joint is estimated by using only one half of the total glue or 
effective weld areas. 

7.5 JOINTS WITH IN-PLANE MOMENTS 

The joint in Fig. 7.7a must transfer moment M from member 1 to 
member 2. The in-plane moment M is transferred from leg 1 to the 
lower half of the gusset via the connector group, then to the upper half 
of the gusset and finally to leg 2 via the connector group in the upper 
half of the joint. The magnitude of the moment which can be transferred 
depends largely upon the type of connectors, the connector geometry, 
and the materials used in the legs and gusset. 

The assumptions made in analyzing the moment capacity are (1) 
that plane sections remain plane, (2) that the moment capacity of the 

P = 1/2(N)(Pali lOouble Shear 

Fig. 7.6. Butt joint. 
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y (d) welded ComectorGroup 
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O.707t':c; ;j::o-707t 

(.) Welded Connector Area 

Fig. 7.7. In-plane moment capacity. 

joint is reached when any portion of the connector group reaches its 
allowable load, and (3) that the center of rotation of the connector 
group coincides with the centroidal axis of the area of the connector 
group. The consequences of the first and third assumptions are that a 
connector located at the centroid carries no load due to in-plane mo­
ments and connector load varies linearly with distance from the cen­
troidal axis. The consequence of the second assumption (when used in 
conjunction with assumption 1 and 3) is that the critical, or controlling 
portion of the connector group, is the portion most distant from the 
centroidal axis of the connector group. 
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The in-plane moment capacity of a discrete connector group can be 
developed by referring to Fig. 7. 7b. The joint is first separated into two 
parts, or into two connector groups. The first group is the portion which 
transfers the moment from leg 1 to the gusset. The moment of the ith 
connector is 

where Mi is moment capacity of connector i; ri, perpendicular distance 
between the c.g. (center of gravity) and the ith connector; and Pi, load 
carried by connector i. Summing the contribution of all the connectors, 
the moment capacity of the entire group becomes 

Noting that the connectors are loaded in shear and assuming the dis­
tribution of shear stress to be uniform over each connector area, the 
connector load is 

where "i is shear stress in connector i and Ai is cross-sectional area of 
connector i. 

Utilizing the assumption of plane sections remaining plane, the re­
lationship between the shear stress in the most distant connector from 
the c.g. and the shear stress in the ith connector is 

or 

Substituting the expressions for Pi and "i into that for M yields 

= "max ~ rf Ai 
rrnax 

Noting that ~ rfAi is the definition of the polar moment of inertia 
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of the connector group with respect to the c.g., we can rewrite the 
expression for M as 

where J e is polar moment of inertia for connector group about c.g. of 
connector group, J e = "i..(Jo + Airf) :=:: "i.. Airf; J o is polar moment inertia 
of individual connector about its centroidal axes. 

Rewriting the expression for M in terms of the maximum connector 
load, P max, and assuming that all connectors are the same size, 

By replacing P max with Pall for the connector, it is possible to evaluate 
the moment capacity of the group. 

In designing a connector for in-plane moments, the magnitudes of 
M and Pall are known and it is necessary to select a satisfactory con­
nector group. A trial and error approach, in which a connector group 
pattern is selected based on prior design experience or the experience 
of others, is often used. By calculating the ratio rmaxl"i.. rf of the assumed 
connector group, it is possible to calculate the maximum connector load 
by P max = Mrmax/"i.. rf. If P max ~ Pall, the assumed pattern is adequate. 
If P max 2: Pall. a new connector pattern must be tried and checked. 

The procedure for evaluating the moment capacity of a continuous 
connector differs from that for discrete connector groups only in the 
evaluation of J e• A brief derivation of the moment capacity for a con­
tinuous group follows. 

The incremental force and moment capacity of the differential area 
dA in Fig. 7.7c are 

and 

dM = ri dP = riT dA 

where T is stress in the glue line at any distance r from the center of 
gravity. 
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Using arguments similar to those for discrete connectors, the mo­
ment capacity for the connector is 

where J == Ix + Iy == h (bd3) + h (db3 ) for the case in Fig. 7.7c. 
To obtain the moment capacity of a given connector pattern, set 1'max 

equal to the allowable shear strength of the connector materials and 
set r == r max in the equation for M. To design a pattern which will carry 
a given moment, set 1'max == 1'all and rewrite the moment equation as 

Jreq'd Mreq'd -- ==--

By trial and error, a connector pattern can be found in which 
J1rmax ;:::: MI1'all. 

Some connector patterns, such as welds, differ in detail from both 
the discrete and continuous patterns. However, the only computational 
difference lies in evaluation of J for the connector pattern. Suppose 
the gusset in Fig. 7.7d were connected to the vertical leg by two fillet 
welds of dimension O.707t as shown. A detail of the lower leg-gusset 
connector group is shown in Fig. 7.7e. The appropriate polar moment 
in inertia with respect to the connector group center of gravity is 

J == Ix + Iy == 21x + 2ly + 2A (bI2)2 

== 2(2)(O.707t)(d3 ) + 2(O.707t)(d)(bI2)2 

Substitution of J into the equations for M or Jreq'd yields the moment 
capacity or the required pattern size. 

7.6 COMBINED AXIAL AND IN· PLANE MOMENTS 

Combinations of in-plane moments, axial forces, and shear forces may 
be analyzed by using the principle of superposition. One of the key 
steps is to determine the critical connector, or portion of a continuous 
connector pattern, which carries the largest resultant load. The simple 
joint in Fig. 7.8 will be used to illustrate the procedure. 
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Po = Py /4 

Pb = Ph/4 

Fig. 7.8. Joint with combined axial loads, shear loads, and in-plane moments. 

Considering the connection between the vertical leg and the gusset, 
each connector carries the following loads 

Pa = PjN = PJ4 

P b = PhlN = Phl4 

Pm = M r/'2.rr 

The directions of the individual connector forces are shown in Fig. 
7.S. Since the pattern shown is rectangular, the magnitude of Pm is 
identical in the four connectors. Further inspection of the orthogonal 
(vertical and horizontal) components of Pm in each connector shows 
that only in the upper left connector are all the force components 
additive. Thus, the largest resultant force occurs in the upper left 
connector and has a magnitude of 

where P mh and P mv are the horizontal and vertical components, re­
spectively, of Pm. The design condition to check for adequacy of the 
connector is 
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p 

e.g. 

(0) Definition Sketch (b) Equivalent Loading 

(c) Forces Acting On Upper Connections 

Fig. 7.9. Joint with combined shear loads and out-of-plane moments. 

Rmax ,,;;; Pall 

The procedures for analyzing continuous or welded joints with com­
bined in-plane moments and shear forces are identical. 

7.7 JOINTS WITH AXIAL LOADS AND 
OUT-OF-PLANE MOMENTS 

Many times the joint connectors are loaded in both shear and tension. 
The joint holding the bracket in Fig. 7.9 is such a case. After trans­
forming the eccentric load in Fig. 7.9a into an equivalent centric load­
ing as shown in Fig. 7.9b, the shear force in each connector is simply 
P a :::::: PIN:::::: P14. Since the couple, Pe, is a free vector, it can be assumed 
to act about the horizontal centroidal axis of the connector group. Ap­
plication of the flexure formula from strength of materials provides an 
estimate of the axial stress, ft, in the critical connector of the group. 
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where Ymax is distance from the horizontal centroidal axis to the out­
ermost connector; Ie is moment of inertia of the connector group about 
the horizontal centroidal axis. 

The adequacy of the connector group is then determined by using a 
form of the interaction equation. That is, 

where Ft is allowable tensile stress of the connector; Pall is allowable 
shear load per connector. 

If the left side of the equation is less than or equal to 1.0, the con­
nector pattern is adequate. If it is greater than one, a different con­
nector group or size or strength must be tried and rechecked. 

In the bracket connection, it is apparent that part ofthe compressive 
resultant induced by the moment, Pe, is carried by direct bearing of 
the bracket on the main member. Because of this, several approaches 
have been used to evaluate the moment of inertia, I, in the expression 
for ft. 

The first approach is to assume the bracket to be rigid and that the 
compressive resultant is carried by the connectors. Then the center of 
gravity of the connector group is taken as the centroid of the connector 
group area as shown in Fig. 7.10a. In this case 

or 

I = ~AYr 

and if all connectors are of the same size 

Another approach that is appropriate for steel members and brackets 
connected by low strength steel connectors is to assume that the con­
nectors carry the resultant tensile force and the bearing area of the 
bracket carries the compressive resultant. By assuming elastic behav­
ior, linear variation of the connector and bearing area loads with dis­
tance from the neutral axis, and location of the neutral axis at the 
innermost extent of the bearing area (see Fig. 7.10b), it is possible to 
evaluate the extent of the compression area. 
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Fig. 7.10. Effective moment of inertia for tensile stress calculation for out­
of-plane moments. 

Begin the analysis by assuming a location of the neutral axis (N.A.) 
noting carefully that the location of the N .A. must be assumed to lie 
between two rows of connectors. For example, in Fig. 7.10b, the N.A. 
may fall between the bottom of the bracket and row one, or between 
row one and row two. Due to the discontinuity of the connector area 
in the case of discrete connectors, the designer must assume one case 
to be valid and then check the assumption. 

If the N.A. is assumed to fall between the bottom of the bracket and 
row two in Fig. 7.10b, the N.A. is found by 

or 

After solving for y, the moment of inertia of the connector group is 
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I :::: ~ b y3 + ~ Ai(Yi - y)2 
I 

Note that the last term of the expression for I includes only those 
connector areas out of the region of direct bearing of the bracket on 
the member. 

A third approach, in which the plate bearing stresses and the effec­
tive tensile connector stresses are all assumed to be at yield stress, is 
sometimes used to locate the N.A. and the moment capacity. This 
approach is illustrated in Fig. lOco By summing forces in the horizontal 
direction 

2Fh :::: 0 : C :::: T :::: Tl + T2 

or 

Once this equation is solved for y, the centroid of the resultant com­
pressive and tensile forces can be located and the moment capacity 
calculated by either 

M :::: C(l) 

or 

M:::: T(l) 

7.8 SPECIAL CONSIDERATIONS 

Other loading combinations on connectors can be analyzed by super­
imposing the fundamental methods discussed herein. 

The methods presented herein can be used to evaluate the load ca­
pacity of connector groups of properly proportioned structural joints. 
A properly proportioned joint has an adequate net section, adequate 
end and edge margins, and adequate margins between individual con­
nectors. These requirements are dependent upon the type of structural 
material and connector being used and will be discussed later in the 
chapters on timber, steel, and concrete design. 

Example 7.1. A structural joint consisting of two groups of 15 dis­
crete connectors is to be constructed as shown in Fig. 7.11. If the al-
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Gusset Plate on Both Sides 1500Ib(6.7kN) 
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1500lb 
(6.7 kN) 

Fig. 7.11. Example 7.1. 

lowable load per connector in double shear is 250 lb (1.11 kN), deter­
mine if the connector group can transmit the 6000 lb-in. (680 N-m) 
moment and the 1500 lb (6.7 kN) axial load from the vertical leg to 
the gusset plates. Assume that the margins, connector spacings, and 
net sections are adequate and that all connectors are identical. 

Solution 

Step 1. Locate the center of gravity of the connector group. 
a. Set up a reference axis (see Fig. 7.11). 
b. Locate the center of gravity of the connector group. 

By inspection in this case 

x = 7.25 in. (184 mm) 

y = 2.75 in. (69 mm) 
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Step 2. Evaluate the connector shear load due to the axial load 

Pa = 1500/15 = 100 lb (450 N) 

Step 3. Evaluate the connector shear load due to the moment 

P = Mrmax 
m Lit 

A tabular form for evaluating Lit is helpful for complex connector 
groups. One form follows (units are in inches): 

Connector No. (Xi-X) (Yi - y) (Xi - x)2 (Yi _ y)2 r7 
1 -5 -1.25 25 1.6 26.6 
2 -5 0 25 0 25.0 
3 -5 + 1.25 25 1.6 26.6 
4 -2.5 -1.25 6.2 1.6 7.8 
5 -2.5 0 6.2 0 6.2 
6 -2.5 + 1.25 6.2 1.6 7.8 
7 0 -1.25 0 1.6 1.6 
8 0 0 0 0 0 
9 0 +1.25 0 1.6 1.6 

10 +2.5 -1.25 6.2 1.6 7.8 
11 +2.5 0 6.2 0 6.2 
12 +2.5 + 1.25 6.2 1.6 7.8 
13 +5 -1.25 25 1.6 26.6 
14 +5 0 25 0 25.0 
15 +5 +1.25 25 1.6 26.6 

~rl = 203 in.2 (1310 cm2) 

It follows that 

(P mh.3.13,15 = 
6000 (26.6)1/2 

150 lb (670 N) = 203 

Step 4. Evaluate the maximum resultant shear force per connector. 

From Fig. 7.12 it is apparent that 1 and 13 are the critical connectors. 
Using connect 1, resolve Pm into its horizontal and vertical compo­

nents 

Si = tan- 1 (Xi - ~) = tan- 1 (~) 
Yi - Y 1.25 

Pmv = Pm! cos 76° = 36lb (160 N) 

P mh = P m1 sin 76° = 145 lb (645 N) 



www.manaraa.com

202 Fundamentals of Structural Connections 

Fig. 7.12. Example 7.1 solution. 

Thus, the resultant force in connector 1 is 

R = Y(Pa + Pmv)2 + p mh2 

= Y(100 + 36)2 + (145)2 = 200 lb (890 N) < 250 lb (1.11 kN) 

Since the resultant force is less than the allowable connector load, 
the connector group can easily carry the prescribed loads. 

Example 7.2. Check the adequacy of the structural connection of 
Fig. 7.11 if the connector pattern between the vertical leg and the 
gusset plate is replaced by a glued area 5.5 in. (140 mm) wide by 6 in. 
(152 mm) deep (see Fig. 7.13), Assume the allowable shear stress of 
the adhesive to be 90 psi (620 kPa) and that all margins, spacings, and 
net sections are adequate. 

Step 1: Locate the center of gravity of the connector area 

oX = 3 in. (76 mm) 

y = 2.75 in. (70 mm) 

Step 2: Evaluate the connector shear stress due to the axial load 

1500 . 
'Ta = 2(6 x 5.5) = 23 pSI (160 kPa) 
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Step 3: Evaluate the shear stress due to the in-plane moment. Re­
ferring to Fig. 7.14 it is clear that the maximum combined load occurs 
either at comer a or c. 

At point a 

Thus 

Glue 
Area 

Tmax = MralJ 

ra = Y32 + 2.752 = 4.07 in. (103 mm) 

J = 2U2 (5.5)(6)3 + h (6)(5.5)3] 

= 364.4 in.4 (1.52 x 104 cm4) 

Tmax = 6000(4.07)/364.4 = 67 psi (460 kPa). 

1500lb 
(6.7kNJ 

)6000 Ib-;, 
(680N·mJ 

~J~~--~--------------~ ~--.y 

! +=:.:, 
1500lb 
(6.7 kNJ 

Fig. 7.13. Example 7.2. 



www.manaraa.com

204 Fundamentals of Structural Connections 

Fig. 7.14. Example 7.2 solution. 

Step 4: Evaluate the resultant shear load at point a. (Assume a dif­
ferential unit area at the corner.) 

e = tan-1 (3/2.75) = 47.5° 

Pmh = (T dA) sin 47.5 = 49.4 lb dA (220 N) 

Pmv = (TdA) cos 47.5 = 45.3 dA lb (201 N) 

Pa = (Ta dA) = 23 dA lb (102 N) 

The resultant load at the corner a is 

TdA = Y(Pmv + Pa)2 + (Pmh? 

= Y(45.3 + 23)2 + 49.42 dA 

and 

T = 84.3 psi (580 kPa) 

The allowable unit stress at a is 90 psi (620 kPa). Since T < TalI. the 
connector group is adequate to transmit the load to the gusset. 

PROBLEMS 

7.1. Determine the moment capacity of the structural joint of Fig. 
7.15 with the discrete connectors (neglecting the welds) if each 
connector is of the same size and has an allowable load of 100 
lb (440 N) and if Ph = 240 lb (1.07 kN) and Pv = 300 lb (1.33 
kN). 

7.2. Repeat Problem 7.1 if Ph = Pv = O. 
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7.3. Evaluate the moment capacity of the discretely connected struc­
turaljoint of Fig. 7.15 (neglecting the welds) if connectors 1 and 
2 have an area of 0.6 in.2 (390 mm2) and an allowable load of 
200 lb (890 N), and if connectors 3, 4, 5, and 6 have an area of 
0.3 in.2 (190 mm2) and an allowable load of 150 lb (670 N). 

7.4. Evaluate the load capacity of the joint in Problem 7.1 if 
M = Ph = O. 

7.5. Evaluate the load capacity of the joint in Problem 7.3 if 
M = Ph = o. 

7.6. Evaluate the moment capacity of the joint in Fig. 7.15 if the 
discrete connectors and welds are replaced with an adhesive on 
both gussets with an allowable connector shear stress of 120 psi 
(827 kPa), Ph = 1000 lb (4.45 kN), and Pv = 1500 lb (6.67 kN). 

7.7. Repeat problem 7.6 if Pv = o. If Ph = o. If Pv = Ph = o. 
7.S. Evaluate the moment capacity of the joint in Fig. 7.15 if it is 

connected with fillet welds (neglecting the discrete connectors) 
along the lines shown, if the allowable stress for the welds is 
10 ksi (70 MPa), if Ph = Pv = 0, if the thickness of the connected 
members equals 0.25 in. (6.4 mm), and if gussets are welded to 
both sides. 

7.9. Repeat Problem 7.8 if Pv = 10,000 lb (44 kN). 
7.10. Repeat Problem 7.8 if Pv = 10,000 lb (44 kN) and Ph = 15,000 

lb (67 kN). 
7.11. Evaluate the allowable load, Pv , which can be carried by the 

welded connection of Problem 7.8 if Ph = M = 0. 

Gusset on Both Sides 

Fig. 7.15. Problem 7.1 All dimensions are in in. (mm). 



www.manaraa.com

206 Fundamentals of Structural Connections 

P=3000lb 
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Fig. 7.16. Problem 7.12 All dimensions are in in. (mm). 

7.12. Determine if the connector group for the bracket in Fig. 7.16 is 
adequate to carry the load. Each connector has a cross-sectional 
area of 0.4 in.2 (260 mm2), an allowable shear load of 1200 lb 
(5.3 kN), and an allowable axial stress of 20 ksi (140 MPa). 

NOMENCLATURE FOR CHAPTER 7 
A Cross-sectional area of individual connector or area of a 

A brg 

Aeff 

Ft 

Ix 
Iy 
1 
J 

L 
M 
N 
P 
Pall 

R 
b 
d 
e 

continuous connector grouping, in.2 (mm2) 

Bearing area, in.2 (mm2) 

Effective weld area, in. 2 (mm2) 

Allowable axial stress, psi (Pa) 
Second moment of area about the x-axis, in.4 (mm4) 
Second moment of area about the y-axis, in.4 (mm4) 
Second moment of area about centroidal axis, in.4 (mm4) 
Polar moment of inertia of continuous connector area about 
the c.g. of connector area, in.4 (mm4) 
Polar moment of inertia of discrete connector group area 
about the c.g. of the connector group, in.4 (mm4) 
Polar moment of inertia of a discrete connector area about 
its centroidal axis, in.4 (mm4) 
Length of weld, in. (mm) 
In-plane moment, lb-in (N· -m) 
Number of connectors 
Applied concentrated load, lb (N) 
Allowable load per connector in single shear, lb (N) 
Resultant force, lb (N) 
Width of glue area, in. (mm) 
Depth of glue or weld length area, in. (mm) 
Eccentricity of load, in. (mm) 
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ft Axial stress, psi (Pa) 
Subscript denoting the ith connector or element in a 
connector grouping 

q Allowable shear strength of glue or weld material, psi (Pa) 
ri Perpendicular distance between the c.g. of a connector group 

and the ith connector 
t Thickness of connected welded parts, in. (mm) 
y Distance from centroidal axis of cross section, in. (mm) 
T Connector shear stress, psi (Pa) 
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Structural Steel Design 

8.1 INTRODUCTION 

Structural steel is classified as either hot rolled or cold formed. The 
primary differences between the two classes are the method of forming 
the structural shapes, the thickness of the elements of the structural 
sections, and the availability of standard shapes. 

Hot-rolled structural steel shapes are either rolled while the steel is 
hot or they are built up by welding together two or more hot-rolled 
plates. Cold-formed shapes are developed by one of three processes: (1) 
cold rolling thin steel sheets-as with corrugated roofing and siding, 
(2) press brake operations, or (3) bend brake operations. Typical ele­
ment thicknesses of cold-formed shapes range from 0.0149 in. (0.4 mm) 
to 0.25 in. (6.4 mm). Elements to 0.75 in. (19.0 mm) thick can be cold­
formed, but are not common. Hot-rolled thicknesses range from 0.1875 
in. (4.8 mm) to 4.9375 in. (125.4 mm). Hot-rolled sections used in ag­
ricultural applications are usually standard wide flange, I, channel, or 
tubular shapes. Cold-formed sections are often nonstandard shapes. 

The thickness of the elements-webs, flanges, and corners-of struc­
tural shapes is important because of the role it plays in local buckling. 
The thinner the element, the more susceptible it is to buckling locally 
before the entire section reaches its full elastic or plastic* moment 
capacity. It follows that cold-formed shapes, having thinner elements, 
are more susceptible to local buckling than thicker hot-rolled sections. 
Although there are other factors, such as cold working, which cause 

*The plastic moment of a steel section is the moment capacity when the entire section 
has yielded. That is, the tensile and compressive flexural stresses equal the yield stress 
everywhere on their respective sides of the neutral axes. 

209 
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hot- and cold-formed steel specifications to differ, the primary differ­
ences relate to element thickness and considerations of local buckling. 

There are two primary specifications for steel building design in the 
United States. The cold-formed specification, prepared by the American 
Iron and Steel Institute (AISI), is entitled Specification for the Design 
of Cold-Formed Steel Structural Members. The specification for hot­
rolled steel is the American Institute of Steel Construction (AISC) 
publication, Specification for the Design, Fabrication, and Erection of 
Structural Steel Buildings. 

In this chapter the discussion will be limited to the design procedures 
for hot-rolled steel tension, compression, and flexural members. The 
design procedures conform to the AISC design specification as pub­
lished in the Manual of Steel Construction (AISC, 8th ed.). 

The objectives of the chapter are to introduce the engineer to the 
concepts that make steel design unique from wood or concrete struc­
tural members, to show how steel structural member analysis tech­
niques differ from the elementary theory of strength of materials, and 
to show how the steel design procedures compensate for these differ­
ences in behavior. Most agricultural engineering applications of hot­
rolled steel will involve standard shapes for which there are many 
design and selection aids. An objective of the chapter is to outline the 
rationale behind the design of steel beams and columns so that the 
engineer can use the design aids correctly and confidently. 

8.2 WORKING STRENGTH DESIGN PHILOSOPHY 

Two basic philosophies of structural steel design are the ultimate and 
the working strength methods. While the ultimate strength method is 
gaining acceptance, the traditional working strength method is still 
the most widely used design approach and is usually a more familiar 
approach for the beginning student. This chapter will consider only 
working strength concepts. 

The working strength, or working stress, concept assumes that the 
steel behaves as a perfect linearly elastic material up to yield. Then, 
to account for discrepancies between the theoretical and actual behav­
ior of steel sections, the allowable stresses are reduced to some level 
less than the yield stress. Thus, the stress levels in the structural 
elements are predicted by simple strength of materials equations such 
as fb = Me/I, while some appropriate design specification establishes 
the amount by which the allowable stress must be reduced for a variety 
of service conditions. 
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To illustrate the concept consider a flexural member. The actual 
stress in the beam is assumed to be fb = Me/I, while the allowable 
stress, Fb , equals kFy; where k is a reduction factor and Fy is the yield 
stress. The design condition which must be satisfied is that fb ~ Fb, or 
Me/I ~ kFy. The value of k is obtained from the design specification. 
Among the factors influencing the value of Fb are the steel alloy, heat 
treatment, rate of load application, temperature, cold working, re­
peated stresses, type loading (tension, compression, flexure, etc.), and 
stability (buckling) of the section elements. The nomenclature used in 
this chapter is listed at the end of the chapter. 

8.3 STABILITY OF STEEL SECTIONS 

Instability (buckling) type failures play a major role in steel design 
because the elements of sections are relatively slender. Thus, there is 
potential for local buckling of elements as well as gross buckling of 
the entire structural member. The four most common types of buckling 
failure are local buckling of the webs, local buckling of the flanges, 
flexural buckling of the member, and lateral torsional buckling of the 
member. 

Local buckling of the webs is illustrated in Fig. B.la. The factors 
which influence the load at which local buckling of the web occurs 
include the depth-to-thickness ratio of the web, dlt, and the element 
type (stiffened or unstiffened). 

Local buckling of the flanges, which is illustrated in Fig. S.lb, is a 
concern on both flexural and compression members. The primary fac­
tors influencing the stress levels at which flanges will buckle locally 
include the compression element width to thickness ratio, bit, and the 
element type. 

Flexural buckling of the member is illustrated in Fig. S.lc. Columns 
and beam-columns are both susceptible to this type failure. Flexural 
buckling can occur before the member average compressive stress reaches 
the material yield stress (elastic buckling), or it can occur after the 
member compressive stress reaches the yield stress (inelastic buck­
ling). Factors which influence the load at which gross buckling occurs 
include the slenderness ratio, Llr (the ratio of the unsupported column 
length to the radius of gyration of the cross section), the degree of 
restraint (free, fixed, or pinned) at the ends of the member, and the 
steel stiffness (modulus of elasticity). 

Lateral torsional buckling is an instability-type failure common to 
beams and beam-columns which have long unbraced compression flanges. 
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Fig.8.1. Modes of instability failures in structural members. 

The flexural stress at which the instability occurs is dependent upon 
the unbraced length of the compression flange, the beam depth, and 
the area ofthe compression flange. Lateral torsional buckling is a gross 
buckling phenomenon in which a beam not only deflects in the direction 
of an applied flexural load, but it also translates in the plane normal 
to and rotates about the longitudinal axis. That is, the cross section 
twists as illustrated in Fig. B.ld. 

The allowable stress level of a structural steel member must be lower 
than the stress levels (with appropriate factors of safety) which will 
cause any type of instability failure or failure by yielding. The designer 
must investigate carefully the member geometry, bracing, and loading 
to ascertain which mode of failure controls the design before estab­
lishing an allowable stress for the structural member. 
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EI 
seE 

Fig. 8.2. Stiffened and unstiffened compression elements of common struc­
tural shapes. 

8.4 STIFFENED AND UNSTIFFENED 
COMPRESSION ELEMENTS 

The elements of a structural cross section are classified as either stiff­
ened compression elements (SCE) or unstiffened compression elements 
(UCE). The classification indicates the degree of end restraint of the 
individual section element. If an element has one end restrained and 
one end free, it is an unstiffened element. If both ends of the element 
are restrained, the element is stiffened. Stiffened and unstiffened ele­
ments are both illustrated in Fig. 8.2. 

8.5 MECHANICAL PROPERTIES OF STRUCTURAL 
STEELS 

The mechanical properties of structural steels are affected by a wide 
variety of factors, including chemical composition, heat treatment, strain 
history, and rate of loading. Structural steels are grouped into four 
categories. Low carbon steels, of which A36 is the most common in 
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Fig. 8.3. Typical stress-strain curves for structural steels with specified min­
imum tensile properties. Reproduced with permission from Steel Design Man­
ual, 1980 ed., U. S. Steel Corporation, Pittsburgh, PA. 

agricultural applications, have yield stresses in the 30 to 40 ksi (210 
to 280 MPa) range. These steels are used where stresses are low and 
rigidity is a primary design criterion. High strength-low alloy steels 
with yield strength above 40 ksi (280 MPa) achieve their strength 
through the hot-rolling process rather than by heat treatment. These 
steels are readily available and are corrosion resistant. Heat-treated 
high-strength carbon steels achieve yield strengths in a range of 46 to 
80 ksi (320 to 550 MPa) by heat treatment. Heat-treated construction 
alloy steels have yield strengths of 90 to 100 ksi (620 to 690 MPa) and 
are used primarily in bridge construction. 

The stress-strain behavior of most' structural steels is similar to 
those of Figs. 8.3 and 8.4. Figure 8.3 represents the behavior up to 
failure. Since failure strains are in the range of 0.18 to 0.24 (18 to 24%) 
and since yield strains are in the order of 1.4 x 10-3, the elastic be­
havior and initial yield behavior are illustrated in a partial stress­
strain diagram similar to that given in Fig. 8.4. Most structural steels 
are elastoplastic. That is, they are linearly elastic to yield. Then they 
experience a range of strain many times greater than the yield strain 
in which the stress level does not increase. After reaching a strain 
level five to ten times the yield strain, the stress begins to increase 
again as the steel enters the strain hardening range. 
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Fig. 8.4. Typical initial stress-strain curve for A-36 steel. Reproduced with 
permission from Steel Design Manual, 1980 ed., U. S. Steel Corporation, Pitts­
burgh, PA. 

8.6 TENSION MEMBERS 

Tension members are designed by assuring that the tensile stress, ft, 
is less thanFt = 0.60Fy on the net section of the member and less than 
0.45Fy at pin holes in eye bolts, pin-connected plates, and built-up 
members. That is, 

p 
ft = A- :s;; F t = (0.45 or 0.6)Fy 

net 
(B.1) 

The net area of a section depends on the type, number, size, and place­
ment of connectors. In welded connections, Anet is the gross section 
area. In bolted connections, Anet depends upon the member thickness 
(t), member width (w), connector diameter (d), connector spacing (8), 
and connector row spacing (g). For example, if a tensile member is 
fastened by two rows of bolts as shown in Fig. B.5, the net area is the 
smaller of 

Anet = (t)(w - 2d + 82/4g) :s;; 0.B5(w x t) (B.2) 

or 

Anet = (t)(w - d) :s;; 0.B5(w x t) (B.3) 

Fig. 8.5. Tensile member. 
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The term s2/4g accounts for normal and shear forces on the diagonal 
area between bolts. 

Tension member slenderness ratios are limited to Llr ~ 240 in main 
members and Llr ~ 300 in secondary members. This requirement pre­
cludes the use of very slender members which are likely to vibrate 
excessively in service. 

8.7 COMPRESSION MEMBERS 

8.7.1 Case of No Local Buckling 

8.7.1.1 Design Rationale. If the width-thickness ratios, bit, of the 
compression elements of a section meet the following requirements, 
they will yield before buckling locally. 

1. Unstiffened compression elements (UCE) 
• Single and double angle struts 

bit < 761 Vii';, * 
• Double angle struts in contact; angles or plates projecting from 

girders, columns, or other compression members; and com­
pression flanges of beams 
bit < 95/YF;, 

• Stems of tees 
bit < 127/Vii';, 

2. Stiffened compression elements (SCE) 
• Square or rectangular box sections 

bit < 238/Vii';, 
• Unsupported width of cover plates 

bit < 317/vF; 
• Other uniformly compressed elements 

bit < 253/vF; 
3. Circular tubular elements Dlt < 3300lFy (Fy in ksi) 

Most standard structural steel sections satisfy these requirements. In 
this section and in the sections on flexural members and beam-columns, 
it is assumed that the standard shapes meet these requirements. 

*In this chapter, whenever the yield stress, Fy, appears under the radical (Le., VF;), 
F y is restricted to units of ksL 
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Fig. 8.6. Buckling stress for a perfect column for a perfect elastoplastic ma­
terial. Reproduced with permission from Steel Design Manual, 1980 ed., U. S. 
Steel Corporation, Pittsburgh, P A. 

A perfect column which has no eccentricity, crookedness, or residual 
stresses will have material stress-strain curves and compressive strength 
curves similar to those in Figs. 8.6 and 8.7. In a perfect column fab­
ricated from a perfect elastoplastic material, elastic buckling will occur 
whenever the Euler buckling stress is less than the yield stress. The 
magnitude of the slenderness ratio at which elastic buckling com­
mences (KLlr)Jim is obtained by equating the yield stress to the Euler 

LIMIT 
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Fig. 8.7. Buckling stress for a perfect column for a material with a nonperfect 
elastic-plastic stress-strain behavior. Reproduced with permission from Steel 
Design Manual, 1980 ed., U. S. Steel Corporation, Pittsburgh, PA. 
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Fig. 8.8. Typical residual stress pattern on rolled shapes. Reproduced with 
permission from Steel Design Manual, 1980 ed., U. S. Steel Corporation, Pitts­
burgh, PA. 

buckling stress. Thatis,Fy = -rr'2EI(KLlrf. Solving for (KLlr), (KLlr)lim = 
V'IT2EIFy = c~. If KLlr exceeds C; the column undergoes elastic buck­
ling; and if KLlr is less than C; the column yields before buckling and 
experiences inelastic buckling. 

If the perfect column is fabricated from a material similar to that 
in Fig. 8.7a, the limiting slenderness ratio becomes (KLlr)lim = 

V'IT2EJFy. Elastic buckling loads are still predicted by Euler's equation, 
PerlA = 'IT2EI(KLlrf and inelastic buckling loads are predicted by 
PerlA = 'IT2EJ (KLlr)2, where E t is the tangent modulus of elasticity at 
stress level PerlA. 

Hot-rolled steel columns do not behave like perfect columns because 
off actors such as initial curvature, accidental eccentricities ofloading, 
and residual stresses. The most critical discrepancy between real and 
perfect columns is the effect of residual stresses. 

Residual stresses are caused by differential rates of cooling in formed 
cross sections. Differential cooling induces large compressive stresses 
in parts of the section before any external load is applied. The maxi­
mum residual stresses, which average 12 ksi (80 MPa) and are as high 
as 20 ksi (140 MPa), occur near the edges of the flanges and near the 
center of the webs (see Fig. 8.8). The stress-strain curve and cross 
sections in Fig. 8.9 illustrate the influence of residual stresses upon 
the stress-strain behavior of the section. Since the buckling strength 
of a column is dependent upon the stiffness of the material (the slope 
of the stress-strain curve) and since the stress-strain curve shape is 
significantly altered by residual stresses, it follows that residual stresses 
significantly alter the compressive strength of hot rolled steel columns. 
The AISC specification alters the Euler and tangent modulus equations 
for perfect columns to account for the discrepancy. 

The Column Research Council (CRC) of AISC investigated the effect 
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Fig. 8.9. Compressive stress-strain behavior of a hot-rolled section with re­
sidual stresses. Reproduced with permission from Steel Design Manual, 1980 
ed., U. S. Steel Corporation, Pittsburgh, PA. 

of residual stresses on steel column strength. The results oftheir stud­
ies on W sections* (other standard structural sections behave similarly) 
are summarized in Fig. 8.10. They observed, in laboratory tests, col­
umns to have buckling strengths indicated by the curves labeled "strong 
axis" and "weak axis." The curve labeled the "basic strength curve" is 
eRe's best fit strength curve for actual columns. Note that it is slightly 
conservative for strong axis buckling, but nonconservative for weak 
axis buckling in the inelastic range. The nonconservative estimate for 
weak axis buckling is more than compensated for by the factors of 
safety applied in specification requirements. It is important to note 
that the eRe strength curve is empirical and adequately defines the 
column strength in the inelastic range. The equation for the eRe curve 
is Fe = Fy [1 - (FyI4'IT2E) (KLlr)2]. 

8.7.1.2 Design Specification. In the elastic buckling range the col­
umn strength is still predicted by the Euler equation. The curves of 
Fig. 8.10 show a smooth transition between the eRe and Euler equa-

* A W section is shorthand for a wide flange section. 
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Fig. 8.10. Effect of residual stress on column strength. Reproduced with per­
mission from Steel Design Manual, 1980 ed., U. S. Steel Corporation, Pitts­
burgh, PA. 

tions. This smooth transition occurs because the CRC arbitrarily forced 
the CRC equation to be tangent to the Euler curve at a buckling strength 
of! the yield stress; i.e., when Fe = PIAg = 0.5Fy. The value of the 
limiting slenderness ratio for elastic buckling is obtained by equating 
the CRC buckling strength equation to 0.5Fy, or Fe = 0.5Fy. Solving 
for KLlr, (KLlr)lim = V2'IT2EIFy = Ce. 

The limiting slenderness ratio is defined as Ce• If KLir ~ Ce the 
column will buckle elastically and Euler's equation governs the design. 
Conversely, if KLlr < Ce, the column will buckle inelastically and the 
CRC equation predicts the column strength. 

The AISC specification for columns consists of the CRC and Euler 
equations with appropriate factors of safety. Specifically, for main 
structural members, and secondary members with KL/r < 120, 

if KL < Ce (8.4) 
r Fa = 5/3 + 3(KLlr)/8Ce - (KLlr)3/8C~ 

and 
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and 

12 1T2E 

Fa = 23 (KLlr)2 

if KL> 200 
r 

(8.5) 

(8.6) 

For secondary members, such as those used for bracing, with 
120 < KLlr < 300, 

(8.7) 

where Fa is computed as for main members and K equals 1.0. 
The factors of safety for short columns increase from 1.67 to 1.92 as 

KL/r increases from 0 to Ce• Above KL/r = Ce, the factor of safety is 
constant at 1.92. 

8.7.2 Effective Slenderness Ratios 

The buckling strength of columns is influenced by the degree of re­
straint provided at the ends. For example, if all other factors are equal, 
a long column with two fixed ends will buckle at a theoretical load 
four times as large as will a long column with two pinned ends. The 
influence of end restraint on column strength is incorporated into the 
column specification by the effective length factor K. The theoretical 
and recommended design values of K are summarized in Fig. 8.11 for 
several ideal columns. 

Effective length factors cannot always be estimated by the ideal 
conditions given in Fig. 8.11. For example, in a single bay gable rigid 
frame, the connection between the vertical column and the inclined 
flexural member is rigid, but rotation and translation can occur. The 
degree of restraint against rotation is dependent upon the relative 
stiffness of the column to the stiffness of the other members tying into 
the joint. K values for columns in frames with and without sidesway 
may be evaluated by using the charts in Fig. 8.12. 

In Fig. 8.12, G is defined as the ratio of the relative rigidity of all 
the columns to the relative rigidity of all the girders or other restrain­
ing members tying into the joint. In equation form 

(8.8) 
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Fig. 8.11. Effective length factors for columns. Reproduced with permission 
from Steel Construction Manual, 8th ed., 1980, AISC, Chicago, IL. 

where I and L are, respectively, the moment of inertia and length of 
the members connecting at the joint; and subscripts c and g refer to 
the columns and girders, respectively. The subscripts A and B refer to 
end A and end B of the column. Two special cases are important. If 
one end of the column is supported but not rigidly connected to a 
footing, the ideal end condition is a pin and G = 00, but practical design 
procedures use G = 10. If one end of a column is rigidity attached to 
a footing, the ideal end condition is fixed and G = o. However, use 
G = 1.0 for design purposes. To determine K, calculate G for both ends 
of the column, select the appropriate nomograph, draw a straight line 
between GA and GB , and read K from the center scale. 

8.7.3 Design Aids for A36 Steel Columns 

The allowable axial compressive loads for selected wide flange, round 
pipe, and square tubing shapes are given in Tables 8.1-8.4. These 
tables are applicable to columns made of A36 steel and are based upon 
weak axis buckling. That is, the allowable load tabulated for an effec­
tive length KL is based upon a slenderness ratio KLlry. Thus, the 
allowable load for an A36 column can be obtained directly from the 
table if (KL)y > (KL )x. When (KL)x > (KL )y, then buckling may occur 
about the strong axis and the tables cannot be used directly. The tables 
can be used for strong axis buckling by entering with an effective length 
(KL)' = (KL))(rx fry). The allowable load for the column is then based 
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Fig. 8.12. Charts for effective length of columns in continuous frames. Re­
produced with permission from Steel Construction Manual, 8th ed., 1980, AISC, 
Chicago, IL. 

upon the larger of (KL)' or (KL)y' The tabulated loads are in kips. 
Load values above the solid line are for columns withKLlr < 120. Loads 
are omitted whenever KLlr > 200. 

Table 8.5 lists the allowable compressive stress for A36 steel columns 
as a function of slenderness ratio. The stresses are all in ksi and are 
listed separately for main and secondary members. 

8.7.4 Steel Column Illustrations 

Example 8.1. Steel Column Selection 

a. An A36 steel, W 8 x 35* (W 203 x 52) section is used as a 24 
ft (7.32 m) long column. Use the allowable load tables to de-

*The designation W X x Y identifies a wide flange section with a nominal depth X and 
a dead load per unit length, Y. X has units ofin. (mm) and Y has units oflb/it (kg/m). 
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226 Structural Steel Design 

Table 8.2. Allowable Column Load (In kip) for A36 Extra-Strong Pipe. 

Diameter (in.) 6 5 4 3} 3 

Thickness (in.) 0.432 0.375 0.337 0.318 0.300 

lb/ft 28.5 20.7 14.9 12.5 10.2 

6a 166 118 81 66 52 
7 162 114 78 63 48 
8 159 111 75 59 45 
9 155 107 71 55 41 

10 151 103 67 51 37 
11 146 99 63 47 33 
12 142 95 59 43 28 
13 137 91 54 38 24 
14 132 86 49 33 21 
15 127 81 44 29 18 
16 122 76 39 25 16 
17 116 71 34 23 14 
18 111 65 31 20 12 
19 105 59 28 18 11 
20 99 54 25 16 
22 86 44 21 
24 73 37 17 
26 62 32 
28 54 27 
30 47 24 

Properties 

Area A, in.2 8.40 6.11 4.41 3.68 3.02 
1, in.4 40.5 20.7 9.61 6.28 3.89 
r, in. 2.19 1.84 1.48 1.31 1.14 

B, in.-1 0.688 0.822 1.03 1.17 1.36 
ab 6.00 3.08 1.44 0.941 0.585 

Reproduced with permission from Steel Construction Manual, 7th ed. 1973. AISC, Chi-
cago,IL. 
a. This column gives effective length, KL, in feet, with respect to radius of gyration. 
b. Multiply values by 106 • 

termine the allowable compressive load the section can carry 
if both ends are pinned with respect to both the strong and 
weak axis and if the column is braced at midspan with respect 
to the weak axis. 
1. Obtain the effective lengths. 

(KL)x = 1.0 (24) = 24 ft (7.32 m) 

(KL)y = 1.0 (24/2) = 12 ft (3.66 m) 

11. Check for the controlling axis for buckling of the section. 
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Table 8.3. Allowable Column Load (in kip) for A36 Standard Pipe. 

Diameter (in.) 6 5 4 3! 3 

Thickness (in.) 0.280 0.258 0.237 0.226 0.216 

lb/ft 18.9 14.6 10.7 9.1 7.5 

6a 110 83 59 48 38 
7 108 81 57 46 36 
8 106 78 54 44 34 
9 103 76 52 41 31 

10 101 73 49 38 28 
11 98 71 46 35 25 
12 95 68 43 32 22 
13 92 65 40 29 19 
14 89 61 36 25 16 
15 86 58 33 22 14 
16 82 55 29 19 12 
17 79 51 26 17 11 
18 75 47 23 15 10 
19 71 43 21 14 9 
20 67 39 19 12 
22 59 32 15 10 
24 51 27 13 
26 43 23 
28 37 20 
30 32 17 

Properties 

Area A, in.2 5.58 4.30 3.17 2.68 2.23 
I, in.4 28.1 15.2 7.23 4.79 3.02 
r, in. 2.25 1.88 1.51 1.34 1.16 
B, in.-1 0.657 0.789 0.987 1.12 1.29 
ab 4.21 2.26 1.08 0.717 0.447 

Reproduced with permission from Steel Construction Manual, 7th ed. 1973. AISC, Chi-
cago,IL. 
a. This column gives effective length, KL, in feet with respect to radius of gyration. 
b. Multiply values by 106• 

Since rjry = 1.72 < KLx IKLy = 2, (KLlr)x > (KLlr)y and 
the strong axis controls. 

111. Enter Table 8.1 with KL = 2411.72 = 13.95 or 14 ft (4.27 
m), Pall = 155k (689 kN) 

b. What is the magnitude of the allowable stress for the steel 
column in part a? 
i. Evaluate the slenderness ratio. 

24 x 12 
1.72 x 2.03 

11. Enter Table 8.5 and interpolate. 

82.5 
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230 Structural Steel Design 

Fa = 15.08 ksi (104 MPa) 

iii. The allowable stress agrees with the result from part a. 
That is, Fe = PaulA = 155110.3 = 15.05 ksi (104 MPa) 

c. What is the allowable stress and load for the column in part a 
if steel with a yield stress, F y, equal to 50 ksi (340 MPa) is used 
in place of A36 steel? 

1. The specification equations must be used since design aids 
are not given for this steel. 

ii. Classify the column 

Since KLlr < Ce the column is intermediate. 
lll. Evaluate Fa with Eq. (8.4) 

F = Fy[1 - (KLlr)2/2C~] 

a ~ + 3(KLlr)/8Cc _ (KLlr)3/8C~ 

50[1 - 82.52/2(107)2] 

5 3( I( 3 3" + 8 82.51107) - 8 82.5/107) 

Fa = 18.48 ksi (127 MPa) 

d. What size square structural A36 tubing is required to carry a 
compressive load of 60 k (267 kN) if the effective lengths are 
KLx = 24 ft (7.32 m) and KLy = 12 ft (3.66 m)? 
i. Since rJry = 1.0, KLx is the controlling slenderness ratio. 
ii. Enter Table 8.4 with KL = 24 ft (7.32 m). 

Use 6 x 6 x 5/16 in. (152 x 152 x 7.9 mm). 
e. What size A36 round pipe is required to carry a compressive 

load of 80 k (356 kN) if KLx = 22 ft (7.32 m) and KLy = 12 ft 
(3.66 m)? 
1. Enter Table 8.3 withKL = 22 ft (7.32 m). No standard pipe 

qualifies. 
ii. Enter Table 8.2 with KL = 22 ft (7.32 m). 

Use 0.432 in. x 6 in. diameter (11.0 x 152 mm) extra strong 
pipe. 

f. A steel column, 16 ft (4.88 m) long, must carry a compressive 
load of 80 k (356 kN). If both the top and bottom are fixed with 
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respect to both the strong and weak axis, select the lightest 
A36, W section which can carry the load. 
i. Evaluate the effective lengths and controlling axis 

KLx = KLy = 0.65(16) = 10040 ft (3.17 m) 

since r y < rx, KLy controls. 
ii. Enter tables with KL = lOA ft (3.17 m) and select a W 

6 x 20 (W 152 x 30). 
g. How would the solution to problem f change if the weak axis 

were supported laterally at midspan? 
i. Evaluate the effective lengths: 

KLx = lOA ft (3.17 m) 

KLy = 0.8 (8) = 604 ft (1.95 m) 

11. SinceKLx > KLy, compareKLxfKLy to rxlry for the section. 

KLx = lOA = 1.63 
KLy 6.4 

Since rxfry > 1.63 for most sections (Table 8.1), it is likely 
that (KLlr)y > (KLlr)x and the weak axis will control the 
allowable load. 

lll. Selecting the column size based on KLy , enter table 8.1 
with KL = 6.4 ft (1.95 m), the allowable load for a W 
5 x 16 (W 127 x 24) equals 81 k (360 kN) and the allow­
able load for a W 6 x 15.5 (W 152 x 23) equals 83 k (369 
kN). Thus, use a W 6 x 15.5 (W 152 x 23) section. 

iv. Check the slenderness ratio and allowable load for the 
section selected. Since (KLlr)y = 52.6 and (KLlr)x = 48.6, 
the weak axis does control. From the stress table,Fa = 18.13 
psi (120 MPa) and the allowable load equals 82.67 k (368 
kN). Thus, the solution checks. 

Example 8.2 Column Design. Select the lightest weight A36 W 
or M section that can be used to carry an axial compressive load of 100 
k (440 kN) if the column is 10 ft (3.04 m) long, fixed at both the top 
and bottom ends with respect to the weak axis and fixed at the bottom 
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and pinned at the top with respect to the strong, and braced at the 
third points to prevent bending about the weak axis of the column. 

Solution 

a. The effective lengths about the weak axis are 
(KL)y = 0.8 (0.33 x 10) = 2.67 ft (0.81 m) 
for the two end sections and 
(KL)y = 0.33(10) = 3.33 ft (1.01 m) 
for the middle section. The strong axis effective length equals 
(KL)x = 0.8(10) = 8.0 ft (2.48 m) 

b. Whether weak or strong axis bending controls the design depends 
upon the relativeKLlrvalues. Since (KL)x/(KL)y = 2.4 and rxlry 
is less than 2.4 for many of the Wand M sections in Table 8.1, 
it appears that strong axis buckling will control. 

c. Taking an average value for rJry of 2.0, enter the column load 
tables with KL = (KL)J(rx Iry) = 4 ft (1.22 m) and P = 100 kip 
(440 kN). A W 5 x 18.5 (W 127 x 28) appears to be adequate, 
but rJry = 1.69 < 2.0 and must be checked. 

d. To check the section, enter the load tables withKL = 8/1.69 = 4.73 
ft (1.44 m) and P = 100 kip (440 kN). Since the selected section 
can carry 101 kip (450 kN) when KL = 5.0 ft (1.52 m), the section 
is adequate. 

e. Check the allowable load for the section using stress tables. Since 
12 

(KLlr)y = 3.33 x 1.28 = 31.3 and (KLlr)x = 

(8 x 12) 
(1.69 x 1.28) = 44.38, 

the strong axis controls. From the table of allowable stresses, 
Fa = 18.83 ksi (130 MPa) 
and 
Pall = FaA = 18.83 (5.43) = 102 kip (450 kN) 
> 100 kip (440 kN). 

f. Check solution using the AISC equations. 

and (KLlr)max = 44.4, inelastic buckling controls the load ca­
pacityand 
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Fig. 8.13. Example 8.3. 

(44.4)2 
[1 - 2(126.1)2]36 

Fa = 5 3(44.4) (44.4)3 = 18.80 ksi (130 MPa) 

'3 + 8(126.1) 8(126.1)3 

Example 8.3. Column Design. The A36 steel rigid frame given in 
Fig. 8.13 is used in a commercial fertilizer storage facility. The frames 
are spaced 25 ft (7.62 m) o.c. (on center) and carry a design DL + SL 
of 25 psf (1.2 kPa). The vertical members are W sections oriented such 
that strong axis bending takes place in the plane of the frame. If the 
bottom end of column AB is pinned with respect to both the strong and 
weak axis, if the top of AB is completely fixed with respect to weak 
axis bending, if the top of AB is rigidly attached to flexural member 
BC with respect to strong axis bending, and ifthere are no intermediate 
bracing members between A and B, then 

a. Determine the pure compressive load (neglecting flexural loads) 
which the column can carry if BC is a W 5 x 16 (W 127 x 24) 
section and AB is a W 6 x 20 (W 152 x 30) section. 

b. Determine if the column section is large enough to carry the pure 
compressive loads in the absence of flexure. 

c. Determine the lightest weight W section from those in Table 8.1 
which can be used to carry the compressive loads in column AB. 

Solution 

a. The allowable compressive load in AB. 
i. The weak axis effective length, KLy = 0.8(12) = 9.6 ft (2.93 
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m) and (KLlr)y = 76.3. Bending about the strong axis of 
AB is characterized as a continuous frame with sidesway 
permitted. Entering Fig. 8.12 with GA = 00 (use 10 for the 
pinned end) and GB = IeLg IIgLe = 8.12, K = 2.9. Thus, 
KLx = 34.8 ft (10.6 m) and (KLlr)x = 157 and the strong 
axis controls the allowable load. Entering Table 8.1 with 
KL = (KLx)/(rxlr) = 19.8 ft (6.04 m), the allowable load 
equals 35 k (156 kN). 

b. The column AB must carry a compressive load equal to 
25(47.5)(25) = 29.7 k (132 kN). Thus the W 6 x 20 (W 152 x 30) 
is adequate. Note that it may not be adequate to carry the 
combined compression and flexural loads inAB. Combined load­
ing will be treated in a later section. 

c. The lightest W section to carry the compressive load in AB is 
found as follows: 
i. Since KLx depends upon relative values of Ig and Ie, as a 

first estimate assume the weak axis controls. Entering 
Table 8.1 with KL = 9.6 ft (2.93 m) and P = 29.7 k (132 
kN), there are eight possible sections. One of the more 
likely candidates appears to be the W 6 x 15.5 (W 152 x 23) 
section. 

11. To check the W 6 x 15.5 (W 152 x 23) section for strong 
axis buckling, evaluate GA = 10 (pin) and GB = 

(30.1112)/(21.3/50) = 5.9. Entering Fig. 8.12, K = 2.65 and 
KLx = 31.8 ft (9.69 m). Entering Table 8.1 with KL = 

KLxl(rxlry) = 18.1 ft (55.2 m), the allowable load equals 
30.7 k (136 kN). Thus the section is adequate. 

lll. It is easily shown that the load capacity of the W 6 x 12 
(W 152 x 18), W 4 x 12 (W 102 x 18), and M 4 x 13 (M 
102 x 19) sections are all inadequate. Verify this as a 
student exercise. 

iv. Thus, a W 6 x 15.5 (W 152 x 23) is the lightest adequate 
section for member AB. 

8.8 FLEXURAL MEMBER DESIGN 

The governing equation for flexural design of steel beams is Mall ~ FbS. 
The allowable bending stress is dependent upon the ultimate yield 
strengths of the material and the buckling characteristics of the beam 
cross section. The allowable stress is influenced primarily by the type 



www.manaraa.com

8.8 Flexural Member Design 235 

section (compact or noncompact), local buckling, lateral bracing, and 
the shape factor of the cross section. 

There are two basic classifications of steel beam cross sections­
compact and noncompact sections. A compact section is proportioned 
such that the cross section reaches its full plastic moment Mp before 
either local buckling of the elements or lateral torsional buckling oc­
curs. Conversely, a noncompact cross section will experience either 
local buckling or lateral torsional buckling before the plastic moment 
is developed. 

The discussion herein is restricted to steels with yield stresses in 
the 36 and 50 ksi (250 and 340 MPa) range. The allowable stresses 
discussed are not valid for hybrid beams. Unless otherwise specified 
all flexural loads are applied through the shear center of the beam 
cross section. 

8.8.1 Allowable Flexural Stresses * 
8.8.1.1 Compact Sections. The allowable flexural stress for a com­

pact section, symmetric about and loaded in the plane of its minor axis, 
is two-thirds the yield stress-Fb = 0.66Fy. The requirements for com­
pactness are moderately severe. Most standard sections of A36 steel, 
however, do meet the compact section requirements if the beam is 
adequately braced to prevent lateral torsional buckling. 

A section is compact if the following are true: 

1. The flanges are continuously connected to the webs. 
2. The flange width-to-thickness ratio, bit, of UCEs (unstiffened 

compression elements) is less than or equal to 65/YF;,. 
3. The flange width-to-thickness ratio, bit, of SCEs (stiffened 

compression elements) is less than or equal to 1901YF;,. 
4. The dee!-h-to-thickness ratio, dlt, of the webs is less than 

(640)/YFy)(1 - 3.74 falFy) if fafFy :::; 0.16 or 257/YF;, if fa IFy > 
0.16. 

5. The compression flange of the beam is laterally supported at 
intervals, Lb, less than both Lc = (76brlYF;,) and 20,000/[(dIAr) 
(Fy )]' In the case of box beams whose depth is less than six times 
the width, and whose flange thickness is less than twice the web 
thickness, the compression flange is braced at intervals less than 
(1950 + 1200M1IM2 ) (bIF). 

*Except in the case of dimensionless equations or ratios, the equations in this section 
are restricted to English (customary) units of in., in.2 , and ksi. 



www.manaraa.com

236 Structural Steel Design 

6. The diameter-to-thickness ratio of hollow circular sections is less 
than 33001Fy. 

Condition 1 assures continuity between the elements of the section. 
The second and third conditions assure that the flanges will not buckle 
locally before the plastic moment is reached, while condition 4 pro­
portions the section such that the plastic moment is reached before the 
webs buckle locally. Requirement 5 assures that the beam is braced 
sufficiently so the plastic moment is developed before the beam buckles 
laterally. 

8.8.1.2 Nearly Compact Sections. If a cross section is compact except 
that bit of unstiffened flanges is between 65/v"fi;, and 95/v"fi;" then 
Fb = 0.79 - 0.002(blt) v"fi;,. Using this equation, Fb decreases from 
0.66Fy to 0.60Fy as the UCE becomes more slender. This special case 
allows the designer to avoid an abrupt reduction in allowable stress 
when bit exceeds 65/v"fi;,. 

8.8.1.3 Minor Axis Bending and Solid Sections. Solid rectangular 
sections bent about their minor axis, doubly symmetric I and H sections 
bent about their minor axis, and solid round or square cross sections 
have large shape factors. That is, the ratio of their plastic-to-elastic 
moment carrying capacity, MJMy , is large-within the range of 1.5 to 
1.'l. Such sections are also very stable and the possibility of lateral 
buckling is remote. Thus, if the first two criteria for compactness are 
met, these sections have an allowable stress, Fb = 0.75Fy. If all the 
criteria for compactness of doubly symmetric I and H sections are met 
except bit lies between 65/v"fi;, and 95/v"fi;" then Fb = Fy x 
[1.075 - 0.0005 (blt'J\lli';,]. Depending upon the slenderness of the UCEs, 
Fb varies between 0.60Fy and 0.75Fy for these sections. 

8.8.1.4 Box-Type Sections. Box sections are relatively stable sec­
tions constructed entirely of stiffened elements and are less subject to 
local buckling and lateral buckling than most other structural shapes. 
The allowable flexural stress of these sections when bent about the 
minor axis equals 0.66 Fy 20vided conditions 1, 3, and 4 for com­
pactness are met. If 190/VF" :;;;; bit :;;;; 238/v"fi;, (condition 4 for com­
pactness), :;;;; d,Jtw :;;;; 253/~, and if the depth is less than six times 
the section width, Fb equals 0.60 Fy. 

8.8.1.5 Noncompact Sections. If a noncompact section has adequate 
bracing (Lb :;;;; Lc = 76blv"fi;,), a width-thickness ratio of UCEs less 
than 95.0tv'F; and a width-thickness ratio of SCEs less than 
2531-v'F;, then Fb = 0.60Fy. These conditions ensure that the beam 
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Fig. 8.14. Axis orientation for a W section. 

will neither buckle locally nOr laterally before the beam moment reaches 
the yield moment. 

If a section is noncompact due to inadequate bracing, Lb is greater 
than Le. In this case the beam buckles laterally before reaching the 
plastic moment, andFb is always less than or equal to O.6Fy. The basic 
procedure for determining the allowable stress for these sections is to 
(1) evaluate Fb for pure Euler-type buckling of the compression flange; 
(2) evaluate Fb for pure St. Venant-type buckling (torsional); and (3) 
use the larger F b. 

Euler-type buckling (warping) consists of a translation of the 
compression flange in the x direction and twisting about the y axis (see 
Fig. 8.14). Resistance to warping is provided by the material stiffness 
and slenderness ratio of the compression flange plus one third of the 
compression web area with respect to the x axis (see Fig. 8.15). Tor­
sional buckling consists of twisting about the z axis (St. Venant buck­
ling). Resistance to St. Venant buckling is dependent upon the torsional 
rigidity and polar moment of inertia of the section. 

y 

I rT 

d _N·L --

L 
I 
y 

Fjg.8.15. Definition sketch for rT. Table 8.7 gives rT, for the "circled" portion 
of compression flange. 
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The allowable flexural stress level for inelastic Euler-type buckling 
of the compression flange is 

(8.9) 

and is used if 

where Lb1rT is the slenderness ratio of the compression flange plus one 
third of the area of the compression web about the x axis (see Fig. 
8.15). Lb is the length between lateral supports along the compression 
flange. 

The allowable flexural stress level for elastic Euler-type buckling of 
the compression flange is 

(B.10a) 

and is used if 

If the compression area of a section is approximately rectangular and 
if the compression areas are greater than or equal to the tension areas, 
the allowable flexural stress level for torsional buckling ofthe compres­
sion flange is 

12 X 103Cb 

Fb = (dIAr)Lb 
(8.10b) 

The allowable stress in bending for noncompact, inadequately braced 
sections is to be taken as the larger ofthe values from Eqs. (8.9), (8.10a), 
or (B.10b), but not larger than O.60Fy. Equations (B.9), (8.10a), and 
(B.10b) may be used for any section having an axis of symmetry in and 
loaded in the plane of the web. For channels the allowable stress is 
computed by Eq. (B. lOb) only. 
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Table 8.6. Summary of Allowable Flexural Stresses for Hot Rolled Beams. 

Type Member 

Special compact 

Compact 

Nearly compact and 
adequately braced 

Compact but only 
partially braced 

Noncompact and 
inadequately braced 

Fb Remarks 

O.75Fy Sections with large shape 
factors (Mp = 1.5 to 1.7My ); 

solid rectangular sections; 
minor axis bending 

O.66Fy Sections that develop full plastic 
moment before buckling locally 
or laterally; Lb ~ Lc 

O.66Fy to O.60Fy Flanges may buckle locally 
before developing full plastic 
moment, but not before 
developing yield moment; 
braced such that Lb ~ Lc so 
plastic moment developed before 
buckling laterally 

O.60Fy Braced such that 
Lc < Lb ~ CbLu; section can 
develop full plastic moment 
before buckling locally; section 
can develop full yield moment 
before buckling laterally, but 
buckles laterally before 
developing full plastic moment 

<O.60Fy (Eq. 8.9, 8.10a, Section buckles laterally before 
or 8.10b) developing full yield moment; 

braced such that Lb > Lc or Lu 

8.8.1.6 Commentary. The simplified summary of the variation of 
Fb for common structural shapes in Table B.6 illustrates thatFb varies 
from 0.75Fy to less than 0.60Fy. The highest allowable stresses are for 
sections which are very stable locally and torsionally and thus can 
achieve their plastic moment before becoming unstable. The lowest 
allowable stresses are for slender, relatively unstable sections which 
are unbraced and will buckle locally or laterally before reaching their 
yield moment. 

The definition of and relationship between Lb, Le, and Lu are ex­
tremely important to flexural design of steel members. To clarify the 
relationship note that (1) Lb is the actual length between lateral sup­
ports; (2) Le is the maximum allowable distance between lateral sup­
ports for which the section can develop its full plastic moment without 
buckling laterally and equals the smaller of 76blv11; and 
20,000/[(dIA f )(F)]; and (3) Lu is the maximum allowable distance be­
tween lateral supports for which the section can develop its full elastic 
moment without buckling laterally and equals the larger value of Lb 
evaluated from Eqs. (B.9) and (B.I0b) for Fb = 0.60Fy and Cb = 1.0. 
Thus, if Lb ~ Le and the section meets the other compact criteria, the 
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M, M2 r J#---__ --~/1?J?} 

__ ----l,M2 
M, L..[ ______ ~ 

<::::::::::J M2 
( a) Single Curvature ( b) Double Curvature 

Fig. 8.16. Definition sketch for Cb• 

section can develop Mp without buckling laterally, and Fb = 0.66Fy; 
if Lc < Lb ~ C~w the section can develop My without buckling lat­
erally and Fb = 0.60Fy; and if Lb > C~w the section buckles laterally 
before developing Me and Fb < 0.60Fy. 

The tendency for a beam to buckle laterally is somewhat dependent 
upon the variation of moment between bracing points. For example, 
the flange of an unbraced length of a beam subjected to a constant 
moment with no intermediate loads has a constant compressive stress 
along its entire length. In contrast, the flange of an unbraced length 
of a beam subjected to moments as in Fig. 8.16b is compressed to the 
maximum stress level at only one point along its length. Qualitatively, 
it is apparent that, since compressive stresses are the forces which 
induce lateral buckling, the constant moment situation is the more 
severe one. 

The term Cb in the specification equations allows the designer to 
compensate for the relative magnitudes of moment variations in lateral 
buckling considerations. Cb is defined by the relationship 

(8.11) 

where MI and M2 are bending moments at the ends of an unbraced 
beam section, IMII < IM21; MI/M2 is positive when the section is bent 
in double curvature; and MI/M2 is negative when the section is bent 
in single curvature. 

Limitations on Cb are that it shall never exceed 2.3 and that Cb shall 
be taken as 1.0 if the absolute value of an interior moment between 
the ends of the braced segment is greater than the absolute value of 
both MI and M2 • 

The sketches in Fig. 8.16 define the differences between single cur­
vature and double curvature. When an unbraced section is bent in 
double curvature, the section is said to have undergone a moment 
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reversal. The moment diagrams in Fig. 8.16 also demonstrate that in 
single curvature a flange will be subjected to large compressive stresses 
over a longer length of beam than when bent in double curvature. 

8.8.2 Shear Stresses 

The allowable shear stress for a flexural member without web stiffeners 
between bearing points is Fv = O.4Fy • The actual shear stress in the 
beam is evaluated by use ofthe basic strength of materials relationship 
fv = VQI(lt). However, for standard structural steel shapes, the shear 
stress can be approximated with adequate accuracy by the average 
shear stress over the web area. Thus fv = VI( dwtw) and the shear design 
criterion is fv :;;;; Fv. 

Web stiffeners are required in beams which have very slender webs. 
They assure that a slender web may be stressed to 0.4F y before buckling 
locally. If the depth-thickness ratio, djtw , of the web is lower than 
62.6 and 53.7 for steels with yield stresses of 36 and 50 ksi, respectively, 
the web does not require stiffeners. Most applications in agricultural 
structures will meet this requirement. 

8.8.3 Bearing Stresses 

Web crippling, localized yielding, or buckling due to transverse 
compression may occur at the location of end reactions or concentrated 
loads unless either web stiffeners or properly sized bearing areas are 
provided. In agricultural applications the magnitudes of the loads and 
size beams normally encountered do not require web stiffeners even 
at concentrated loads. The only requirement for most applications is 
that the bearing plate dimensions satisfy the following relationships: 
(1) at interior concentrated loads RI[tw(N + 2k)] :;;;; 0.75Fy; and (2) at 
end reactionsRI[tw(N + k)]:;;;; 0.75Fy. The term k is the distance from 
the outer face of the flange of the web toe of the fillet and is defined 
in Fig. 8.17. 

8.8.4 Deflection 

Ordinary methods of elastic analysis are acceptable for evaluating 
deflections in steel beams. Allowable deflections may be found in the 
appropriate building or structural codes governing the design. 

Example 8.4. Allowable Flexural Stresses in Beams. Determine 
the allowable bending stress for an A36 W 8 x 28 (W 203 x 42) simply 
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Bearino 
Plate 

Fig. 8.17. Definition sketch for k and N in bearing stress equation. 

supported steel beam if it is unsupported laterally and has a span Lb 
of (a) 6 ft (1.83 m), (b) 10 ft (3.05 m), (c) 15 ft (4.57 m), (d) 20 ft (6.10 
m), and (e) 30 ft (9.14 m). The section is bent about its major axis and 
the loads are applied through the shear center. Let Cb = 1.0. 

Solution. The section properties for the beam section are found in 
Table 8.7. These and some calculated properties are 

or 

br = 6.54 in. (166 mm) 

b = brl2 = 3.27 in. (83 mm) 

rt = 1.80 in. (46 mm) 

1r = 2.66in.- 1 (0.10mm- 1) 

~ = br = 7.06 < (~) = ~ = 10.83 
t 2tr t lim vF;, 

d w = 28.3 < (~) = 640 = 106.7 
tw t lim vF;, 

Lc = 76br = 7~4) = 83.1 in. (2.11 m) 
vF;, 36 

20,000 20,000 . ( 
Lc = (d/A/Fy) = 2.66(36) = 208 m. 5.28 m) 

From Eqs. (8.9) and (8.10b), 
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Lu = 12,000Cb = 208 in. (5.28 m) 
(dlAf)(0.6Fy) 

or Lu = rTY107 x 103C,)Fy = 98 in. (2.49 m) 

Using the smaller Le value, and the larger Lu value, Le = 6.9 ft (2.11 
m) and Lu = 17.4 ft (5.28 m). If 0 < Lb < 6.9 ft (2.11 m), the section 
satisfies all the criteria for compact sections. 

a. IfLb = 6 ft (1.83 m) < Le, thenFb = 0.66Fy = 24 ksi (170 MPa). 
b. If Lb = 10 ft (3.05 m), then Le < Lb < Lu and Fb = 0.60 Fy = 22 

ksi (150 MPa). 
c. If Lb = 15 ft (4.57 m), then Le < Lb <Lu and Fb = 22 ksi (150 

MPa). 
d. If Lb = 20 ft (6.10 m), Lb > Lw and Fb ~ 0.6 F y' Using Eqs. (8.9), 

(8.10a), and (8.10b), L,)rt = (20 x 12)/1.8 = 133.3, and Cb = 1.0, 
the limiting parameters are 

Y102 x 103C,)Fy 

= 53~ = 53 and 

Therefore, 

or 

12 X 103 

Fb = 240(2.66) = 18.8 ksi (130 MPa) 

The allowable stress is the greater of these, or 18.8 ksi (130 
MPa). 

e. If Lb = 30 ft (9.14 m) > Lw then Fb < 0.6 Fy and L,)rt = 30 
x 12/1.80 = 200> 119. Therefore, Fb = 170,000/(200)2 = 4.25 
ksi (30 MPa) or Fb = 12,0001240(2.66) = 12.53 ksi (90 MPa). 
The allowable stress is the greater of these, or 12.53 ksi (90 
MPa). 

8.8.5 Design Aids 

Numerous design aids are available for structural steel. Steel fabri­
cators are a source of design aids as is the AISC. The AISC Manual of 
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246 Structural Steel Design 

Table 8.8. Total Uniformly Distributed Beam Loads in Kips, W & M Shapes (A36 
Steel). 

Name W12 
Width 65/8 61/2 6112 4 4 4 4 
lb/ft 36 31 27 22 19 16.5 14 
Lc, ft 6.9 6.9 6.9 4.3 4.2 4.1 3.5 Deft. 
L u, ft 13.4 11.6 10.1 6.4 5.3 4.3 4.2 in. 

8a 92 79 68 50 42 35 29 0.13 
9 81 70 60 45 37 31 26 0.17 

10 73 63 54 40 34 28 23 0.21 
11 66 57 49 36 31 25 21 0.25 
12 61 52 45 33 28 23 19 0.30 
13 56 48 42 31 26 21 18 0.35 
14 52 45 39 28 24 20 16 0.41 
15 49 42 36 27 22 18 15 0.47 
16 46 39 34 25 21 17 14 0.53 
17 43 37 32 23 20 16 13 0.60 
18 40 35 30 22 18 15 13 0.67 
19 38 33 28 21 17 14 12 0.75 
20 36 31 27 20 17 14 11 0.83 
21 35 30 26 19 16 13 11 0.91 
22 33 28 24 18 15 12 10 1.00 
23 32 27 23 17 14 12 10 1.09 
24 30 26 22 16 14 11 9 1.19 
25 29 25 21 16 13 11 9 1.29 

Properties and Reaction Values 

S, in.3 46.0 39.5 34.2 25.3 21.3 17.6 14.8 
V, kip 54.1 46.5 41.1 46.4 41.8 40.0 34.2 
R, kip 37.6 32.2 28.4 31.2 28.0 26.8 22.7 
Ri , kip 8.2 7.2 6.4 7.0 6.4 6.2 5.3 
No, in. 5.5 5.5 5.5 5.7 5.7 5.6 5.6 

Steel Construction contains section properties, allowable load tables, 
allowable moment tables, and other helpful data to assist the steel 
designer. Design aids for structural sizes commonly used in agriculture 
are included herein. 

B.B.5.1 Allowable Loads in Beams. The total uniformly distributed 
load, including the beam weight plus the applied load, which can be 
carried by selected W- and M-shaped A36 steel beam sections are listed 
in Table 8.8. The values in Table 8.8 are excerpted from more extensive 
tables in the 7th edition of the AISC Manual. The allowable loads in 
the table assume the beam to be simply supported and are based upon 
Mmax = w£2/8. The tabular values are the total allowable load. Thus 
the tabulated load Wtab equals wL. The tabulated loads also assume 
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Table B.B. Continued. 

Name W10 
Width 8 8 8 53/4 53/4 53/4 4 4 4 4 
lb/ft 45 39 33 29 25 21 19 17 15 11.5 
L" ft 8.5 8.4 8.4 6.1 6.1 6.1 4.2 4.2 4.2 3.8 Deft. 
Lu, ft 22.7 19.6 16.4 13.2 11.4 9.1 7.2 6.0 5.0 4.3 in. 

8a 98 84 69 61 53 43 37 32 27 20.5 0.16 
9 87 75 61 54 47 38 33 28 24 18.2 0.20 

10 79 68 55 49 42 34 30 25 22 16.4 0.25 
11 71 61 50 44 38 31 27 23 20 14.9 0.30 
12 65 56 46 41 35 28 25 21 18 13.7 0.36 
13 60 52 42 37 32 26 23 19 17 12.6 0.42 
14 56 48 39 35 30 24 21 18 15 11.7 0.49 
15 52 45 37 32 28 22 20 17 14 10.9 0.56 
16 49 42 34 30 26 21 18 16 13 10.3 0.64 
17 46 40 32 29 24 20 17 15 13 9.7 0.72 
18 44 38 31 27 23 19 16 14 12 9.1 0.80 
19 41 36 29 25 22 18 15 13 11 8.6 0.90 
20 39 34 28 24 21 17 15 13 11 8.2 0.99 
21 37 32 26 23 20 16 14 12 10 7.8 1.09 
22 36 31 25 22 19 15 13 11 10 7.5 1.20 

Properties and Reaction Values 

S, in3 49.1 42.2 35.0 30.8 26.5 21.5 18.8 16.2 13.8 10.5 
V, kip 51 46 41 42.8 36.8 34.5 37.2 35.2 33.4 25.8 
R, kip 44 40 35 35.6 30.6 28.4 30.0 28.4 26.8 20.7 
Rj, kip 9.5 8.6 7.9 7.8 6.8 6.5 6.8 6.5 6.2 4.9 
No, in. 4.2 4.2 4.2 4.4 4.4 4.4 4.6 4.6 4.6 4.6 

(continued) 

that the beam is braced adequately to prevent lateral buckling and 
are valid only when Lb :s:; Lc and F b = 0.66F y = 24 ksi (170 MPa). The 
magnitude of Lc is given for each section. If Lc < Lb < Lu, then F b = 22 
ksi (150 MPa) and the allowable load equals (22/24) x (tabulated load). 
If Lb > Lu, then the load table cannot be used and the load capacity 
must be evaluated by applications of Eqs. (8.9), (8.l0a), and (8.l0b) or 
by using moment capacity charts. 

The allowable load table is adaptable to laterally supported simple 
beams which carry equally spaced concentrated loads (see Table 8.9). 
The maximum bending moment in a simply supported beam carrying 
a concentrated load at midspan equals PLI4. A simple beam carrying 
a uniform load has a maximum moment of w£2/8 = (wL)(LI8) = Wtab 

(LI8). Thus, a given section can carry a midspan concentrated load of 
! the total uniformly distributed load. The equivalent load of 2P in 
Table 8.9 indicates that a total uniform load of 2P will yield the same 
maximum moment as a concentrated midspan load of P. To obtain the 
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Table S.S. Continued. 

Name W8 W6 
Width 6112 6112 5114 5114 4 4 4 4 4 4 
Ib/ft 28 24 20 17 15 13 10 16 12 8.5 
L c, ft 6.9 6.9 5.6 5.5 4.2 4.2 4.2 Deft. 4.3 4.2 4.2 Deft. 
L u , ft 17.4 15.1 11.3 9.4 7.2 5.9 4.7 in. 12.1 8.6 6.1 in. 

8a 48 41 34 28 23 19.8 15.3 0.20 20 14.5 9.9 0.26 
9 43 37 30 25 21 17.6 13.6 0.25 18 12.9 8.8 0.34 

10 38 33 27 22 18 15.8 12.2 0.31 16 11.6 7.9 0.41 
11 35 30 24 20 17 14.4 11.1 0.38 14 10.5 7.2 0.50 
12 32 27 22 18 15 13.2 10.2 0.45 13 9.7 6.6 0.60 
13 29 25 20 17 14 12.2 9.4 0.52 12 8.9 6.1 0.70 
14 27 23 19 16 13 11.3 8.7 0.61 
15 25 22 18 15 12 10.6 8.1 0.70 
16 24 20 17 14 11 9.9 7.6 0.79 
17 22 19 16 13 11 9.3 7.2 0.90 

Properties and Reaction Values 

S, in. 24.3 20.8 17.0 14.1 11.8 9.9 7.8 10.2 7.3 5.1 
V, kip 33.3 28.2 29.3 26.7 28.8 26.7 19.5 23.6 20.0 14.4 
R, kip 34.1 28.9 29.3 26.8 28.5 26.4 19.2 30.7 26.4 19.2 
Ri, kip 7.7 6.6 6.7 6.2 6.6 6.2 4.6 7.0 6.2 4.6 
No, in. 3.4 3.4 3.5 3.5 3.5 3.5 3.6 2.5 2.5 2.4 

allowable concentrated load a beam can carry at midspan, simply di­
vide the tabulated load in Table 8.8 by 2.0. Deflections for concentrated 
loads equal the listed deflection times the coefficient in Table 8.9. 

Several important properties of the beam section are summarized at 
the bottom of the table. Among them are the strong axis section mod­
ulus Sx; the allowable shear force V; the maximum allowable end 
reaction R for a 31/ 2 in. (89 mm) bearing length; the increase in the 
allowable end reaction for each additional inch of bearing length R i ; 

and the length of bearing required to develop V, No. 

Example B.5. Beam Selection Using Beam Load Tables. Using 
A36 steel, select a 10 in. (254 mm) deep beam to span 20 ft (6.10 m) 
and support three equal concentrated loads of 7 kips (31 kN) located 
at the quarter points of the span. 

Solution. Refer to Table 8.9 and note that the equivalent uniform 
load Weq equals 4.0 P, the deflection coefficient is 0.95 and Cb = 1.0 
since internal moments are greater than either end moment. 
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Table S.S. Continued. 

Name M14 M12 MlO M8 M7 M6 
Width 4 3118 57/8 53/4 23/4 2114 21/8 17/8 

lb/ft 17.2 11.8 29.1 22.9 9 6.5 5.5 4.4 
Lc, ft 3.6 2.7 6.3 6.1 2.6 2.4 2.2 1.9 
L u , ft 4.1 3.1 10.8 10.5 2.7 2.5 2.5 2.4 

8a 42 24.0 53 47 15.5 9.2 6.9 4.8 
9 37 21.3 47 42 13.8 8.2 6.1 4.3 

10 33 19.2 42 37 12.4 7.4 5.5 3.8 
11 30 17.5 38 34 11.3 6.7 5.0 3.5 
12 28 16.0 35 31 10.3 6.2 4.6 3.2 
13 26 14.8 32 29 9.6 5.7 4.2 3.0 
14 24 13.7 30 27 8.9 5.3 3.9 
15 22 12.8 28 25 8.3 4.9 3.7 
16 21 12.0 26 23 7.8 4.6 
17 19 11.3 25 22 7.3 4.3 
18 18 10.7 23 21 6.9 
19 17 10.1 22 19 6.5 
20 16 9.6 21 18 6.2 
21 16 9.1 20 18 5.9 
22 15 8.7 
23 14 8.3 
24 14 8.0 
25 13 7.7 
26 13 
27 12 
28 12 
29 11 
30 11 

Properties and Reaction Values 

S, in. 21.1 12.0 26.6 23.6 7.8 4.6 3.4 2.4 
V, kip 42.6 30.8 61.2 34.7 22.8 15.7 13.0 9.9 
R, kip 23.4 19.4 50.4 28.6 17.0 14.6 13.6 11.9 
R i , kip 5.7 4.8 11.5 6.5 4.2 3.6 3.5 3.1 
No, in. 6.9 5.9 4.4 4.4 4.9 3.8 3.3 2.8 

Reproduced with permission from Steel Construction Manual, 7th ed. 1973. AISC, Chi-
cago,IL. 
aThis column gives span in feet. 

a. The equivalent unifonn load is Weq = 4.0 x 7 = 28 kip (124 kN). 
b. Enter beam load tables for a W 10 section and span of20 ft (6.10 

m). A W 10 x 33 (W 254 x 49) section has a tabulated load of 
28 kip (124 kN). 

c. Check the unsupported lengths of the section. 

Lb = 20 ft (6.10 m), Lc = 8.4 ft (2.56 m), Lu = 16.4 ft (5.00 m) 
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Table 8.9. Equivalent Uniform Loads. 

Type of Loading: 
Equal Loads, Equal Spaces 

Equivalent Uniform 
Load (W = wL) 

2.00P 

2.67P 

4.00P 

4.80P 

Deflection 
Coefficient 

0.80 

1.02 

0.95 

1.01 

Reproduced with permission from Steel Construction Manual, 7th ed. 1973. AlSC, Chi­
cago,IL. 

Since Lb > Lu, F b < O.6F y and the tables are not applicable. How­
ever, when Fb = O.6Fy, Wall = 22/24 (Wtab) = 25.7 k (122 kN) < 28 
k (124 kN). 

d. Next try a W 10 x 39 (W 254 x 58) with Le = 8.4 ft (2.56 m) 
andLu = 19.6 ft (5.97 m). SinceLb = Lu,Fb = O.6Fy and Wall = 22/24 

(34) = 31.2 kip (139 kN). The section is adequate since Wall> Weq. 
e. Evaluate the beam deflection flmax = 0.95 x 0.99 = 0.94 in. 

(24 mm) 

8.8.5.2 Allowable Moments in Beams. The moment charts of Fig. 
8.18 give the allowable moment capacity of selected M and W sections 
fabricated of A36 steel. The allowable moment capacity is plotted as 
a function of the unbraced length of the beam (not necessarily the 
span) and for single curvature (Cb = 1.0). The moment capacity is the 
total moment capacity. Thus, if the allowable live load capacity is 
required, the dead load moment must be subtracted from the plotted 
capacity. Or, to select a beam, enter the chart with the dead plus the 
live load moment. 

For each section, when Lb < Le, the moment capacity is 
M = (O.66Fy)(Sx)' When Le < Lb < Lu, the capacity is M = (O.60F)(Sx); 
and when Lb > Lu, M = FbSx where Fb is less than 0.6Fy and is eval­
uated from Eqs. (8.9), (8.10a or 8.11b). The solid dot represents the 
maximum unbraced length for which Fb = 0.66Fy • The open dot rep­
resents the maximum unbraced length for which Fb = 0.60Fy. 

If Cb =1= 1.0, the moment capacity cannot be obtained directly from 
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the charts. Instead Fb must be evaluated using Eqs. (8.9), (8.10a), or 
(8.10b) and M = F~x' 

The charts are very useful for selecting the lightest weight W or M 
section for a given application. Once the required moment capacity 
and unbraced length are plotted on the chart, the lightest adequate 
section is represented by the first solid line directly above and to the 
right of the plotted point. The dashed lines are for adequate beams 
which are heavier than the most economical section. 

The dashed lines terminate at the point whereFb = 11 ksi (76 MPa). 
Further extension of the lines is not practical for normal design. 

8.8.6 Illustrations-Flexural Members 

Example B.6. Beam Selection Using Moment Charts. Using A36 
steel, determine the size of the lightest weight W or M girder with a 
span of 35 ft (10.67 m) which supports two equal concentrated loads 
located 10 ft (3.05 m) from its left and right reaction points (Fig. 8.19).The 
compression flange is laterally supported at the concentrated load points 
only. The loads produce a maximum calculated moment of 65 kip-ft 
(88 kN-m) in the section between the loads. 

Solution 

a. The center section is critical, because Cb = 1.0 for all portions, 
it is the location of Mmru<> and it has the greatest unbraced length. 

b. Assume a beam dead load of 40 lb/ft (580 N/m). Then 
Mmax = 65 + wDUI8 or 71 k-ft (96 kN-m). 

c. Select size using moment chart. Entering Fig. 8.18 with an un­
braced length equal to 15 ft (4.57 m) on the bottom scale (ab­
scissa), proceed upward to meet the horizontal line corresponding 
to a moment equal to 71 kip-ft (96 kN-m) on the left-hand scale 
(ordinate). Any beam listed above and to the right of the point 
so located satisfies the allowable bending stress requirement. In 
this case, the lightest section satisfying this criterion is a W 
12 x 36 (W 305 x 54) for which the total allowable moment with 
an unbraced length of 15 ft (4.57 m) is 73.5 k-ft (100 kN-m). 
(Note: Lb > Lu and this design could not be accomplished with 
the load tables.) 
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Fig. 8.18. Allowable moments in beams, Fy = 36 ksi. Reproduced with per­
mission from Steel Construction Manual, 7th ed" 1973, AISC, Chicago, IL 
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Fig. 8.19. Example 8.6. 

Example 8.7. Steel Beam Selection Using Design Aids 

a. What is the allowable bending stress for a simply supported 
A36, W 10 x 33 (W 254 x 49) steel beam if it spans 6 ft (1.83 
m) and has no lateral bracing between supports? From Table 
8.8, Lb = 6 ft (1.83 m) < Lc = 8.4 ft (2.56 m). Thus, Fb = 24 
ksi (170 MPa). 

b. What is the allowable bending stress for a simply supported W 
8 x 17 (W 203 x 25) A36 steel beam if it spans 8 ft (2.44 m) 
and has no lateral bracing between supports? From Table 8.8, 
Lb = 8 ft (2.44 m) < Lu = 9.4 ft (2.56 m). Thus, Fb = 22 ksi 
(150 MPa). 

c. What is the allowable bending stress for the section in part b 
if the simple beam spans 14 ft (4.27 m) with no intermediate 
support? 
i. From Table 8.8, Lb = 14 ft (4.27 m) > C~u. Thus, Fb < 

0.6Fy • 

ii. Evaluate Fb using Eqs. (8.9), (8.10a), or (8.10b). 
1. Euler buckling (Cb = 1.0). Evaluate the limiting con­
ditions for Eqs. (8.9) and (8.10a). 

(510 ~y103Cb)l/2 [510 X3~03(1.0)r/2 = 119 

C02 ~y103Cb)1/2 [102 X3~03(1.0)r/2 = 53 

Then evaluate LJrt = (14 x 12)/1.40 = 120 > 119. There­
fore 

Fb = 170 X 103Cb 
(Lb/rt)2 

170 X 103 

(120)2 = 11.81 ksi (81 MPa) 
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2. St. Venant buckling. Evaluate the allowable stress with 
Eq. (8.10b). 

Fb = 12 X 103Cb = 12 x 103(1.0) 
Lbd/Ar (4.95)(14 x 12) 

= 14.43 ksi (100 MPa) 

3. The allowable stress is the larger, or 14.43 ksi (100 MPa). 
d. What is the allowable uniformly distributed load that a W 

12 x 31 (W 305 x 46) A36 steel beam can carry over an un­
braced simple span of 10 ft (3.05 m)? 
1. Entering Table 8.8, Lc = 6.9 ft (2.10 m) and C~u = 11.6 

ft (3.54 m). Thus Fb = 0.6Fy = 22 ksi (150 MPa). 
ii. Adjusting the tabulated load for the reduction in allowable 

stress, 

w = 22/24Wtab = 22/24 (63) = 57.8 k (257 kN) 

iii. The allowable distributed load, including the beam weight, 
is equal to 57.8/10, or 5.78 klft (84.3 kN/m). 

e. What is the allowable concentrated load that a W 10 x 45 (W 
254 x 67) A36 steel beam can carry at the center of an unbraced 
simple span of 20 ft (6.10 m)? 
i. Entering Table 8.8, Lc = 8.5 ft (2.59 m) and C~u = 22.7 

ft (6.92 m). Thus Fb equals 0.6Fy = 22 ksi (150 MPa). It 
follows that the allowable distributed load (22/24)(39) = 35.8 
k (159 kN). 

11. Entering Table 8.9, the allowable concentrated load equals 
35.8/2 = 17.9 k (80 kN). 

f. A simply supported W 8 x 17 (W 203 x 25) A36 steel beam 
spans 12 ft (3.66 m), carries a uniformly distributed load, and 
is unbraced between the supports. Evaluate the magnitude of 
the allowable load the section can carry. 
1. Entering Table 8.8, C~u = 9.4 ft (2.86 m). SinceLb > C~u, 

Fb < 0.60Fy and the moment charts must be used. 
11. Entering Fig. 8.18 with Lb = 12 ft (3.66 m), Mall = 20 k­

ft (27 k N-m). The maximum moment equals Mmax = wL21 
8 + 0.017 £2/8. Equating Mmax and Mall and solving for w 
yields an allowable distributed load of 1.09 k/ft (15.9 kNI 
m). 
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g. Select the lightest A36 steel W section which can be used to 
carry a uniformly distributed load (including DL) of 1500 lb/ft 
(21.9 kN/m) over an unbraced simple span of 20 ft (6.10 m). 
1. The required moment capacity is Mmax = w£2/8 = 1.5(20)21 

8 = 75 k-ft (102 kN-m). 
n. Enter Fig. 8.18 with Lb = 20 ft (6.10 m) and M = 75 k-ft 

(102 kN-m). The lightest member is a W 12 x 40 (W 
305 x 60). 

Example 8.8. Laterally Supported Beam Design. Determine the 
lightest A36 W section to carry a uniformly distributed load of 500 lbl 
ft (7.3 kN/m) over a simply supported beam, 20 ft (6.10 m) long. Assume 
the beam is laterally supported. 

Solution A. Flexure Equation (S = MIFb) 

a. The maximum moment equals w£2/8 = (0.5)(202)/8 = 25.0 k-ft 
(34 kN-m). 

b. Cb = 1.0 since interior moments are greater than both end 
moments. 

c. Assume a compact section. Then Fb = 0.66 Fy = 24 ksi (170 
MPa). 

d. Sx = M1Fb = 25.0(12)/24 = 12.5 in. 3 (204.8 cm3). 

e. From bottom of load Table 8.8, a W 12 x 14 (W 305 x 21) has 
a section modulus of Sx = 14.8 in.3 (242.5 cm3). It is the lightest 
section with adequate Sx' If adequately braced, all the sections 
in Table 8.8 are compact. Thus, a W 12 x 14 (W 305 x 21) is 
adequate and the lightest section if lateral bracing is provided 
every 3.5 ft (1.07 m). 

Solution B. Beam Loads, Table 8.8 

a. The total load equals 0.5(20) = 10 kip (44 kN). 
b. Directly from the beam load table, Table 8.8, a W 12 x 14 (W 

305 x 21) is the lightest section with an allowable load of 11 kip 
(49 kN). 

Solution C. Beam Allowable Moment Charts, Fig. 8.18 

a. Assume beam dead load of 20 lb/ft (290 N/m). 
b. Since adequately braced, Lb must be less than 3.5 ft (1.07 m). 
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Fig. 8.20. Example 8.9-Moment diagram. 

c. The required moment M = 25 + 0.02(20)2/8 = 26 k-ft (34 kN­
m). 

d. From the figure the smallest size is W 12 x 14 (W 305 x 21) 
with a moment capacity of 29.3 k-ft (40 kN-m). 

e. Note from the moment charts that if the beam were unbraced, 
Lb = 20 ft (6.10 m), and a W 8 x 24 (W 205 x 36) section is 
required. 

Example B.9. Laterally Braced and Unbraced Beam Design. A 
simply supported beam carries a uniformly distributed load of 1 k/ft 
(15 kN/m) over a span of 20 ft (6.10 m). What is the lightest weight 
A36 W10 or smaller section which will carry the loads if Lb = 0 ft (0 
m)? 10 ft (3.05 m)? 20 ft (6.10 m)? See Fig. 8.20. 

Solution 

a. The beam must carry the following moments: 

ML = wV/8 = (1)(20)2/8 = 50 k-ft (68 kN-m) 

b. If Lb = 0, assume a compact section with Fb = 0.66 Fy • 

i. The required section modulus, S = M1Fb = 50(12)124 = 
25 in.3 (409.7 cm3). 

11. From the bottom of the beam load tables, a W 10 x 25 (W 
254 x 37) is lightest with S = 26.5 in.3 (434.3 cm3). The 
section is compact if bracing provided at Lb = Lc = 6.1 ft 
(1.86 m). 

iii. Check the actual beam stresses for the section with the 
dead load included. The calculated stress, fb = (1 + 0.025) 
(20)2(12)/26.5 = 23.2 ksi (160 MPa) < 0.66 Fy • Therefore, 
the section is adequate. 

iv. An alternate solution is obtained directly from the load 
tables. Assuming a beam weight of 25 lb/ft (360 N/m), the 
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total load is 1.025 X 20 = 20.5 kip (91 kN). For a span of 
20 ft (6.10 m) a W 10 x 25 (W 254 x 37) is the best choice. 

c. If Lb = 10 ft (3.05 m), Cb = 1.00 (M1/M2 = 0 for both left and 
right sections, but the absolute value of internal moments be­
tween the ends of both braced sections is greater than one of 
the end moments). 
i. Enter Fig. 8-18 with Lb = 10 ft (3.06 m) and M = 50 k-ft 

(68 kN-m). Select a W 16 x 26 (W 406 x 38) with Lu = 5.6 
ft (1.70 m). 

d. If L = Lb = 20 ft (6.10 m), Cb = 1.0 since internal moments 
are greater than end moments. Using Fig. 8.18 with Lb = 20 
ft (6.10 m) and M = 50 k-ft (68 kN-m), select a W 10 x 33 (W 
254 x 49). 

8.9 COMBINED AXIAL COMPRESSION AND 
FLEXURAL STRESS-BEAM COLUMNS 

To determine the adequacy of a steel member subject to combined 
flexure and axial stress, the designer may use a form of the interaction 
equation. In conceptual form the equation is 

Actual axial stress Actual flexural stress 1 0 ---------------- + ~ 
Allowable axial stress Allowable flexural stress . 

(8.12) 

The AISC specification separates beam-columns into those for which 
fa/Fa is greater than or less than 0.15. When fa/Fa> 0.15 the moment 
magnification due to P-/l effects becomes critical and is included in the 
interaction equation. Iffa/Fa < 0.15 these effects are neglected and the 
beam-column must satisfy the stability requirement in 

fa + fbx + fby ~ 1.0 
Fa Fbx Fby 

(8.13) 

If fa/Fa> 0.15, the beam column must satisfy both the stability re­
quirement of Eq. (8.14) and the strength requirement of Eq. (8.15). 
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~ + fbx + fby ~ 1.0 
0.6}ry }rbx }rby 

(8.15) 

The definition of each term in the three equations is: fa, fbx, fby are the 
actual axial and bending stress levels; }ra, the allowable axial stress 
for pure compression based upon (KLlr)max; }rbx, }rby are the allowable 
flexure stresses about the x and y axis, respectively, for pure flexure 
with Cb = 1.0; }r;x, }r;y are Euler buckling stresses based upon the 
slenderness ratio about the axis of bending, 12'IT2EI[(23)(KLlr)~]; 
Cm = 0.85 for members in frames subject to sidesway or joint trans­
lation; Cm = 0.6 - 0.4M1/M2 ~ 0.4 for members in frames restrained 
from sidesway or joint translation and not subject to transverse loads 
between supports in the plane of bending; M1/M2 , the ratio ofthe smaller­
to-larger moments at ends of un braced sections, is positive for reverse 
curvature bending and negative for single curvature bending; Cm = 0.85 
for compression members with restrained ends in frames with trans­
verse loads between ends in the plane of bending, but braced against 
sidesway or joint translation; and Cm = 1.00 for compression members 
with unrestrained ends in frames with transverse loads between ends, 
but braced against sidesway or joint translation. 

To analyze an existing beam-column simply substitute the section 
properties and allowable stress values into the appropriate interaction 
equations to assure that the sum is less than 1.0. Design of beam­
columns is a more complex procedure since the allowable stress levels 
and section properties are unknown until the member is designed. A 
trial and error procedure, in which an initial estimate is based on either 
pure compression or pure flexure and then refined, is required. This 
procedure can become tedious and time consuming if the lightest ad­
equate section is desired. 

Beam-column design can be simplified considerably by using the 
column load tables and an equivalent load technique. The technique 
consists of transforming an axial load and bending moment into an 
equivalent axial load and selecting the section which can carry the 
equivalent load for the column effective length. The equivalent load 
method is approximate in many cases, so the final design should be 
checked by substitution into the correct interaction equations. 

The equivalent load method for bending about only one axis, say the 
ith axis, follows. Interaction equation (8.13) can be rewritten into the 
form 

P M· 
A}r + S ; . ~ 1.0 

a "bl-
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Multiplying by AFa yields 

A Fa 
P + S. Fb . Mi ::::; FaA = P equivalent , , 

Thus the equivalent axial load equals the axial load P plus an axial 
load P' or 

(8.16) 

where Bi = cross-section area/section modulus = AISi. 
Similarly, for bending about only the ith axis, interaction equations 

(8.14) and (8.15) can be transformed, respectively, into 

( Fa) ( ai ) 
Pequivalent = P + BiMiCmi Fbi ai - P(KL)2 (8.17) 

and 

I ( Fa ) (Fa) P + Pi = P 0.6Fy + BiMi Fbi (8.18) 

where KL is effective length in the plane of bending, in. (mm) and 

ai = 5.15EA,f, Ib-in2 (kN' m2) 

Tables 8.1 and 8.7 include values for most of the parameters. It is 
advisable to start with the simplest modified interaction equation (Eq. 
(8.16)) and a column a little larger than needed for axial load Fal 
Fbi = 1.0, and an average value for Bi. Then refine the solution until 
an economical section is found. 

Example 8-10. Beam-Column Design. A W- or M-shaped A36 steel 
column is to be selected for a pole building. The bottom end of the 
column is pinned; the top can translate, but not rotate. There is no 
lateral support between the ends of the column. The column is 10 ft 
(3.05 m) long and supports a 16-kip (71-kN) axial compressive load 
and a 5 kip-ft (6.8 kN-m) moment acting in the plane of the strong 
axis. Select the lightest adequate section. 

Solution 

a. For a rough estimate use Preq'd = P + BxMx (Fa/Fbi). Using an 
average value for Bi of 0.30 and FalFbx = 1.0 (see Tables 8.1, 8.7, 
and 8.8 for section properties), 
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Preq'd = 16 + 0.3(5 X 12)(1.0) = 34.0 kip (151 kN) 

Since the effective length is the same in both planes 
(KL)x = (KL)y = 2.0(10) = 20 ft (6.10 m) and weak axis buck­
ling controls. Entering Table 8.1 with KL = 20 ft (6.10 m) and 
Preq'd = 34.0 kip (151 kN), a W 6 x 20 (W 152 x 30) is the light­
est section. 

b. Check the W 6 x 20 (W 152 x 30) by substituting into the in­
teraction equations. Since (KLlr)y = (20 x 12)/1.51 = 158.9, 
Fa = 5.92 ksi (41 MPa) (from Table 8.5), and the ratio falFa = 

(16/5.88)/5.92 = 0.46 > 0.15. Thus Eqs. (8.17) and (8.18) must 
be checked. 

and 

( 5.92) = 16 + 0.439(5 . 12)(0.85) 22.0 

( 6.20 x 106 ) 

6.20 X 106 - 16(20 . 12)2 

= 23.05 kip (102 kN) 

Preq'd = PCFaI0.6Fy) + BxMx CFalFbx) 

= 16(5.92/22) + 0.439(5 x 12)(5.92/22) 

= 11.39 kip (51 kN) 

Since Preq'd < Ptabulated, a W 6 x 20 is adequate. 
c. Check for possibility of a lighter section. From Table 8.1, a W 

6 x 15.5 (W 152 x 23) has an allowable load of 25 k (111 kN) 
and section properties similar to the W 6 x 20 (W 152 x 30). It 
is the only other lighter candidate and will be checked. For this 
section, (KLlr)y = 240/1.46 = 164.4. From Table 8.5, Fa = 5.53 
ksi (38 MPa) and from Fig. 8.18, Fb = 22 ksi (150 MPa). Sub­
stituting the strength and section properties into Eq. (8.17) 
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( 5.53) = 16 + 0.456(5 X 12)(0.85) 22 

( 4.49 X 106 ) 

4.49 X 106 - 16(240)2 

= 16 + 7.36 = 23.36 kip (104 kN) 

Substituting the section properties into Eq. (8.18), 

Preq'd = P{FaI0 .6Fy) + BxMx{FaIFbx) 

= 16(5.53/22) + 0.456(5 X 12)(5.53/22) 

= 10.90 kip (48 kN) 

Since the required load is less than the tabulated load the new 
section appears adequate. However, since the equivalent load 
equations are approximate, the section will be checked by direct 
substitution into Eqs. (8.14) and (8.15). 

fa fbxCmx ~ 100 
F + F (1 - I! IF' ) ~ . 

a bx fa ex 

3.51 (5 X 12/10)(0.85) :::; 1 00 
5.53 + 22(1 - 3.51113.79) . 

0.63 + 0.31 = 0.94 < 1.00 

and 

~ + fbx :::; 1.0 
0.6Fy Fbx 

3.51 (5 X 12)/10 = 043 < 1 00 
22 + 22 . . 

Since the left sides of both interaction equations are less than 
1.0 and since the first interaction equation yields a value near 
1.0, the design solution checks. 
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~IL ~ _ 
_ , ':F ....... """""" 

_/.------"'=::0; Ct f.l. F = Friction Force 
)1-_ --===r.!._ F -..l F=ClampinQ Force 

SlP-
Fig. 8.21. Friction-type bolted connection in double shear. Reproduced with 
permission from Steel Construction Manual, 8th ed., 1980, AISC, Chicago, IL. 

8.10 BOLTED CONNECTIONS* 

There are two primary classes of bolted connections-friction type and 
bearing type. The main difference between the two is the factor of 
safety with respect to slip. The friction type, having a higher factor of 
safety against slip, has higher fatigue life and is recommended when 
cyclical loading is encountered. 

The friction-type connection is clamped together with sufficient ten­
sile force that the connected parts cannot move relative to one another. 
That is, the friction between the connected parts is great enough to 
carry the design loads. Bearing failure of the connected parts is not a 
concern in the friction-type connection. Only an "apparent" shear stress 
of the bolt is considered in design of the connector. If the "apparent" 
shear stress is exceeded, the connected parts will slip and the connec­
tion is assumed to have failed. High strength bolts, such as A325, A490, 
or A449 with hardened washers and A325 nuts, must be used iffriction­
type connectors are to be adequately clamped. Figure 8.21 illustrates 
how loads are transferred in a friction-type connector. 

Bearing-type connections are not clamped sufficiently to prevent slip­
page between the connected members. Since these connections are al­
lowed to slip, the modes of failure are by excessive shear stresses in 
the bolt and excessive bearing stresses in the connected parts. Figure 
8.22 illustrates how loads are transferred in bearing-type connectors. 

Allowable stresses in both shear and tension are given in Table 8.10 
in kip per square inch of nominal bolt area for both friction- and bear­
ing-type connections. Note that allowable stresses are given for con­
nectors when threads are included in the shear plane and when threads 

*The student is referred to Chapter 7 on Fundamentals of Structural Connections for 
a general discussion of load transfer in and analysis of structural joints. 
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-

Fig. 8.22. Bearing-type bolted connection in double shear. Reproduced with 
permission from Steel Construction Manual, 8th ed., 1980, AISC, Chicago, IL. 

are not included in the shear plane. There are no differences in the 
allowable shear stresses for friction-type connectors with and without 
threads in the shear plane because they do not fail by bolt shear. 

The allowable bearing stress on the projected area of bolts in bearing­
type connections is 1.5F uo where F u is the specified minimum tensile 
strength of the connected part. Bearing stress is not restricted in fric­
tion-type connectors. 

In any bolted connection the net area of the connected parts must 
be sufficient to assure that ft = PlAnet ~ 0.45 F y • 

To develop the allowable stresses in Table 8.10, bolts must be placed 
and spaced properly. The required center-to-center distance between 
bolts is the larger of 2 i times the nominal bolt diameter or 2PI(F ut) + d/ 
2, where P is force transmitted to one connector; F uo specified minimum 
tensile stress of the critical connected part; t, thickness of the critical 
connected part; and d, nominal bolt diameter. Edge distances must be 

Table 8.10. A"owable Stresses for Bolts (In ksl). 

Bolt Type by ASTM 
Designation 

A325, threads in 
the shear plane 
A325, threads not 
in the shear plane 
A490, threads in 
the shear plane 
A490, threads not 
in the shear plane 

Allowable Tension 
(Ft ) 

44.0 

44.0 

54.0 

54.0 

Allowable Shear (F v) 

Friction Type" 
(ksi) 

17.5 

17.5 

22.0 

22.0 

Bearing Type 
(ksi) 

21.0 

30.0 

28.0 

40.0 

Reproduced with permission from Steel Construction Manual, 8th ed. 1980. AISC, Chi­
cago IL. 
aAssumes a standard size hole. Hole diameter tolerances of +-h in. (1.6 mm). 
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Table 8.11. Minimum Edge Distances· for Bolts (in.). 

Nominal Bolt 
Diameter (in.) At Sheared Edges At Rolled or Gas-Cut Edges At Sheared Edges 

1/2 
% 
3/4 

7/8 

1 
11/8 
P/4 

over 11/4 

718 

11/8 
11/4 
11/2 
13/4 

2 
21/4 

1% x diam. 

% 
7fs 
1 

11/8 
11/4 
11/2 
1% 

11/4 x diam. 

7/8 
11/8 
11/4 
11/2 
13/4 

2 
21/4 

1% x diam. 

Reproduced with permission from Steel Construction Manual, 8th ed. 1980. AISC, Chi­
cago,IL. 
aDistance between center of hole and edge of connected part. 

greater than the values in Table 8.11. Also, along a line of transmitted 
force, and in the direction of the force, the distance between the center 
of the hole and the edge of the connected part must be greater than 
2P/(F ut); and the distance between the edge and bolt hole center line 
is not to exceed the smaller of 6 in. (152 mm) or 12 times the thickness 
of the connected parts. 

0.11 WELDED CONNECTIONS 

8.11.1 General 

The basic types of structural welds are illustrated in Fig. 8.23. The 
strength of each weld depends upon the allowable stress, the effective 
thickness, and the length of the weld. 

0.11.2 Allowable Stresses in Welds 

The allowable stresses for groove, fillet, plug, and slot welds are given 
in Table 8.12 for a variety of loading conditions and base materials. 
Allowable base metal strengths are the allowable tensile or compres­
sive stresses defined in prior sections of this chapter. Tensile, strengths 
of the weld materials are 60, 70, 80, 90, 100, and 110 ksi (410, 480, 
550, 620, 690, and 760 MPa) and depend upon the electrode used. A 
typical electrode designation is E60XX and indicates the weld metal 
has a nominal tensile strength of 60 ksi (410 MPa). 

8.11.3 Effective Weld Areas 

The effective areas of welds depend upon the type weld. This section 
defines, in accordance with the AISC specifications, the effective areas 
for several weld types. 
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I 1 I I 
~) I )~ 

a. COMPLETE PENETRATION 
DOUBLE GROOVE WELD -a 1/2 ----'1 

""~ = i 
_ C::' =,====r==:::l! -

c. LONGITUDINAL 
FILLET WELD 

! I 
-==:!:=.~::;:==::::ll __ -c: 

e. PLUG WELD 

~ 

I 
b. PARTIAL PENETRATION 

SINGLE GROOVE WELD 

d. TRANSVERSE FI LLET WELD 

f. SLOT WELD 

Fig. 8.23. Principal types of structural welds (l = total weld length). 

The effective area of groove and fillet welds shall be considered as 
the effective length of the weld times the effective throat thickness. 
The effective throat thickness of a fully penetrating groove weld is the 
thickness of the thinnest part joined. The effective throat thickness of 
a partially penetrating groove weld is given in Table 8.13. The effective 
throat thickness of a fillet weld is usually the shortest distance from 
the root of the weld to the face. This is illustrated in Fig. 7.4. The 
effective area of fillet welds in holes and slots shall be computed using 
for effective length, the length of center line of the weld through the 
center of the plane through the throat. However, in the case of over­
lapping fillets, the effective area shall not exceed the nominal cross­
sectional area of the hole or slot in the plane ofthe faying surface; i.e., 
the nominal area of the shearing surface. The effective length of a 
groove weld is the width of the parts jointed. The effective length of a 
fillet weld is the overall length of the weld including returns (see Fig. 
8.23). The effective area of plug and slot welds is simply the nominal 
cross-sectional area of the hole or slot. 

8.11.4 Size Limitations 

Section 1.17 ofthe AISC specification imposes several size and spacing 
limitations for welds. They are as follows: 
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Table 8.12. Allowable Stress on Welds. 

Type of Weld and Stress Allowable Stress 

Complete-Penetration Groove Welds 
Tension normal to Same as base metal 

effective area 
Compression normal to Same as base metal 

effective area 
Tension or compression Same as base metal 

parallel to axis of weld 

Shear on effective area 0.30 x nominal tensile 
strength of weld 
metal (ksi), except 
shear stress on base 
metal shall not 
exceed 0.40 x yield 
stress of base metal 

Partial-Penetration Groove Welds 
Compression normal to Same as base metal 

effective area 
Tension or compression 

parallel to axis of weldb 

Shear parallel to axis 
of weld 

Tension normal to 
effective area 

Fillet Welds 
Shear on effective area 

Tension or compression 
parallel to axis of weldb 

Plug and Slot Welds 
Shear parallel to faying 

surfaces (on effective 
area) 

Same as base metal 

0.30 x nominal tensile 
strength of weld 
metal (ksi), except 
shear stress on base 
metal shall not 
exceed 0.40 x yield 
stress of base metal 

0.30 x nominal tensile 
strength of weld 
metal (ksi), except 
tensile stress on base 
metal shall not 
exceed 0.60 x yield 
stress of base metal 

0.30 x nominal tensile 
strength of weld 
metal (ksi), except 
shear stress on base 
metal shall not 
exceed 0.40 x yield 
stress of base metal 

Same as base metal 

0.30 x nominal tensile 
strength of weld 
metal (ksi), except 
shear stress on base 
metal shall not 
exceed 0.40 x yield 
stress of base metal 

8.11 Welded Connections 267 

Required Weld 
Strength Levela 

"Matching" weld metal 
must be used 

Weld metal with a strength 
level equal to or less 
than "matching" weld 
metal may be used 

Weld metal with a strength 
level equal to or less 
than "matching" weld 
metal may be used 

Weld metal with a strength 
level equal to or less 
than "matching" weld 
metal may be used 

Weld metal with a strength 
level equal to or less 
than "matching" weld 
metal may be used 

Reproduced with permission from Steel Construction Manual, 8th ed. 1980. AISC, Chi­
cago,IL. 
°Weld metal one strength level stronger than "matching" weld metal will be permitted. 
bFillet welds and partial-penetration groove welds joining the component elements of 
built-up members, such as flange-to-web connections, may be designed without regard 
to the tensile or compressive stress in these elements parallel to the axis of the welds. 
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Table 8.13. Effective Throat Thickness of Partial-Penetration Groove Welds. 

Included Angle Effective Throat 
Welding Process Welding Position at Root of Groove Thickness 

Shielded metal arc 
<600 but ;;,,450 Depth of chamfer 

or submerged arc All minus A-inch 
;;,,600 Depth of chamfer 

All ;;,,600 Depth of chamfer 
Gas metal arc or Horizontal or flat <600 but ;;,,450 Depth of chamfer 

flux cored arc Vertical or overhead <600 but ;;,,450 Depth of chamfer 
minus k-inch 

Electrogas All ;;,,600 Depth of chamfer 

Reproduced with permission from Steel Construction Manual, 8th ed. 1980. AISC, Chi­
cago,IL. 

1. Fillet and partially penetrating groove welds should conform to 
minimum sizes listed in Table 8.14. 

2. The maximum effective size fillet weld for along edges of material 
! in. (7 mm) thick, or less, is the thickness of the material. 

3. The maximum effective size for materials thicker than! in. (7 
mm) is 1/16 in. (2 mm) less than the material thickness. 

4. The minimum effective length of a fillet weld designed on the 
basis of strength shall not be less than four times the nominal 
weld size to develop its full strength. Shorter welds shall have 
a nominal size equal to one fourth their length. 

5. If longitudinal fillet welds are used along in end connections of 
flat bar tension members, the length of each fillet shall not be 
less than the perpendicular distance between them. The trans­
verse distance between such welds shall not exceed 8 in. (203 
mm). 

6. The minimum amount of lap on lap joints shall be five times the 
thickness of the thinner part but not less than 1 in. (25 mm). 

7. Side or end fillet welds terminating at ends or sides, respectively, 
of parts or members shall, wherever practical, be returned con-

Table 8.14. Minimum Size Fillet and Partial-Penetration Groove Welds. 

Material Thickness 
of Thicker Part 

Joined (in.) 

To 1/4 inclusive 
Over 1/4 to 1/2 
Over 1/2 to 3/4 
Over 3/4 to P/2 

Minimum Size of 
Fillet or Partial­

Penetration Groove 
Weld (in.) 

Material Thickness 
of Thicker Part 

Joined (in.) 

Over 11/2 to 21/4 
Over 21/4 to 6 
Over 6 

Minimum Size of 
Fillet or Partial­

Penetration Groove 
Welds (in.) 

Reproduced with permission from Steel Construction Manual, 8th ed. 1980. AISC, Chi­
cago,IL. 
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~-.. P 

7/16 in (1lmm) Plate 
(A-36 Steel) 

Fig. 8.24. Example 8.11. 

tinuously around the corners for a distance not less than twice 
the nominal weld size. 

S. The diameter of the holes for a plug weld shall be not less than 
the thickness ofthe part containing it plus 5/16 in. (S mm), rounded 
to the next greater odd 1/16 in (2 mm), nor greater than 21/4 times 
the thickness of the weld metal. 

9. The minimum center-to-center spacing of plug welds shall be 
four times the diameter of the hole. 

10. The length of slot for a slot weld shall not exceed ten times the 
thickness of the weld. The width of the slot shall be not less than 
the thickness ofthe part containing it, plus 5/16 in. (S mm), rounded 
to the next greater odd 1/16 in. (2 mm), nor shall it be greater 
than 21/4 times the thickness of the weld. The ends of the slot 
shall be semicircular or shall have the corners rounded to a 
radius not less than the thickness of the part containing it, except 
those ends that extend to the edge of the part. 

11. The minimum spacing of lines of slot welds in a direction trans­
verse to their length shall be four times the width of the slot. 
The minimum center-to-center spacing in a longitudinal direc­
tion on any line shall be two times the length of the slot. 

12. The thickness of plug or slot welds in material 5fs in. (16 mm) 
or less in thickness shall be equal to the thickness ofthe material. 
In material over 5fs in. (16 mm) in thickness, it shall be at least 
one half the thickness of the material but not less than 5fs in. 
(16 mm). 

Example B.11. Bolted Connection. The connection shown in Fig. 
S.24 carries a centric load P in single shear. If the bolts are A-325 in 
a bearing-type connection with threads excluded from the shearing 
plane, evaluate the allowable load P which can be carried. 



www.manaraa.com

270 Structural Steel Design 

I---+-"'--I~ P 

Fig. 8.25. Example 8.11 solution. 

Solution 

I in 
(25mm) 

a. Assume the center of rotation and center of gravity of the bolt 
group coincide. Setting the origin of the reference axis at bolt 1, 
the center of gravity of the connector group can be determined 
by the first moment of the bolt areas as follows: 

(AI + A2 + A 3 ) x = AI(O) + A 2(3) + A 3(6) 

1.43x = 0.79(3) + 0.20(6) 

x = 2.50 in. (64 mm) 

1.4331 = AI(O) + 0.79(8) + 0.20(4) 

31 = 4.98 in. (126 mm) = 5 in. (127 mm) 

b. The load P can now be replaced by a load P, acting through the 
center of gravity and a couple Pe (Fig. 8.25). 

c. Referring to Fig. 8.25 the resultant load carried by each bolt is 

where Psi = PA/'ZAi = the shear force in connector i due to the 
load P and P mi = Ai(Pe)r/~(Air7) = (Pe)Air/'ZA;(x~ + y~) is the 
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shear force in connector i due to the moment Pe. The student is 
referred to the chapter on connectors (Chapter 7) for analysis 
details. 

d. The connector group properties are evaluated with the following 
table: 

x' :t 
A (x-X) (y-y) (X')2 (y')2 (X')2 + (y')2 Ar~ 

Bolt (in.2) (in.) (in.) (in.2) (in.2) (in.2) (in.3) 

1 
2 
3 

0.44 -2.5 -5 6.25 25 31.25 13.25 
0.79 +0.5 +3 0.25 9 9.25 7.31 
0.20 +3.5 -1 12.25 1 13.25 2.45 

I(A;r7) = 23.51 in.3 

(385.3 cm3) 

e. Bolt 1 is most distant from the center of gravity; however, bolt 
3 has a smaller area than bolt 1, and bolt 2 obviously carries the 
greater shear due toP only. Thus anyone ofthe bolts may control 
the allowable connector group load. In bolt 1 

PsI =P(0.44)/1.43 = 0.31P 

P = P(1)(0.44)(31.25)l-'l= 0 lOP 
ml 23.51 . 

Rl = Y(Pmlsin ( 1)2 + (Pm1cos 61 + Psl)2 

where 

61 = tan-1 (x:lyD = tan-1 ( - 2.51 - 5.0) = 26.60 

Rl = Y(O.10 X 0.45)2 + (0.10 x 0.89 + 0.31)2p 

Rl = 0.40P 
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The resultant loads in connector 3 are 

Ps3 = P(0.20)/1.43 = 0.14P 

P = P(1)(0.2)(13.25)lh= 0 03P 
m3 23.51 . 

R3 = Y(Pm3 sin 63)2 + (Pm3 cos 63 + Ps3 )2 

63 = tan-1[3.5/( -1)] = -740 

R3 = Y(O.03 x 0.96)2 + (0.03 x 0.28 + 0.14)2P 

= 0.15P 

The resultant loads in connector 2 are 

Ps2 = P(0.79)/1.43 = 0.55P 

Pm2 = P(1)(0.79)(9.25)1;2/23.51 = 0.10P 

62 = tan-1[0.5/3] = 9.50 

R2 = Y(0.10 x 0.17)2 + (0.1 x 0.99 + 0.55)2P 

= O.65P 

f. Allowable connector load based on bolt shear from Table 8.10. 
The allowable resultant shear for bolt 1 is (R1)all = 30 ksi 
(0.44) = 13.2 k (59 kN). Thus, the allowable load, P, for bolt 1 
equals 13.2/0.4 = 33 k (147 kN). 

The allowable resultant shear load for bolt 3 is (R 3)all = 
30(0.20) = 6 k (27 kN) and the allowable load, P, for bolt 3 equals 
6/0.15 = 40 k (178 kN). 

The allowable load for bolt 2 is (R2)all = 30(0.79) = 23.7 k (105 
kN) and the allowable load, P, for bolt 2 equals 23.7/0.65 = 36.5 
k (162 kN). Thus, based on bolt shear, the allowable connector 
load equals 33 k (147 kN). 

g. The bearing stress on the connector plate must also be checked 
in the bearing-type connector. The allowable bearing stress is 
Fbrg = 1.5Fy = 1.5(36) = 54 ksi (370 MPa). The bearing stress 
at bolt 1 when P = 33 k (147 kN) is 

F R3 13.2 . 
brg = Dlt = 0.44 x 0.75 = 40.0 kSl (280 MPa) < F brg 
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A=IOin(254mm) 

B= 5 in(l27mm) 

Fig. 8.26. Example 8.12. 

The bearing stress at bolt 2 when P = 33 k (147 kN) is 

R2 0.65 x 33 . 
fbrg = (D2xt) = 1.0 x 0.44 = 48.8 kSl (340 MPa) < Fbrg 

The bearing stress at bolt 3 when P = 33 k (147 kN) is 

R3 0.15 x 33 . 
fbrg = (D3xt) = 0.5 x 0.44 = 22.5 kSl (150 MPa) < F brg 

Thus the shear in bolt 1 is the controlling factor for the connector 
and Pall = 33 kip (147 kN). 

Example B.12. Welded Connections. A bracket is welded to a 
structural member with a 1/4 in. (7 mm) fillet weld with E70 electrodes. 
If the bracket is made of A36 steel and if the load is applied as shown 
in Fig. 8.26, evaluate the allowable load P. 

Solution 

a. Since the weld is subjected to shear, the allowable stress T 

from Table 10.12 is the smaller of 0.3(70) = 21 ksi (140 MPa) in 
the weld material or 0.4(36) = 14.4 ksi (100 MPa) on the base 
metal. 

b. Effective throat dimension te of the weld = 0.707(0.25) = 0.18 
in. (4.5 mm). 

c. Locate the center of gravity of the weld group, with At = effec-
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y 

k--e ----..t 

Fig. 8.27. Solution c to example 8.12. 

tive weld area = te x '2.Li• where '2.Li = length of the weld 
(Fig. 8.27). 

y = 0 

Atx = 2A IxI + 2A~2 + 2AaX3 + A~4 

(45te)x = (20te)(5) + (lOte)(2.5) + (5te)(5) 

x = 3.33 in. (85 mm) 

d. The applied load can be transformed to an equivalent load P 
acting through the center of gravity and a counterclockwise cou­
ple equal to Pe (Fig. 8.28). 

p 

Fig. 8.28. Solution to Example 8.12 (part d). 
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e. The allowable load per inch of weld, or the shear flow, 

qaJl = (T)(AefT) = 21(te x 1) = 3.78 k/in. (660 kN/m) 

for the weld material and 

qaJl = (T)(A) = 14.4(t x 1) = 14.4(0.25 x 1) 

= 3.60 klin. (630 kN/m) 

for the base material. 
f. The shear stress due to the shear load P is equal to PlAt = PI 

(teLLi) and the subsequent shear flow qp equals qp = (PI 
At)(te x 1) = Pri,L i• Thus qp = PI45 = 0.022P. 

g. The shear stress due to Mis Tm = Mr/Je (see Chapter 7 on con­
nectors for details ofthis analysis) and the subsequent shear flow 
at any point is qm = (Tm)(te X 1) = Mr/Je (0.707t). From the sketch 
it is apparent that points 1 and 2 are the most distant from the 
center of gravity and are the critical points. At point 1 

Je = L(lxi + Iyi) = Ix + Iy , where i represents the ith element 
of the weld group. 

Ix = 2(A1dn + 2(12 + A2~) + 2(A3cPa) + 14 

= 2(10 x 0.707t x 7.52) + 2[(1/d(0.707t)(5)3 

+ 5(0.707t)(5)2] + 2(5 x 0.707t)(2.5)2 

+ 1/dO.707t)(5)3 

= 1468(0.707t) 

Iy = 2(11 + A1d~) + 2A2d~ + 2(13 + A3d§) + A4di 

= 2[1/dO.707t)(103) + 10(0.707t)(1.67)2] 

+ 2(0.707t)(5)(3.33)2 + 2 [l/dO.707t)(5)3 

+ (0.707t)(0.83)2] + (0.707t)(5)(1.67)2 

= 369(0.707t) 
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and 

Je = 1837(O.707t) = 330.7 in4 (5419.2 cm4) 

Thus, upon substituting values 

h. Resolving qm1 into x and y components and evaluating the re­
sultant shear flow, q1 

1 Y1 1 7.5 61 = tan- - = tan- - = 48.3° 
Xl 6.67 

(qm1)x = 0.091P(sin 48.3) = 0.068 P, 

(qml)y = 0.019P(cos 48.3) = 0.060P 

q1 = Y(qm1)~ + [(qm1)y + qp]2 

= Y(0.068P? + [(0.060P + O.022P)]2 

= 0.106P 

i. Since q1 = qmax and qmax must be less than qalb 

q1 = 0.106P :::;; qall = 3.60 k/in. (630 kN/m) 

Thus Pall = 34 k (150 kN). 

PROBLEMS 

8.1. Determine the allowable compressive load for a 20 ft (6.10 m) 
long M 6 x 20 (M 152 x 30) A36 steel column pinned at both 
ends with respect to bending about both the weak and strong 
axes. 

8.2. Repeat Problem 8.1 if both ends are fixed with respect to each 
axis. 
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8.3. Repeat Problem 8.1 if both ends are fixed with respect to weak 
axis bending. 

8.4. Repeat Problem 8.3 if the column is braced laterally with respect 
to the strong axis at midlength. 

8.5. Select the lightest A36 W or M steel section to carry a 
kN) centric compressive load if the column is 16 ft 
(4.88 m) long and ifthe ends are both fixed with respect to both 
axes. 

8.6. Repeat Problem 8.5 if the ends are both fixed with respect to 
the weak axis. 

8.7. Determine the lightest A36 steel W section to carry a uniformly 
distributed flexural load of 2 k/ft over an unbraced span of (a) 
6 ft (1.83 m); (b) 8 ft (2.44 m); (c) 12 ft (3.66 m); (d) 16 ft (4.88 
m); (e) 20 ft (6.10 m); (f) 24 ft (7.32 m). 

8.8. Determine the allowable flexural stress for a W 8 x 15 (W 
203 x 22), A36 steel beam ifit carries a load of 1 k/ft (14.6 kNI 
m) over an unbraced simply supported span of (a) 4 ft (1.22 m); 
(b) 5 ft (1.52 m); (c) 7 ft (2.13 m); (d) 10 ft (3.05 m); (e) 15 ft 
(4.57 m). 

8.9. Repeat Problem 8.8 if the A36 steel is replaced with steel with 
a yield stress of 50 ksi (340 MPa). 

8.10. Select the lightest A36 steel W section to carry five equally 
spaced truss reactive forces of 1240 lb (55.2 kN) over a simply 
supported span of 24 ft (7.32 m) if the beam is unbraced over 
its entire span. Repeat the problem if the beam is braced every 
4 ft (1.22 m) at eaeh truss reactive point. 

8.11. Prove that Eq. (8.14) can be transformed into Eq. (8.17) for 
flexure about one axis. 

8.12. Prove that Eq. (8.15) can be transformed into Eq. (8.18) for 
flexure about one axis. 

8.13. Develop the form of Eqs. (8.16), (8.17), and (8.18) for flexure 
about both the x and y axes. 

8.14. Repeat Example 8.10 if the bottom of the pole is fixed. 
8.15. Repeat Example 8.10 if the column is 15 ft (4.57 m) long. 
8.16. Repeat Example 8.10 if the axial load equals 25 kip (111 kN) 

and the moment equals 8 k-ft (10.8 kN-m). 
8.17. Determine the moment capacity M of the connector groups shown 

in Figure 8.29 if P = o. 
8.18. Determine the load capacity of the connector groups shown in 

Figure 8.29 if M = o. 
8.19. Determine the allowable loadP of the connector group in Figure 

8.29 if P = 50 k (222 kN). 
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I- 6in _I 

U52mnin 

~M 
P 

1/4 in (6.5mm) 
Fillet Weld 
E60XXX Electrode 

1/4 in(6.5 mm) 
A36 Plate 

Fig. 8.29. Problems 8.17-8.19. 

8.20. Determine the moment capacity of the single shear bearing­
type connector group in Fig. 8.30 if the dimension is A = 6 in. 
(152 mm), the connectors are i-in. (13 mm) diameter A325 bolts 
with threads excluded from the shear plane, and the connected 
parts are tin. (6.5 mm) thick. 

Fig. 8.30. Problems 8.20-8.21. 

8.21. Repeat Problem 8.20 for a friction-type connector group. 
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NOMENCLATURE FOR CHAPTER 8 

A Gross cross-sectional area of a load carrying member, in.2 

(mm2) 

Anet Net cross-sectional area of a member after removal of area 
for holes, etc., in.2 (mm2) 

Aw Area of girder web, in.2 (mm2) 

Cb Bending coefficient dependent upon moment gradient; equal 
to 1.75 + 1.05(M1IM2) + 0.3(M1IM2)2 

Cc Column slenderness ratio dividing elastic and inelastic 
buckling; equal to ('Tr2EIFy)1h. 

Cm Coefficient applied to bending term in interaction formula 
and dependent upon column curvature caused by applied 
moments 

D Diameter of a circular tube section, in. (mm) 
E Modulus of elasticity of steel, 29,000 ksi (200 GPa) 
Fa Axial stress permitted in the absence of bending moment, 

ksi (MPa) 
F as Axial compressive stress, permitted in the absence of 

bending moment, for bracing and other secondary members, 
ksi (MPa) 

F b Bending stress permitted in the absence of axial force, ksi 
(MPa) 

F; Euler stress for a prismatic member divided by factor of 
safety; (12'Tr2E)/[23(KLlr)~], ksi (MPa) 

F t Allowable tensile stress, ksi (MPa) 
F v Allowable shear stress, ksi (MPa) 
Fy Specified minimum yield stress of the type of steel being used 

(kip per square inch). In this chapter, "yield stress" 
denotes either the specified minimum yield point (for those 
steels that have a yield point) or specified minimum 
yield strength (for those steels that do not have a 
yield point), ksi (MPa) 

F; Theoretical yield stress above which the section is not compact 
due to flange buckling, ksi (MPa) 

F; Theoretical yield stress above which the section is not 
compact due to web crippling, ksi (MPa) 

F~ Theoretical yield stress above which the section is not 
compact under combined axial and flexural loading, ksi 
(MPa) 

I Second moment of the area of a cross section 
K Effective length factor for columns 
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L Beam span length, ft (m); column actual unbraced length, ft 
(m) 

Lb For beams, the distance between cross sections braced 
against twist or lateral displacement of the compression 
flange, ft (m); for columns or beam columns, the unbraced 
length in the plane of bending, ft (m) 

Lc The allowable unbraced length of the compression flange of 
a beam for which the plastic moment is reached before the 
section buckles laterally, ft (m) 

Lu The allowable unbraced length of the compression flange of 
a beam for which the elastic moment is reached before the 
section buckles laterally, ft (m) 

M Moment, k-ft (N-m) 
Mall Allowable moment of a section, k-ft (N-m) 
Ml Smaller moment at end of unbraced length of beam-column, 

k-ft (N-m) 
M2 Larger moment at end of unbraced length of beam-column, 

k-ft (N-m) 
MD Moment produced by dead load, k-ft (N-m) 
ML Moment produced by live load, k-ft (N-m) 
Mp Plastic moment, k-ft (N-m) 
N Length of bearing of applied load, in. (mm) 
P Applied concentrated load, k (N) 
R Reaction or concentrated transverse load applied to beam or 

girder, k (N) 
S Section modulus of a cross section, in.3 (cm3) 

b Actual width of stiffened and unstiffened compression 
elements, in. (mm) 

be Effective width of stiffened compression element, in. (mm) 
bf Flange width of rolled beam or plate girder, in. (mm) 
c Distance from neutral axis to extreme fiber of beam, in. 

(mm) 
d Depth of beam or girder, in. (mm) 
de Column web depth clear of fillets, in. (mm) 
fa Computed axial stress, ksi (MPa) 
it Computed tensile stress, ksi (MPa) 
fv Computed shear stress, ksi (MPa) 
g Transverse spacing between fastener gauge lines, in. (mm) 
r Governing radius of gyration, in. (mm) 
rb Radius of gyration about axis of concurrent bending in 

beam-columns, in. (mm) 
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rt Radius of gyration of a section comprising the compression 
flange plus one third of the compression web area taken 
about an axis in the plane of the web, in. (mm) 

ry Radius of gyration about the weak (y) axis, in. (mm) 
s Spacing (pitch) between successive holes in line of stress, in. 

(mm) 
t Girder, beam, or column web thickness, in. (mm) 
tf Flange thickness, in. (mm) 
tw Web thickness, in. (mm) 
x Subscript relating symbol to strong axis bending 
y Subscript relating symbol to weak axis bending 
v Poisson's ratio, may be taken as 0.3 for steel 
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9 

Cold-Formed Steel Design 

9.1 INTRODUCTION 

9.1.1 General 

The applications of light gauge cold-formed steel in agricultural and 
other light structures, equipment, and machinery are probably more 
numerous and varied than those of hot-rolled steel. Cold-formed sec­
tions find use as purlins, wall studs, siding, roofing, grain bin walls, 
components of feeding and watering equipment, components of live­
stock housing equipment (such as cage laying systems, coverings, and 
panels), and light secondary framing for machinery. Cold-formed steel 
is an economical material choice where loads are light to moderate and 
where structural strength is required along with a unique shape which 
can be fabricated by a press brake or cold-forming process. 

Cold-formed steel design procedures are similar to the working strength 
methods for hot-rolled steel design. Elastic behavior of the material is 
assumed; e.g., bending stresses are assumed to be equal to MIS and 
then the allowable stress F b is reduced accordingly to compensate for 
discrepancies between actual and assumed behavior and to simplify 
some complex and tedious theoretical procedures. 

9.1.2 List of Symbols 

The symbols used throughout the chapter are defined in the list at the 
end of the chapter. In dimensional equations, the customary English 
units should be used. In dimensionless equations, either the customary 

283 
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or SI units may be used. In specification equations which are dimen­
sional, only the customary units will be given. The final result, of 
course, may then be converted to SI units. When allowable stress equa­
tions or limiting values of parameters such as wit are evaluated, it is 
suggested that customary units always be used. In numerous places 
in the chapter a stress term appears under the radical; e.g., v'ii';" 
vF, V{. Whenever this form appears the units of stress are ksi. 

9.2 DIFFERENCES BETWEEN COLD-FORMED AND 
HOT -ROLLED STEEL 

9.2.1 Element Thickness 

The primary difference between the two types of steel sections is the 
thickness of the elements. Cold-formed sections may have element 
thickness as great as 1 in. (25.4 mm). Typical sections, however, are 
fabricated from sheet stock less than A in. (3.2 mm) thick. Local buck­
ling of the thin elements, at stresses below the elastic strength of the 
element, is a common mode of failure. The cold-formed steel specifi­
cation considers and accounts for allowable stress reductions due to 
local buckling by reducing allowable stresses in UCEs (unstiffened 
compression elements) and reducing effective element widths of SCEs 
(stiffened compression elements). These procedures will be discussed 
herein. 

In hot-rolled steel many sections are able to reach plastic moments 
before buckling locally. In cold-formed shapes most sections are un­
serviceable long before developing the plastic moment. Thus, the cold­
formed specification has no provisions for plastic design. 

Many light-gauge cold-formed members are also open, nonsymmetric 
shapes. These shapes, especially when made of thin elements, have a 
low torsional rigidity. Thus, they can fail by buckling torsionally or 
by flexural-torsional buckling at stresses below the yield stress. That 
is, they can fail by suddenly twisting about the shear center of the 
section either before flexural buckling or simultaneously with flexural 
buckling. 

Thin, cold-formed sections can fail in any of the following modes: 
yielding, flexural buckling (gross), local buckling of elements, lateral­
torsional buckling, torsional buckling, or flexural-torsional buckling. 
The designer must establish the mode offailure which commences first 
along with the associated stress level. 
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9.2.2 Section Geometry 

Since cold-formed sections are often fabricated by press brake pro­
cesses, a wide variety of section shapes are possible. Actually, the only 
limitations on section shapes are the needs and imagination of the 
designer. This is in contrast to the limited number of standard sections, 
such as wide flange, channel, angle, and flat, available in hot-rolled 
steel. Figure 9.1 illustrates a few cold-formed shapes. Probably the 
sections which are most common among standard shapes are the chan­
nel, hat, Z, and angle. Properties of some of the standard shapes are 
given in Tables 9.1 to 9.9. The section properties of the many non­
standard cold-formed shapes are not available in tables and must be 
evaluated by the designer. Procedures for calculating the properties 
are the topic of a later section. 

9.2.3 Strain Hardening 

There are no residual thermal stresses in cold-formed steel sections. 
Instead, residual stresses due to cold-forming processes develop in cor­
ners of the sections. Cold forming induces strain hardening and strain 
aging of the material, which increases the material yield stress and 
reduces the material ductility in the vicinity of the corners. 

9.2.4 Stiffened and Unstiffened 
Compression Elements 

The definition of a cold-formed VCE is identical to that for hot-rolled sec­
tions. Stiffened compression elements in cold-formed steel are similar to 
those in hot-rolled sections except that edge-stiffened elements (see Figs. 
9.1a-c, 9.1D are considered to be SCEs if the formed edge is sufficiently 
large. For example, if the edge stiffeners are sufficiently large in Fig. 9.1c, 
the unstiffened legs of the angle can be treated as stiffened elements. 

Both SCEs and VCEs (with one edge stiffened in the case of an VCE) 
deform in a two-dimensional pattern when loaded to the point of local, 
elastic buckling by in-plane compressive forces. Figure 9.2a illustrates 
local buckling of a compression flange of a hat section with both edges 
stiffened. The deformation pattern for a plate element with two edges 
stiffened (SCE) will be similar to that of Fig. 9.2b at loads which 
produce local elastic buckling. This deformation pattern is sometimes 
called "postbuckling action," because it occurs only if the plate element 
is loaded beyond the point of incipient buckling. The two-dimensional 

(text continues on page 297) 
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~ 
~ 

~dge ~ Edge 
~iffenerl ~ Stiffener 

seE 

(a) Unstiffened and Stiffened 
Channel 

(b) Unstiffened and Stiffened ~ 

(c) Unstiffened and Stiffened 
Angle 

(d) Box 

(f) Unstiffened and Stiffened Hat 

Intermediate 
Stiffener 

Sub - Elements 

(g) Multiple Stiffened Hat 

( h) Corrugated Sheet 

o 
(e) Tube 

Fig. 9.1. Typical cold-formed steel sections (all edge stiffeners assumed ad­
equate in size). 
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9.2 Differences Between Cold-Formed and Hot-Rolled Steel 295 

• ~ ~5~5~ II I 
=~::=~ 't 't'i'f~ 

~~~~~~~ 
~nr1n m~m ~~~~~~~ ~~~~~~ ~~~~,~ 'S 

~~;~~ 355~5~ 
n·q:~= !mm ~mm m53~ 3333~~ ~ 

I 
: ~ .. ~ ....... ~ 

0) 

~~~!5 mm ~~.=~~~ m~m smm mm ..... :1] .... .... 

1- I 
, ·0 ~ .. ~ ..... ~:I~~~~ ",' 

¥ .J~~~~~ 3mm m=!, =sU!: ~ 

t -
. ". 

aeie~ 
•. ' .1Il,! 5!;~~5! 

..c 

-t-- ! y ~ !ES:!=: : ......... ...... :! ••• :!:! ~ 01 l 
J. ~ -0 mU ==UI= ~uml ;:::r.!=i ;F:~n IE!r 11:·i! ~ 

t 
~ o~U • ~ 

t 
.a ~;; 0 0 o~ .Uh.o ;; o~~~ ~~ .U t! 

e · ~ 3:3~3 !S5!!3 !S3!S55 mm! msm 5535!! mm ~ ~ 

1 .*. .C!;;~~~~ 5mm ;;~~~~5 !!5§U 
.g 

! .. :' ! 
~!m ~;;~3~ ~mm 

\..) 
!!!!:: ...... ...... 

J 
" "0 ~!!!5!5 a~!:li .. ! ".~;;q gm3 ~35~5:~ 53:~!!! :~~liii 1:: 

[+ 
a···· ..:. ..... .... .-

I j p" ~ ~~~;~ mm 55~5~!3 ~!3!!5! ~!S5!!! n;E:~ ~~mi ~ .......... ..;..;..:. ... --...• ~ 

~ J 
'i ~ ~ :ss;::~ 55555~ ~mm 53:!!3S3 ~:~j!!! mm mm g 
! .... Ii ... •••••• ~ 

~ ! -0 ;m5!~ m!m 5~~~m ~m~! 53!!!! ~ l ~ m::~ !:.:::: < "_eoi";";"; .. ClClClO 

~ 
o~ 

'" ~ 
,I 1I~==i -~j ~~~ .: ~ oC!"'1I!"'!"'! m;~: mm5 5!5~53~ 53:3S!! ii;:~~!S =~~~!. ~d 

~li! ti;:~fla 00: ••• 4 

• II il 
Cl.)O 

~) .!:=u ~ . 5 .. .: ~ 
~i~iii 

., ...... 1 .. OIl .. ';!;:::! 3:5~:33 ~5~55!! mm E § fa · ~ I 
.. :::!:=~. ~:!~ ..... ...... 

-g~ 
j .. 

~) m~!! 
...biJ 

~. ] 
~~m "f"':~""'"::~ .~"'!~~q:; 35:5~3! ~5~55!! 5!!5!~ ~j .. ;====. ==:!: ...... n ·:ill 

~tIl 

~! .mU _01 
U • -0 .::!!:I~ mm mm! mm! ~~~im mm 8~ 1 ~ ... ... • ! ~...:...: ... --.•... ....... 
~a 

it !" n] .-] =~~;~ mm mm! ~~~i~~~ 55!!m mm m=i~ s~ .. 
o~t 

!~ 
.. 0: •••• .. ... -.... ...•.. J:~ S .. 1b m~ii 

... 
,I: ca- ] n:=: =~n=: ~~m~! ::~~!!! :1~!!m !!5!S3 = til .. 0. ..... .... oioi ... .....• o = . ... -.. !1 ;il ~ ~~~55 "I.=;~: ~5~~55~ ~5:3!55 ~~5!553 I·~··~ 55553! .~"a) 

c :::: ... ..;. .;~:~~~ 

E~ 0 £j .s sssss sssss! sssssss smm SSSS$S~ mmmm J 
.. Q)"tl 

It m~5 Ii;;;;;;! Ii;;;;;;~; 5335~!! ~~~i1~!: 555S!! 355m 
0..= 

.s ..i __ ••• ..i __ ";";."; .;~~.~o~ ..sol .. 0; = 
.r ~ "'''oC! ... 1 mm ~.~II~: ~mm mm~ mm ~~~~:- 0 

% II ~~::. ~: ... ...: .. .; ........ - "tl'!:: 
eft ~~~~~ ~~~~~. ~~~~~.~ ~~~~m ~~~~m ~mu ~~~m 

Q) 
= ~ OJ 

eft ::l 01 

I · ~ ~ ~ ~ ~ ! 8 : ~ ~ ~ 3 3 ! 3 ~ "g .~ .. '"' '"' • 0..Q) 
~ ; : : ~~ {!. " ~ ~ : : ~ ~ ~ -



www.manaraa.com

296 Cold-Formed Steel Design 
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(bl SQUARE PLATE MODEL FOR 

POST-BUCKLING ACTION 

(0 I LOCAL BUCKLING OF STIFFENED COMPRESSION 
FLANGE OF A HAT-SHAPED BEAM 

==rPott.BUCklingStrength 
(o-crlSCE r-----~ of 0 SCE With (w/tl 

~~ESSIVE 
STRESS yost-Buckling Strength 

(O-CrlUCE+-,.;...-.----.1..of a UCE With(w/tl 

AXIAL DEFORMATION 

(c I RELATIVE BUCKLING AND POST-BUCKLING 
STRENGTHS OF UCE's AND SCE', 

Fig. 9.2. Buckling and posthuckling strength of compression elements. Re­
produced with permission from Cold Formed Steel Design Manual: Part II­
Commentary, 1982 ed., American Iron and Steel Institute, Washington, DC. 
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pattern of deformation enables the SCE to carry additional load beyond 
the incipient buckling load because deformation is resisted by bending 
stresses in two planes, rather than just one as in the case of a thin 
plate compression element with no stiffened edges. 

For an element with only one edge stiffened (VCE), the buckled mode 
of deformation will be comparable to that of Fig. 9.2b, but only one 
edge will be restrained against deformation normal to the plane of the 
element. Consequently, the postbuckling strength will be less for an 
VCE (one edge unstiffened) as illustrated in Fig. 9.2c. For an element 
with no stiffened edges, deformation will be one dimensional, as in the 
case of an ordinary column. 

Since the postbuckling strength of a SCE is considerably greater 
than that of an VCE, it is advantageous to make as many compression 
elements behave as SCEs as possible. Edge and intermediate stiffeners 
provide this opportunity by providing resistance to buckling in a plane 
normal to the plane of the compression element. A compression element 
may be considered a SCE (see Fig. 9.3a) if each edge is stiffened by a 
web or lip having a moment of inertia about its own centroidal axis 
parallel to the longitudinal axis of the stiffened element at least as 
great as 

[min = 1.83r Vwlf - 4000lFy 

but 4:.. 9.2r 

(9.1) 

where [is stiffener moment of inertia about its centroidal axis, in.4; t, 
element thickness, in.; w, element flat width, in.; andFy , yield stress, 
ksi. If the edge stiffener is a simple lip, as in Fig. 3b, an additional 
requirement is that the stiffener depth dmin (in.), be at least as great 
as both 

dmin = 2.8t ~(wlt)2 - 4000lFy and 4.8 t (9.2) 

Finally a simple lip is not a satisfactory stiffener if the element to be 
stiffened has a wit> 60. 

An intermediate stiffener (see Fig. 9.1g) must stiffen a compression 
element on either side. Thus, an intermediate stiffener must have a 
minimum moment of inertia twice as large as that for an edge stiffener 
to be effective. Additionally, the following limitations, in which {has 
the units of ksi, are imposed on multiple stiffener effectiveness. 

1. For strength (load) considerations: 
a. If wit of subelements between 2 webs> 177 IV{, only two 

stiffeners are effective. 
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CtntroIcIaI AxIl of Stiff.,. 
rl:r=:;==a..J--,-~Fa.rall'l to tilt Stlfftftld Eltmtnt 

(0) Edge Stiffener 

J. Stlff.ner Dtpth 

··H·t 

(b) Sin9'e Lip Stiffener 

Fig. 9.3. Edge stiffeners. In (a) note that (1) w is flat width of element 1; (2) 
hashed area is stiffener for element 1; (3) wit = flat width ratio. 

b. If wit of subelements between a web and an edge 
stiffener> 171tV{, only one intermediate stiffener is effec­
tive. 

2. For deflection considerations, the same limitations are imposed 
if wit> 221tVr. 

If intermediate stiffeners are spaced such that wit < limits set in the 
preceding, all stiffeners are effective. In this event, the multiple stiff· 
ened element may be replaced by a rectangular element with an ef· 
fective thickness, ts , for evaluating the flat width ratio (wit) of such 
multiple stiffened elements. 

(9.3) 

where Ws is entire width between webs or between web and edge stif-



www.manaraa.com

9.2 Differences Between Cold-Formed and Hot-Rolled Steel 299 

fener, in.; Is is moment ofinertia ofthe full area of the multiple stiffened 
element about its centroidal axis, in.4 . An example of an element which 
meets these requirements is corrugated sheet metal siding. 

9.2.5 Steels and Strength Properties 

Twelve ASTM designation steels are included in the AISI Specification 
for cold-formed steel. They are steels conforming to ASTM A446~ 76, 
A570-79, A606-75, A607-75, A611-72, A715-75, A36-77a, A242-79, A441-
79, A572-79, A588-80, and A529-79. Properties of several of these steels 
are given in Table 9.10. Note that the steel sheets and strips may be 
either hot or cold rolled. However, the structural sections are cold 
formed from the sheets. 

Yield strengths of the steels range from 25 to 80 ksi (170 to 550 
MPa). The accepted modulus of elasticity for all the steels is 29.5 x 106 

psi (200 GPa) and ductility ranges from 12 to 27% in 2 in. (51 mm). 
The ductility of steels used in cold-formed sections should be greater 
than either 10% in 2 in. (51 mm) or 7% in 8 in. (203 mm). Furthermore, 
the ratio of tensile strength (Fu) to yield point stress (Fy) should be 
greater than 1.08. Some special steels, such as A446-76 (Grade E) and 
611-72 (Grade E), which do not meet the aforementioned ductility re­
quirements, may also be used provided the design stress is less than 
both 0.45F y and 36 ksi (250 MPa). 

The stress-strain curve for cold-formed steels are of two types. One 
exhibits a sharp yield point, whereas the other is characterized by a 
gradual yielding (see Fig. 9.4). In the case of a gradual yielding steel, 
the yield strength is defined as the divergence ofthe stress-strain curve 
from linear or by the offset yield point method as in Fig. 9.4b. The 
offset strain Eo is usually taken as 0.2%. 

When the corners of the cold-formed steels are bent to develop a 
section, the corners are cold worked. That is, the material in the corners 
is stressed beyond the yield point. Figure 9.5 illustrates the change in 
steel properties during cold working. The 0.2% yield stress of the vir­
gin steel before cold forming is F y. When the section is bent the steel 
in the vicinity of the corners yields and reaches a state of stress (1) in 
Fig. 9.5. After bending, the corner material unloads along path 1-2 
parallel to the original linear stress-strain curve. If the material is 
immediately reloaded, the stress-strain behavior returns linearly to 
point 1 and then follows the path of the virgin steel to point 4. The 
material, when it follows this path, is said to be strain hardened; the 
result of which is an increase in the yield strength to F; and a decrease 
in ductility from De to D~. If, as is the usual case, the corner steel is 
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Table 9.10. Summary of Typical Steels Used in Cold-Formed Sections. 

Percent 
elongation 

Fy, ksi Fu, ksi in 2 in. 
ASTM Designation Grade (min) (min) (min) 

A 446-76 A 33 45 20 
B 37 52 18 
C 40 55 16 
D 50 65 12 
E 80 82 

A 570-79 A 25 45 23 to 27 
B 30 49 21 to 25 
C 33 52 18 to 23 
D 40 55 15 to 21 
E 42 58 13 to 19 

A 606-75 Hot rolled-as 50 70 22 
rolled cut 
lengths 

Hot rolled-as 45 65 22 
rolled coils 

Hot rolled- 45 65 22 
annealed 
or normalized 

Cold rolled 45 65 22 
A 607-75 45 45 60 Hot-rolled 25 

Cold-rolled 22 
50 50 65 Hot-rolled 22 

Cold-rolled 20 
55 55 70 Hot-rolled 20 

Cold-rolled 18 
60 60 75 Hot-rolled 18 

Cold-rolled 16 
65 65 80 Hot-rolled 16 

Cold-rolled 15 
70 70 85 14 

A 611-72 A 25 42 26 
B 30 45 24 
C 33 48 22 
D 40 52 20 

Reproduced with permission from Cold Formed Steel Design Manual: Part III-Supple-
mentary Information, 1977 ed. American Iron and Steel Institute, Washington, DC. 

kept unloaded for a period of time before again being stressed, the 
stress-strain behavior is characterized as strain aging and follows path 
2-3. The result of strain aging is a further increase in yield strength 
to F; with a subsequent reduction in ductility to D~. 

The AISI specification allows the designer to utilize the increased 
strength due to cold working. Evaluation of the increase will be taken 
up in the section on allowable stresses. 
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Fig. 9.4. Stress-strain behavior of steels. 

9.2.6 Summary 

Cold-formed steel structural sections have numerous unique features 
which cause their behavior to be different from that of hot-rolled sec­
tions. Among the more important differences relative to structural 
strength are the following: 

1. Cross-section elements are usually thinner in cold-formed sec­
tions. 
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Fig. 9.5. Effects of cold working steel. 
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2. Local buckling is more common in cold-formed sections and often 
occurs at stress levels below the yield stress. 

3. Flexural-torsional and torsional buckling are a more common 
mode of failure in cold-formed sections. 

4. Edge stiffeners are commonly used in cold-formed sections and 
significantly strengthen compression elements. 

5. Plastic design procedures are not used in cold-formed design. 
6. Web crippling is more critical in cold-formed sections since the 

sections depth-to-element thickness ratio is large in typical sec­
tions and web stiffeners are often not practical. 

7. In bolted connections, bearing stresses in materials fastened are 
more critical in cold-formed design since the bolt diameter-to­
material-thickness ratio is large. 

8. Yield stress of cold-formed sections is higher than virgin steel 
due to strain hardening and strain aging at bent corners. 

9.3 ALLOWABLE STRESSES 

9.3.1 Basic Design Stresses 

The basic allowable stress for tension members and tension and 
compression on the extreme fibers of flexural members is defined 
byF 

F = O.60Fy (9.4) 

The maximum allowable shear stress in cold-formed sections is defined 
by Fv 

(9.5) 

These stresses are the allowable stresses if yielding occurs before any 
other mode offailure. When cold working is considered the basic stress 
for an axially loaded compression member and for the flanges of flexural 
members may be increased to 

F = O.60Fya (9.6) 

where Fya is average yield point of the entire section. The average yield 
point may be used since the flats undergo little, if any, cold work when 
the corners are bent. When the section is compact and the section yields 
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Fig. 9.6. Typical corner. 

before buckling locally (Q = 1.0), Fya is obtained from Eq. (9.7) or from 
full section tensile tests or stub column tests. * 

Fya = CFye + (1 - C)FYf (9.7) 

where C is the ratio of corner area to total section area in compression 
members, or the ratio of corner area to the full cross-sectional area of 
the controlling flange; Fye, yield point of corners, ksi (MPa), 

if 
Fu 
F ~ 1.2, 

y 

R 
- ",:::: 7 and e ~ 1200 
t""" , 

(See Fig. 9.6.) Fyf is weighted average yield point of flats, ksi (MPa); 
Be = 3.69(FufFy) - 0.819(FufFy)2 - 1.79; m = 0.192 CFulFy) - 0.068; 
R is inside bend radius, in. (mm); t, element thickness, in. (mm); and 
F u> ultimate tensile strength of the virgin steel, ksi (MPa). 

When sections are noncompact (Q < 1.0) then Fya may be taken as 
the tensile yield point of the virgin steel specified by ASTM or the 
weighted average of the tensile yield points of the flats as determined 
by testing. 

9.3.2 Allowable Stresses in Thin 
Compression Elements 

9.3.2.1 Vnstiffened Compression Elements. The allowable com­
pressive stress Fe in an VeE is dependent upon its flat width ratio. If 
wit ~ 63.3/-vF;:, the element yields before buckling locally and Fe = 
0.60Fy ' If 63.3/-v'F;: < wit < 144/-v'F;:, the element will buckle in­
elastically before yielding and 

*Article 6 of the 1980 edition of the AISI Specification for Cold-Formed Steel outlines 
the appropriate test procedure. 
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0.6Fy~_ ...... 

Fc 

63.3/./Fy 

I 
I 

I Elastic Angles 
I Bucklin 

144/JFy 60 

wit or 25 

Fig. 9.7. Allowable stresses in unstiffened compression elements. Reproduced 
with permission from Cold Formed Steel Design Manual: Part II-Commentary, 
1982 ed., American Iron and Steel Institute, Washington, DC. 

Fe = Fy [0.767 - (2.64/103)(wlt)\I'F;:J (9.S) 

If25 < wit < 60, elastic buckling considerations control the allowable 
stress and 

Fe = SOOO/(wlt)2 for angle struts (9.9) 

and 

Fe = 19.8 - 0.28(wlt) for other sections (9.10) 

In some steels with Fe> 33 ksi (230 MPa) elastic buckling controls 
at wit < 25. For these steels, when 144/\1'F;: ~ wit < 25, 

Fe = 8000/(wlt)2 (9.11) 

Figure 9.7 illustrates the general relationship between Fe for UCEs 
and the wit ratio of the element. Note the analogy between wit for 
plates and Llr for flexural buckling of columns, and the decrease in 
allowable compressive stress as the compression elements become more 
slender. 

9.3.2.2 Stiffened Compression Elements. In a section with all SCEs, 
such as a box section used as a centrically loaded column, the element 
design stress F is 0.60F y or 0.6 Fya. In a flexural member the design 
stress for SCEs in flanges or webs is also either 0.60Fy or 0.6Fya. In 
sections used as columns with both SCEs and UCEs, the design stress 
is the smaller of 0.60Fy (0.6Fya may be used for cold working consid­
erations) or Fe for the UCEs. 

If any local buckling occurs in SCEs before yielding, the AISI pro-
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cedure is not to reduce the allowable stress. Instead the flat width w 
of the SCE is reduced to an effective width b. In Fig. 9.8 the effective 
width ofthe flats of the compression elements is shown by the unhashed 
areas. Section properties such as!, S, andA, are then based on effective 
widths rather than full widths. 

9.4 EFFECTIVE WIDTHS OF SCEs 

In order to account for local buckling and postbuckling strength of 
SCEs used in flexural or compression members, the following effective 
widths, b, are used to evaluate the section properties. For elements 
without intermediate stiffeners and for load capacity determinations 
(strength) and for all sections except square or rectangular tubes, 

and 

b = w if wit ~ 171tYr 

~ - 253 [1 - 55.3 J 
t - vf (wit) Vt 

.f w 171 
1 ->-

tvf 

(9.12) 

(9.13) 

For elements without intermediate stiffeners and for deflection deter­
minations and for all sections except square or rectangular tubes, 

and 

b 

t 

b = w if wit ~ 22ltyr 

( 326) [1 71.3 J 
vf - (wit) Vt 

if ~ > 221 
tvf 

(9.14) 

(9.15) 

For square or rectangular tubes without intermediate stiffeners, the 
effective widths for load capacity determinations are 

and 

b 
t 

b = w if wit ~ 1841vf 

( 253) [1 50.3 J 
vf - (wit) Vt 

if ~ > 184 
tvf 

(9.16) 

(9.17) 
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(a) All EI.ments Stlff.ned and Subject 
Ta Camptlllive St...-

(b) All Elements Stiff.ntd and Section Subject 
ta a PatitiVl Mamtnt (Tap Fiber in CClmpl'I.ian • 
Bottam in Tllllion) 

Fig. 9.S. Effective width concept for stiffened compression elements. 

For deflection determinations in square or rectangular tubes, 

and 

b 
t 

b = w if wIt ~ 237/vf 

( 326) [1 64.9] 
v'{ - (wIt) v'f. 

if ~ > 237 
tv'{ 

(9.18) 

(9.19) 
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If multiple stiffened elements, or stiffened elements with only one 
edge connected to a web have subelement wit < 60, then the effective 
width of subelements is determined with Eqs. (9.12)-(9.15). If wit> 
60 for these subelements, then 

be b (w ) t = t - 0.10 t - 60 (9.20) 

where b is subelement effective width for wit < 60, and be is re­
duced subelement effective width for wit > 60. When subelements 
of multiple stiffened elements have wit > 60 and be is used in place 
of b, the stiffener area is reduced, when evaluating cross-sectional 
area, to: 

where 

and 

Aef = aAstiffener 

be 
Aef = - Astiffener 

W 

if wit = 60-90 

if ~>90 
t 

(9.21) 

(9.22) 

The centroid and the moment of inertia of the stiffener, however, are 
still based on the full stiffener area. 

Whenever a portion of the flat width is removed to arrive at the 
effective width, it is removed symmetrically about the center line of 
the element. This concept is illustrated in Fig. 9.S. 

9.5 MAXIMUM FLAT-WIDTH RATIOS 

The maximum allowable flat-width ratios for section elements are sum­
marized in Table 9.11. These wit ratios are based on total flat width 
disregarding any intermediate stiffeners. 
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Table 9_11_ Maximum Allowable Flat Width Ratios for Compression Elements. 

Element Type 

SCE with one edge at a web and one edge stiffened with simple lip 
SCE with one edge at a web and one edge stiffened by any 
adequate stiffener except a simple lip 
SCE with both edges connected to other SCEs 
DCE 

9.6 PROPERTIES OF SECTIONS WITH 
THIN ELEMENTS 

Maximum wIt 

60 

90 
500 
60 

Tables 9.1-9.9 summarize the section properties of a few standard 
stiffened and unstiffened channel, hat, angle, and built-up I cold-formed 
shapes. Since most cold-formed sections are unique in shape, section 
properties are often not tabulated and need to be calculated. 

The three most commonly required section properties are the area, 
moment of inertia, and section modulus. These properties can be eval­
uated by standard relationships, including the first and second mo­
ments of areas. Another method, which is useful and quite accurate 
for sections with thin elements, is the linear, or midline method. 

In the midline method all the element material is assumed concen­
trated along the midline of the element. Then the area is replaced by 
the element length and without regard to thickness. Since the section 
properties are linearly related to element thickness, the section prop­
erties are easily calculated by multiplying midline properties by t. 

The properties of several line elements are given in Fig. 9.9. Example 
9.1 demonstrates the midline method for a section with all UCEs. In 
this case, all elements are fully effective and bi = Wi. 

Example 9.1. Midline Method for Section Properties Where All 
Elements Are Fully Effective. Find the area, moment of inertia about 
the x axis, and the section modulus about the x axis for the unstiffened 
Z section in Figure 9.10a. 

Solution 

1. Replace the area elements with line elements (Fig. 9.10b). The 
line elements are located at the centroidal axis of each area. 

2. Evaluate line lengths, L, and distance between centroids of the 
line elements and the x axis, d. 
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Fig. 9.9. Properties of line elements. Reproduced with permission from Cold 
Formed Steel Design Manual: Part III-Supplementary Information, 1977 ed., 
American Iron and Steel Institute, Washington, DC. 
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Lw 
x----4-~~~--~--x 

R' 

(0) Section Dimensions (b) Midline Dimensions 

Fig. 9.10. Example 9.l. All dimensions are in in. (mm). 

a. For the flanges 

Lr = 2 - (3/16 + 0.105) = 1.708 in. (43.4 mm) 

dr = 3 - 0.105/2 = 2.948 in. (74.9 mm) 

b. For the webs 

Lw = 6 - 2 (3/16 + 0.105) = 5.415 in. (137.5 mm) 

dw = 0 in. (0 mm) 

c. For the corners 

R' = 3/16 + 0.105/2 = 0.240 in. (6.1 mm) 

Lc = 1.57 R' = 0.377 in. (9.6 mm) (see Fig. 9.9) 

z = 0.637 R' = 0.153 in. (3.9 mm) (see Fig. 9.9) 

de = 5.41512 + 0.153 = 2.861 in. (72.7 mm) 
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3. Evaluate the section area, 

A = "2:.Lit 

= (2Lf + 2Lc + Lw)t 

= [2(1.708) + 2(0.377) + (5.415)](0.105) 

= 1.006 in.2 (650 mm2) 

4. Evaluate I~ (moment of inertia of the line elements) 

where If = 0 (approximately), 1:0 = L~/12, and t 
= 0.149(R')3 

I~ = 2[1.708 (2.948)2] + (5.~~5)3 

+ 2 [0.149(0.240)3 + 0.377(2.861)2] 

= 49.096 in.3 (804.5 cm3 ) 

5. Evaluate Ix and Sx 

Ix = I~ (t) = 49.096 (0.105) = 5.16 in.4 (215 cm4) 

and 

6. Commen.tary on the section properties for the section of Ex­
ample 9.1: The assumption of fully effective elements is valid 
for this section when used as a flexural member bent about the 
x axis since the compression elements (flanges) are UCEs. If 
the section were used as a column, then the web becomes a SCE 
and may not be fully effective. The flat-width ratio, wIt, would 
have to be checked to see if b = w or if b < w. If b < w then a 
portion of Lw would be removed symmetrically from the web 
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about the x axis and the section area would be reduced by the 
a~ount (Lw - b)(t). To illustrate the procedure for column 
loading, assume A36 steel with Fy = 36 ksi (250 MPa) were 
used in the section. 
a. Evaluate wIt of the UeE (flange) 

(wlt)r = Lrlt = 1.708/0.105 = 16.27 

b. Evaluate limiting wIt of UeE for Fe = 0.6Fy 

(Wlt)lim = 63.3/\.t'F; = 63.3/\/36 = 10.55 

c. Evaluate wIt limit for inelastic local buckling 

(Wlt)lim = 144/\.t'F; = 144/6 = 24 

Thus, the UeE experiences inelastic buckling before 
yielding and Fe < 0.60 F y. 

d. The allowable compressive stress in the UeE from Eq. (9.8) 

Fe = Fy [0.767 - (2.64/103)(wlt)vF;:] 

= 36 [0.767 - (2.64/103 )(16.27)(6)] 

= 18.33 ksi (130 MPa) 

e. Since the section is uniformly stressed, since this stress 
level is less than 0.6 F y' and since effective widths of SeEs 
depend on the actual stress level f, the effective width of 
the webs will be based on a maximum stress of 18.33 ksi 
(130 MPa). 

f. Evaluate wIt for the SeE (web) 

wIt = 5.41510.105 = 51.57 

g. Evaluate the limiting wIt for b = w for strength calculations 

(wlt)lim = 171tVr = 171/V18.33 = 39.94 

Thus, wIt> (Wlt)lim 
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2.33in 
( 59nvn) 

~I-

x-----+I--lo~O---.-.x 

1-- I - Material 
2.33 in Removed 

(59mm) 

Fig. 9.11. Effective width of web for Example 9.1 (part i). 

h. Evaluating the effective width, b, for strength and allow­
able load determination from Eq. (9.13), 

~ - 253 [1 - 55.3 J 
t - Vr (wit) Yr 
b = 253 [1 - 55.3 ] (0105) 

Y18.33 51.57 Y18.33 . 

= 4.65 in. (118 mm) 

i. Remove material from the SCE (web) and evaluate the ef­
fective section area. Figure 9.11 illustrates how the area is 
to be removed from the web. 

A = (2Lf + 2Lc + b)t 

= [2(1.708) + 2 (0.377) + 4.65] (0.105) 

= 0.926 in.2 (600 mm2) 

Example 9.1 shows how to use the midline method for fully effective 
sections and also shows how to find properties of sections without fully 
effective elements. It is important to note that the effective width of a SCE 
depends upon the stress level in the compression element. In a flexural 
member which has SCEs for flanges, the stress level in the flanges is de­
termined by the location of the neutral axis (N.A.). If the N.A. is closer to 
the tension flange than the compression flange, the flexural stress in the 
compressive flange is greater than that in the tension flange. The stress 
level in the compression flange at design loads is thusF = 0.60Fy and b 
is evaluated byusingf = F = 0.60Fy. 
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Table 9.12. Error Introduced by Midline Method. 

Channel Sectiona 

A 

B 

Thickness of Material (in.) 

0.50 
0.25 
0.10 
0.50 
0.25 
0.10 

Expected Error in Ix (%) 

3.3 
0.7 
0.1 
0.6 
0.15 
0.02 

Reproduced with permission from Yu, Wei-Wen. Cold-Formed Steel Structures, 1st ed, 
1972. McGraw-Hill, New York. 
a. Section B deeper (8 in.) than section A (3 in.). 

If the N .A. is closer to the compression flange than the tension flange, 
at design loads the tension flange is stressed to O.60Fy and the stress 
in the compression flange is less than O.6Fy. A problem arises because 
the stress level in the flange f and the effective width of the flange b 
are interdependent. One way to resolve the problem is to assume a 
location of the N.A., evaluate f and b, and compare the N.A. location 
for f and b to that assumed. Several trials usually yield a converging 
solution. The section on flexural members treats those situations in 
more detail. 

The midline method is approximate and does introduce some error 
into section properties. The variation, however, is usually small. A 
summary of expected errors for channel sections is in Table 9.12. 

9.7 FLEXURAL MEMBERS 

9.7.1 Beams with Adequate Lateral Bracing 

If a cold-formed steel flexural member is adequately braced it may fail 
by any of the following modes: yielding, local buckling of webs or 
flanges, or web crippling at points of application of concentrated loads. 
It does not fail by buckling laterally. Thus, the allowable flexural stress 
is either Fb = O.6Fy or Fe as defined for UCEs with large wit ratios. 

There are many sections which are laterally stable and will not 
buckle laterally. Some of these are (1) sections bent about their minor 
axis, and (2) closed box beams with an unbraced length-to-section­
width ratio less than 75. Channel, I, Z, and hat shapes are laterally 
stable if sufficiently braced. The bracing requirements for lateral sta­
bility of these sections are as follows: 

1. I sections which are symmetrically shaped about an axis in the 
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y rompression Flange 

Iy < Ix 

x + x 

y 

Fig. 9.12. Definition sketch for an adequately braced hat section. 

plane of the web and bent about the axis normal to the web, or 
symmetrically shaped channel sections which are bent about a 
centroidal axis perpendicular to the web are adequately braced 
if the parameter L~ Sxel(dIye) ~ O.36'IT2ECbIFy. 

2. Point symmetric Z-shaped sections bent about the centroidal axis 
perpendicular to the web are adequately braced if the parameter 
L~Sxd(dIye) ~ O.18'IT2ECJFy' 

3. Hat sections bent about the x axis (see Fig. 9.12), and withly < Ix, 
are adequately braced if the allowable stress F b = 151,900/(LJr y)2 
[in ksi] is greater than O.6Fy, where Lb is distance between lat­
eral bracing, in. (mm); d, depth of section, in. (mm); Cb , 

1.75 + 1.05(M1IM2) + O.3(M1IM2)2 (see Section 8.8.1.6) in the 
text for a discussion ofthis parameter); lye, moment of inertia of 
the compressive portion of the section about the centroidal axis 
of the entire section parallel to the web, in.4 (cm4); and Sxe is 
compression section modulus of entire section about the major 
axis. (lx divided by distance from centroidal axis (C.A.) to outside 
fiber of the compression flange) in.3 (cm3) 

The design procedure for adequately braced beams is to do the fol­
lowing: 

1. Satisfy the flexure equation to assure that flanges do not fail. 

where Fb = O.60Fy or the allowable compressive strength Fe of 
any UCEs used as compression flanges and which have wit 
ratios larger than limits set for no local buckling; M, required 
moment capacity of the section; S, section modulus ofthe entire 
beam shape about the axis of bending if compression flanges 
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are UCEs, or the section modulus of the effective area of the 
beam shape if the compression flanges are SCEs and wIt exceeds 
limits for no local buckling. 

2. Satisfy the following requirements to prevent web failure due 
to excessive shear stress fv' 
a. If hIt ~ 237~kjFY' then Fv = 65.7Ykji'yf(hlt). (9.23) 
b. If hIt> 237 kjFy, then Fv = 15,600 kj(hlt)2. (9.24) 
c. But in no case may Fv > O.4Fy where fv = average shear 

stress, ksi; fv = VIAw; A w, area of webs, in.2; Fv, allowable 
shear stress, ksi; h, clear distance between flanges measured 
along the web, in.; kv, shear buckling coefficient, C (5.34 for 
unreinforced webs-webs without transverse stiffeners). 

3. Satisfy the following requirements to prevent the web from 
failure due to excessive flexural stresses. 
a. In beams with SCEs for flanges the maximum compressive 

flexural stress in the flat of the web must be less than F bw 
from Eq. (9.25). The actual flexural stress, fbw = MywlI, is 
based on the full web area and the effective flange area. 

Fbw = [1.21 - 0.00034(hlt)~] (0.60Fy) ~ 0.6Fy (9.25) 

b. In beams with UCEs for flanges, the maximum compressive 
flexural stress in the flat of the web must be less than F bw 
from Eq. (9.26). The actual web flexural stress is based on 
the full web area and a reduced flange area equal to 
(FjO.60Fy) (gross compression flange area). 

Fbw = [1.26 - 0.00051(hlt)~] (0.6Fy) ~ 0.6Fy (9.26) 

In Eqs. (9.25) and (9.26), Fbw and Fy both have the units 
of ksi. 

4. Satisfy the following interaction equation requirement to as­
sure that the unreinforced (unstiffened) webs do not fail due to 
excessive combined shear and flexure stresses in the web. 

( fbW)2 + (fv)2 ~ 1.0 
Fbw Fv 

(9.27) 

In Eq. (9.27), the allowable web flexural stress limitation of 
0.6Fy does not apply. 

5. Satisfy the requirements summarized in Tables 9.13 and 9.14 
to assure that the webs do not fail (cripple) due to transverse 
compressive stresses in the web at concentrated end reactions 
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Table 9.13. Allowable Concentrated Loads (in kip) or End Reactions to Prevent Web 
Crippling in Beam Sections Having Single Webs and hIt < 200.-

At locations of one 
concentrated load or 
reaction acting either 
on top or bottom 
flange, when clear 
distance between 
bearing edges of this 
and adjacent opposite 
concentrated loads or 
reactions is greater 
than 1.5h 

At locations of two 
opposite concentrated 
loads or of a 
concentrated load and 
an opposite reaction 
acting simultaneously 
on the top and bottom 
flanges, when the clear 
distance between their 
adjacent bearing edges 
is equal to or less than 
1.5h 

For end reactions of 
beams or 
concentrated 
loads on end of 
cantilevers when 
distance from edge 
of bearing to end of 
the beam is less 
than 1.5h 

For reactions and 
concentrated loads 
when distance from 
edge of bearing to 
end of the beam is 
equal to or larger 
than 1.5h 

For end reactions of 
beams or 
concentrated loads 
on end of 
cantilevers when 
distance from edge 
of bearing to end of 
the beam is less 
than 1.5h 

For reactions and 
concentrated loads 
when distance from 
edge of bearing to 
end of beam is 
equal to or larger 
than 1.5h 

Stiffened flanges 
t2k C3C4Co[179 - 0.33(hlt)] 

[1 + 0.01 (NIt)] 

Unstiffened flanges 
t2k C3C4Co[1l7 - 0.15(hlt)] 

[1 + 0.01 (Nlt)]b 

Stiffened and unstiffened flanges 
t2k C1C2CO[291 - O.4l(hlt)] 

[1 + 0.007 (Nlt)l" 

Stiffened and unstiffened flanges 
t2k C3C4Co[132 - 031(hlt)] 

[1 + 0.01 (NIt)] 

Stiffened and unstiffened flanges 
t2k C1C2CO[417 - 1.22(hlt)] 

[1 + 0.0013 (NIt)] 

Reproduced with permission from Cold Formed Steel Design Manual: Part I-Specifi­
cation for the Design of Cold Formed Steel Structural Members, 1980 ed. American Iron 
and Steel Institute, Washington, DC. 
aValid if Rlt 0;;; 6 in beams, Rlt 0;;; 7 in decks, NIt 0;;; 210, and NIh 0;;; 3.5. 
bWhen NIt> 60, the factor [1 + O.Ol(Nlt)] may be increased to [0.71 + 0.015(Nlt)]. 
cWhen NIt> 60, the factor [1 + 0.007(Nlt)] may be increased to [0.75 + O.Oll(Nlt]. 
N is actual length in bearing, in. (mm); k is Fyl33; C1 is 1.22 - 0.22 k; C2 is (1.06 - 0.06 
R/t) 0;;; 1.0; C3 is 1.33 - 0.33 k; C4 is (1.15 - 0.15 R/t) 0;;; 1.0 but not less than 0.5; Co is 
0.7 + 0.3(6/90)2; 6 is angle between plane ofthe web and the plane of the bearing surface 
;;;'45° but 0;;;90°. 
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Table 9.14. Allowable Concentrated Loads (in kip) or End Reactions to Prevent Web 
Crippling in I Beams Made of Two Channels Connected Back to Back.-

At locations of one For end reactions of Stiffened and unstiffened flanges 
concentrated load or beams or t2FyC7 (5.0 + 0.63Vifft) 
reaction acting either concentrated loads 
on top or bottom on end of 
flange, when clear cantilevers when 
distance between distance from edge 
bearing edges of this of bearing to end of 
and adjacent opposite beam is less than 
concentrated loads or 1.5h 
reactions is greater 
than 1.5h 

At locations of two 
opposite concentrated 
loads or of a 
concentrated load 
and opposite reaction 
acting 
simultaneously on 
top and bottom 
flanges, when clear 
distance between 
their adjacent 
bearing edges is 
equal to or less than 
1.5h 

For reactions and 
concentrated loads 
when distance from 
edge of bearing to 
end of the beam is 
equal to or larger 
than 1.5h 

For end reactions of 
beams or 
concentrated loads 
on end of 
cantilevers when 
distance from edge 
of bearing to end of 
beam is less than 
1.5h 

For reactions and 
concentrated loads 
when distance from 
edge of bearing to 
end of the beam is 
equal to or larger 
than 1.5h 

Stiffened and unstiffened flanges 
t2FyC5CS (7.50 + 1.63Vifft) 

Stiffened and unstiffened flanges 
t2Fy ClOCll (5.0 + 0.63Vifft) 

Stiffened and unstiffened flanges 
t2FyCsCg (7.50 + 1.63Vifft) 

Reproduced with permission from Cold Formed Steel Design Manual: Part 1-Specifi­
cation for the Design of Cold Formed Steel Structural Members, 1980 ed. American Iron 
and Steel Institute, Washington, DC. 
aFor similar sections that provide a high degree of restraint against rotation of the web, 
such as I Sections made by welding two angles to a channel and hIt < 200. Valid if 
Rlt ",; 6 in beams, Rlt ",; 7 in decks, NIt",; 210, and NIt",; 3.5. 
C5 is (1.49 - 0.53k) ",; 0.6; Cs is 0.88 - 0.12 m; C7 is 1 + (hlt)1750 when hIt",; 150; 
otherwise C7 is 1.20; Cs is 11k when hIt",; 66.5; otherwise Cs is [1.10 - (hlt)/665](1lk); 
Cg is 0.82 + 0.15 m; ClO is [0.98 - (hlt)/865](lIk); Cll is 0.64 + 0.31 m; m is t/0.075. All 
other coefficients are defined in Table 9.13. 
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or at points of application of transverse concentrated loads. Web 
crippling will not occur in webs having a flat width ratio hit < 
200 if the concentrated loads or reactive forces are less than 
those in Tables 9.13 and 9.14. 

6. Satisfy the conditions of interaction equations (9.28) and (9.29) 
to assure that the webs do not fail due to combined flexural and 
transverse compressive stresses. For unreinforced (unstiffened) 
webs of shapes with single webs 

(9.28) 

For unreinforced (unstiffened) webs of shapes made by welding 
two channels back-to-back 

(9.29) 

7. Satisfy the deflection requirements. 

(9.30) 

where a is calculated by the elastic analysis of beams and is 
based on the effective width of SCEs for deflection considera­
tions. 

Adequately braced flexural members may have (1) flanges with UCE 
with no local buckling; (2) flanges with UCE and local buckling; (3) 
flanges with SCE and no local buckling; (4) flanges with SCE and local 
buckling. 

The following examples illustrate procedures for handling the second 
and fourth cases. Cases 1 and 3 are special simpler cases of these two 
in which b = w for SCEs and Fb = 0.60Fy or 0.6Fya for UCEs. 

Example 9.2: UCEs with Local Buckling. Evaluate the moment 
capacity of an I section fabricated from two 7 x 1.5 x 0.06 in. (two 
178 x 38 x 1.5 mm) channels with unstiffened flanges if Fy = 50 ksi 
(340 MPa) and the flanges are adequately braced (Fig. 9.13). Neglect 
any increases in yield strength due to cold working. 

Solution 

a. Since all compression flanges are UCEs, the entire section is ef­
fective. Thus, from Table 9.6, Sx = 2(1.06) = 2.12 in.3 (34.7 cm3). 
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r 
7 

(178) 

~w 
hl.5 

(38) 

R=0.0938(2.4) 

7 x 1.5 x 0.060 
(178 x'38 x 1.5) 

Fig. 9.13. Unstiffened I section for Example 9.2. All dimensions are in in. 
(mm). 

b. Evaluate wit and (Wlt)lim for the compression flange 

w = 15 - R - t = 1.5 - 0.0938 - 0.06 

= 1.35 in. (34.3 mm) 

~ = 1.35 = 22.52 
t 0.06 

(~) = 63.3 = 8.95 < ~ 
t lim vF;, t 

(~) = 144 = 20.36 
t lim vF;, 

c. Since wit is greater than both limiting ratios and is less than 
8000 8000 

25, from Eq. (9.11) Fe = (wlt)2 = (22.52)2 = 15.77 ksi (108 

MPa) and 

MaJl = FcSx = 15.77 x 2.12 = 33.44 k-in. (3.78 kN-m) 
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All dimensions in in.(mm) 

10 x 3.5x.075 
(254x89x 1.9) 

x-----

@ 

9.66- L.w Y 
(245) 

----I--r"-x 

N.A. 

Fig. 9.14. Stiffened I section for Example 9.3. 

d. Note that the design aid in Table 9.6 gives Fe = 15.9 ksi (110 
MPa) directly for the I shape and F = 0.6(50) = 30 ksi (210 MPa). 

Example 9.3. SCE with NA Closer to Tension Flange. Evaluate 
the allowable moment capacity for an I-section made of 
2 - 10 x 3.5 x 0.075 in. (254 x 89 x 1.9 mm) channels with edge­
stiffened flanges if F y = 50 ksi (340 MPa) and the flanges are ade­
quately braced (Fig. 9.14). Neglect cold working effects. 

Solution 

a. Sketch the section and note that R = 3/32 in. (2.4 mm). 
b. Since the edges are stiffened, the N.A. will be at the C.A. or will 

shift away from the compression flanges because of the potential 
reduction in effective width of the compression flange. Thus, the 
compressive stress in the top flange will control the section ca­
pacity and Fb = 0.60Fy = 30 ksi (210 MPa). 

c. Evaluate the effective width of the compression flange 
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wf = 3.5 - 2(R + t) = 3.16 in. (80.3 mm) 

(w!t)f = 3.161.075 = 42.1 

(W!t)lim = 1711'0 = 171/V30 = 31.22 

Since (wlt)f > (Wlt)lim 

b = 253 [1 - 55.3 J t = 253 [1 - 55.3 ] (0.075) 
Vr (wit) Vr. V30 (42.1)V30 

= 2.63 in. (66.8 mm) 

d. Evaluate the location of the N.A. and INA of the reduced section 
using the element numbers in Fig. 9.14 and the following tabular 
format. 

Element Li Yi L;"Yi l' 

1 0.530 9.560 5.067 0.01 
2 0.206 9.920 2.044 0 
3 3.160 9.960 31.474 0 
4 0.206 9.920 2.044 0 
5 9.660 5.000 48.300 75.1 
6 0.206 0.042 0.009 0 
7 2.630 0.040 0.105 0 
8 0.206 0.042 0.009 0 
9 0.530 0.435 0.231 0.01 

ILi = 17.334 in. ILiYi = 89.283 in.2 

(440.1 mm) (576.0 cm2) 

Y = ILIYi = 89.283 = 5 152 . 
ILi 17.33 . m. (130.9 mm) 

INA' = CU' + IL i dl)(2) 
= (75.1 + 184.22)(2) = 518.64 in.3 (8498.9 cm3) 

INA = INA X t = 518.64 x 0.075 
= 38.90 in.4 (1619 cm4) 

_ 38.90 _ . 3 
Sx - 5.153 - 7.55 m. (123.7 cm3) 

Mall = 7.55 (30) = 226 k-in. (25.5 kN-m) 

di Lid? 

4.407 10.290 
4.760 4.670 
4.810 73.110 
4.760 4.670 
0.153 0.226 
5.070 5.300 
5.116 68.840 
5.070 5.300 
4.720 11.810 

ILidi2 = 184.216 in.3 

(3019 cm3) 

e. The section properties could also be obtained from Table 9.5. 
Note that Ix = 41.0 in.4 (1706 cm4). However, that property is 
based on the full section. The section modulus, which is based 
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TT 
8 

(203) -it---

L: 
-11.6) 

(42r- R = 3/16 = 0.188(4.8) 

Fig. 9.15. Hat section for Example 9.4. All dimensions are in in. (mm). 

on effective area, is listed as 7.56 in.3 (123.9 cm3) for 
F = 0.6(50) = 30 ksi (210 MPa). 

Example 9.4. SCE with N.A. Closer to the Compression 
Flange Evaluate the moment capacity of an 8 x 12 x 0.135 in. 
(203 x 305 x 3.4 mm) hat section if Fy = 50 ksi (340 MPa) and the 
compression flange is adequately braced (see Fig. 9.15). Neglect effects 
of cold working. 

Solution 

a. Sketch section-see Fig. 9.15. 
b. It is apparent that the N.A. for the fully effective section is closer 

to the top compression flange than to the bottom flange. Thus, 
the tensile stress in the bottom flange controls. That is, 
Ft = 0.60Fy = 30 ksi (210 MPa) tension on the bottom fibers and 
Fe = F < 0.60Fy compression on the top fibers. 

c. Since the effective width of the compression flange depends on 
the stress level in the top flange, which in tum depends on the 
N.A. location, it is necessary to assume something. 

d. Trial I-Assume f = 15 ksi (100 MPa) 

w = 12 - 2 (0.323) = 11.36 in. (288.5 mm) 

w/t = 11.36/0.135 = 84.12 

(wlt)lim = 171/Vi = 1711V15 = 44.15 
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0.6 Fy = 30 ksi(210 MPo) 

Fig. 9.16. Stress distribution for solution of Example 9.4. 

and 

b = 253 [1 - 55.3 ] (0.135) = 7.32 in. (185.9 mm) 
v15 (84.12)v15 

Evaluate the section properties. 

Element 

1 
2 
3 
4 
5 

1.35 x 2 
0.40 x 2 
7.36 x 2 
0.40 x 2 
7.32 x 1 

'i.Li = 26.34 in. 
(669.0 mm) 

7.93 
7.84 
4.00 
0.16 
0.068 

- - 'i.L;'}i _ 87.21 _ 331 . (84.1 mm) 
Y - 'i.Li - 26.34 - . m. 

21.42 
6.29 

58.88 
0.13 
0.50 

'i.L;"Yi = 87.21 in.2 

(562.6 cm2) 

Since the stress distribution is linear and the bottom fiber stress 
equals 30 ksi, use proportionality to check {(see Fig. 9.16) 

{= H ~ Y (0.6Fy) = 8 ~.33\1 (30) = 21.17 ksi (150 MPa) 

=1= assumed { 

Thus, the assumed {is not correct and another trial is necessary. 
e. Trial 2-Assume {= 22.7 ksi (160 MPa). 

b 253 [ 55.3 ] ( ) 6 . (5 2 ) = 4.76 1 - 84.12(4.76) 0.135 = .19 m. 1 7. mm. 
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Element Li Yi LiYi I' di 

1 2.70 7.93 21.38 0 -4.48 
2 0.80 7.84 6.29 0 -4.39 
3 14.72 4.00 58.88 66.2 -0.55 
4 0.80 0.16 0.13 0 3.29 
5 6.19 0.068 0.42 0 3.38 

'i.Li = 25.21 in. 'i.LiYi = 87.10 in.2 'i. = 66.2 in.3 

(640.3 mm) (561.9 mm2) (1084.8 cm3) 

Y = 87.10/25.21 = 3.45 in. (87.6 mm) 

Calculating f 

f = 8 3.454 (30) = 22.78 ksi (160 MPa) 
- 3.5 

Thus, Fe = f= 22.74 ksi (160 MPa). 
f. Evaluate Ix and Mall 

d i = Y - Yi 

Lid? 

54.19 
15.42 
4.45 
8.66 

70.72 

'i. = 153.44 in.3 

(2514.4 cm3) 

Ix' = 66.2 + 153.44 = 219.64 in.3 (3599.3 cm3) 

Ix = Ix' (t) = 29.65 in.4 (1234 cm4) 

Mall = (Fe)(lx!Cb) = 30 [29.651(8 - 3.45)] 

Mall = 195.5 k-in. (22.1 kN-m) 

9.7.2 Laterally Unsupported Beams 

Unstable beam sections which are not adequately braced may buckle 
laterally when flange stresses are below either 0.6F y or Fe. The criteria 
for bracing and the design stresses for laterally unstable beams are 
defined in Eqs. (9.31)-(9.37). Any consistent set of units may be 
used in each ofthe equations except Eq. 9.37, in which Fb has the units 
of ksi. 

1. For symmetrical I or channel shapes bent about a centroidal axis 
perpendicular to the web: If 
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LESxc 0.361T2ECb --,;:;;---....:. 
dlyc Fy 

Fb = 0.60 Fy (9.31) 

If 

(9.32) 

If 

(9.33) 

In the first condition, the section yields before buckling lat­
erally. If the second condition exists, inelastic lateral buckling 
commences before yielding and if the third condition exists, elas­
tic lateral buckling commences before yielding. 

2. For point symmetric Z sections bent about an axis perpendicular 
to the web: If 

Fb = 0.6Fy (9.34) 

If 

(9.35) 
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If 

(9.36) 

Equation (9.34) is a yielding criterion, Eq. (9.35) is a criterion 
for inelastic lateral buckling, and Eq. 9.36 is an elastic buckling 
criterion. 

3. For hat sections with Ix> Iy , 

151,900 
F b = (Lb/rY but ~ 0.6Fy (9.37) 

Laterally unbraced beams might buckle locally before buckling lat­
erally. Thus, use the smaller of the stresses at which lateral buckling 
or local buckling of UCEs commences for the allowable flexure stress. 
Also, if local buckling is not a factor when SCEs are encountered, use 
full flat widths for designing. Conversely, use effective widths for SCEs 
when local buckling is a factor. 

Example 9.5 Unbraced Beam. Evaluate the allowable uniformly 
distributed load for an I section composed of two 6 x 1.5 x 0.135 in. 
(152 x 38 x 3.4 mm) channels with unstiffened flanges and bent about 
the major axis. The beam is simply supported over a span of 6 ft (1.83 
m) with no intermediate lateral support of the compression flange (Fig. 
9.17). Neglect the effect of cold work and assume Fy = 50 ksi (340 
MPa). 

Solution 

a. Sketch the system-See Fig. 9.17. 
b. Check if the flanges buckle locally 

Wr = 1.5 - (R + t) = 1.18 in. (30.0 mm) 

(w/t)r = 1.18/0.135 = 8.74 

(Wlt)lim = 63.3/\!F;: = 8.91 

Since (wlt)r < (w It)lim no local buckling occurs in the flanges, 
and Fe = 0.6F y' 
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6in 
(152 mm) 

t t f 

Fig. 9.17. Unbraced beam for Example 9.5. 

c. Check for lateral buckling 

Lb :::: 6 ft x 12 :::: 72 in. (1.83 m) 

Cb :::: 1.0 

since the moment between braced ends is greater than either 
end moment 

E :::: 29 X 103 ksi (200 GPa) 

i. Evaluate the limits on the beam bracing parameter: 

and 

( L~Sxc ) :::: 1.81TF
2ECb :::: 10,640 

dlyc lim y 
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ii. Evaluate the bracing parameter for the beam: From Table 
9.6 

d = 6 in. (152 mm) 

lye = 1y!2 = 0.615/2 = 0.308 in.4 (13 cm4) 

Sxe = Sx = 3.56 in.3 (58.3 cm3) 

L'tSxe = (72)2(3.56) = 9986 
dlyc 6(0.308) 

iii. Thus the controlling criterion for Fb is Eq. (9.32) (inelastic 
lateral buckling). Evaluate the allowable stress: 

2 Ii"; (L'tSxe) 
Fb = 3' Fy - 5.471'2ECb dlye 

(50)2 
= 0.67(50) - 5.471'2(29 x 103)(1.0) (9986) 

= 17.35 ksi (120 MPa) 

< 30 ksi (210 MPa) 

Thus, the allowable flexural stress equals 17.35 ksi (120 MPa). 
d. Evaluate the moment capacity of the beam: Since all flanges 

are UCEs, the full section is effective and 

Mall = F~x = 17.35 (3.56) 

Mall = 61.8 k-in. (6.9 kN-m) 

e. Evaluate the allowable load including the beam dead weight: 
For a SS beam, M = WL2/8. Thus, 

8Mall 8(61.8) x 12 
Wall = V = (72)2 

= 1.2 klft (1.6 kN/m) 
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f. Check the shear stress in the webs: The shear force and average 
shear stress in the web are 

V max = wLI2 = 1.2(6)/2 = 3.6 k (16.0 kN) 

I! 3.6 
Iv = VIAweb = [6.00 - 2 (0.188 + 0.135)] (0.270) 

= 2.5 ksi (17 MPa) 

Evaluate the limiting value of hit from Eq. (9.23) and (9.24). 

(hlt)lim = 237YkjFy = 237Y5.34/50 = 77.45 

Evaluate hit: 

hit = (6 - 0.270)/0.135 = 42.44 

Thus, from Eq. (9.23), 

65.7YkjFy 65.7Y5.34(50) . 
Fv = (hit) = 42.44 = 25.2 kSl 

and 

Fv = 0.4 (50) = 20 ksi 

Since tv < Fv, the section can carry V max' 

g. Check the maximum flexural stresses in the web. Since the 
flanges are unstiffened, the allowable flexural stress in the webs 
equals 

F bw = [1.26 - 0.00051(hlt)~](0.6Fy) ~ 0.6 Fy 

= [1.26 - 0.00051(42.44)Y50](0.6 x 50) 

= 33.21 ksi (229 MPa) > 30 ksi (210 MPa) 

Thus, use Fbw = 30 ksi (210 MPa). The maximum flexural stress 
in the web is based on the full web area and (F "IO.6Fy)(gross 
flange area) 
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Since F jO.6Fy = 1.0, Ie = 10.7 in.4 (450 cm4 ) and 

fbw = 61.8 (3 - 0.135)/10.7 = 16.55 ksi (110 MPa) 

Since fbw < Fbw, and since the combined stress criteria, Eq. (9.27), 
is also satisfied (when the shear is maximum the moment equals 
zero and vice versa), the web is adequate to carry the flexure 
stresses and transverse shear. 

h. Web crippling criteria at the end reactions would have to be 
checked using the allowable loads of Table 9.14 and deflections 
would need to be checked with Eq. (9.30) to completely analyze 
the adequacy of the beam. 

9.8 AXIALLY LOADED COMPRESSION MEMBERS 

9.8.1 Introduction 

Axially loaded columns of cold-formed steel sections may fail by yield­
ing, local buckling of section elements, flexural buckling about their 
axis with largest KL/r ratio, or simultaneous torsional-flexural buck­
ling. Torsional-flexural buckling is characterized by simultaneous 
twisting of the section about its longitudinal axis as the member under­
goes flexural buckling. The mode of failure is dictated in large part by 
the shape of the cross section, the slenderness of the entire column, 
and the degree of bracing against both lateral movement ofthe column 
and twisting. 

The degree of symmetry (whether it is singly, doubly, or point sym­
metric) of a cross section is an important factor for determining the 
mode of failure in a column. The box and tube sections of Figs. 9.1d 
and 9.1e are doubly symmetric; the channels, angles, and hat sections 
of Figs. 9.1a, 9.1c, 9.lf, and 9.1g are singly symmetric; and the Z section 
of Fig. 9.1d is point symmetric. The unequal leg angle sections of Table 
9.7 are unsymmetric. Whether a section is open or closed is also of 
importance in column behavior. In Fig. 9.1, only the box and tube 
sections are closed sections. 

Cold-formed steel column shapes are either torsionally stable or tor­
sionally unstable. A torsionally stable axially loaded column is defined 
as one which fails by yielding, local buckling, or flexural buckling but 
not by torsional (twisting) buckling or simultaneous flexural-torsional 
buckling. Typical torsionally stable columns are those whose cross 
sections are either doubly symmetric, closed, cylindrical, solid, point 
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symmetric such that the centroid and shear center coincide, or a section 
which is braced against twisting by adequate diaphragms or inter­
mittent bracing. 

Torsionally unstable columns include sections which are open, singly 
symmetric, or nonsymmetric. Possible failure modes for these sections 
include all those for torsionally stable columns plus torsional buckling 
(rarely a factor) and flexural-torsional buckling. . 

9.8.2 Torsionally Stable Columns 

Torsionally stable columns are classified as being long, short, or in­
termediate in length. The slenderness ratio, KLlr, is used to classify 
the column. The 1980 AISI specification for the allowable compressive 
stress Fal in any consistent set of units of torsionally stable sections 
is given by Eqs. (9.38), (9.39), (9.40), and (9.41). If KLlr < CjYQ, 
inelastic buckling is the failure mode and 

F = 12 (QF) _ 3(QFY (KL)2 
al 23 y 231T2E r 

(9.38) 

= 0.522 (QFy) - 75\E [(QFy)(KLlr)]2 (9.39) 

If KLlr;:,: CcIYQ, the column is long and elastic buckling is the failure 
mode. Then 

121T2E E 
Fal = 23(KLlr)2 = 5.15 (KLlr)2 (9.40) 

Since the limiting KLlr for cold-formed columns is 200, if KLlr > 200 

Fal = 0 (9.41) 

Of course, for very short columns, it is possible that yielding occurs 
before inelastic buckling. In this case Fal > F and the allowable com­
pressive stress is Fal = 0.60Fy. In Eqs. (9.38)-(9.40), Cc = Y21T2EIFy; 
P, total loads, kip (kN); A, full unreduced cross-sectional area, in.2 

(mm2); Fab allowable average axial compressive stress, ksi (MPa); E, 
modulus of elasticity (MOE) = 29.5 x 103 ksi (200 GPa); K, effective 
length factor; L, unbraced length of column, in. (mm); r, radius of 
gyration of full unreduced section, in. (mm); Q, form factor for local 
buckling. 
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If the column elements do not buckle locally before yielding (wit is 
small), the form factor Q = 1.0. Conversely, if either the VCEs or SCEs 
of the section buckle locally before yielding, then Q < 1.0. Local buck­
ling considerations are thus handled simply by basing flexural buckling 
loads on a reduced effective yield stress (QFy ). 

If a section is composed of only SCEs, Q is defined as the ratio of the 
effective area to the full area of the cross section. The effective area is 
based upon the effective width of the flats using the basic design stress 
in the SCE (f = 0.60F). Thus, for a section with all SCEs, 

Q = Q a = Aeffective 

A total 
(9.42) 

If the section is composed of all VCEs, Q is the ratio of the allowable 
compressive stress, Fe, for the weakest VCE to the basic design stress. 
That is, 

Fe Fe 
Q=Q =-=-

s F 0.6Fy 
(9.43) 

If the section is composed of both SCEs and VCEs, Q is the product ofQa 
and Q •. That is, 

(9.44) 

where Qa is based upon the allowable stress Fe for VCEs. 
For the special cases where Q = 1.0, element thickness greater than 

0.09 in. (2.3 mm), and KLlr < Ce, the allowable column compressive 
stress, in any consistent set of units, is identical to that for intermediate 
length hot-rolled sections and is defined in Eq. (9.45). 

[1 - ! (K~:r)2JFy 
Fal = ----------

!i. + ;J. (KLlr) _ 1 (KLlr) 3 
3 8 C 8 C 

e e 

(9.45) 

Example 9.6 Doubly Symmetric Column. Evaluate the allowable 
axial compressive load for a 4 x 2t x 0.075 in. (102 x 58 x 1.9 mm) 
I section (see Fig. 9.18) built up with two A36 cold-formed channels if KL = 4 ft (1.22 m); if KL = 6 ft (1.83 m). 
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r 
4 

O[ _:!+-' .... +-

f-2.25~ 
(57) 

KL 

J 
t 
Poll 

Fig. 9.18. Doubly symmetric column section. All dimensions are in in. (mm). 

Solution 

a. The section properties from Table 9.6 are 

A = 0.898 in2 . 

ry = 0.399 in. 

R = 3/32 in. 

Fy = 36 ksi 

(5.8 cm2) 

(10.1 mm) 

(2.4 mm) 

(250 MPa) 

F = 0.6Fy = 21.6 ksi (150 MPa) 

b. Evaluate form factor Q 
i. UCEs: 

WI = 2.25/2 - 3/32 - 0.075 = 0.956 in. (24.3 mm) 

wIlt = 0.956/0.075 = 12.75 

(Wlt)lim = 63.3/~ = 10.55 

(Win/lim = 144/~ = 24.00 



www.manaraa.com

9.8 Axially Loaded Compression Members 335 

Thus, 

Fe = Fy [0.767 - :~~~ (~)~ ] 
[ 2.64 ~ ;n;;] 

= 36 0.767 - 1000 (12.75) V 36 

= 20.34 ksi (140 MPa) 

and 

Qs = F JF = 20.34/21.6 = 0.942 

ii. SeEs: 

W3 = 4.00 - 2 (R + t) = 4.00 - 2 (3/32 + 0.075) 

= 3.663 in. (93.0 mm) 

W31t = 3.663/0.075 = 48.883 

(wIt). = 171 = 171 = 171 = 37.916 
11m Vt Y'Fc Y/20.34 

Thus, 

~ - 253 [1 - 55.3 ] 
t - Vt (wlt)(yt) 

= 253 [1 - 55.3 ] = 42.012 
Y/20.34 48.833 Y/20.34 

and b = 42.012 (0.075) = 3.151 in. (80.0 mm) 

Aeff = A - 2(W3 - b)t 

= 0.898 - 2(3.663 - 3.151)(0.75) 

= 0.821 in.2 (5.3 cm2) 

Qa = Aeff = 0.821 = 0.914 
Atot 0.898 
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Therefore, the form factor is Q = QsQa = (0.942)(0.914) = 
0.861. 

c. Evaluate Fa1 and Pall: 

i. For L = 4 ft (1.22 m) 

KL/r = 48/0.399 = 120.30 

C = (27r2E) 1/2 = (27r2(29.5 X 103») 1/2 = 127 18 
c F 36 . 

y 

(KL/r)lim = Cc!VQ = 127.18/V.861 = 137.06 

Thus, the column is intermediate and from Eq. (9.39) 

1 
Fa1 = 0.522(QFy ) - 75.7E [(QFy )(KL/r)]2 

= 9.95 ksi (70 MPa) 

and 

Pall = Fa1Atot = (9.95)(0.898) = 8.94 kip (39.8 kN) 

ii. For L = 6 ft (1.83 m) and KLlr = 72/0.399 = 180.45 > 
(KLlr)lim' Thus, the column is long and from Eq. (9.40), 

Fa1 = 5.15E/(KLlr)2 = 5.15 (29.5 x 103)/(180.45)2 

= 4.66 ksi (30 MPa) 

and 

Pall = 4.66 (0.898) = 4.19 kip (18.6 kN) 

Example 9.7 Point Symmetric Column (Z Section). Evaluate the 
allowable axial load of a 2 x 4 x 0.105 in. (51 x 102 x 2.7 mm) Z 
section with stiffened flanges if KL = 5 ft (1.52 m) and Fy = 36 ksi 
(250 MPa) and if it is braced against twisting. 

Solution 

a. The section properties of the point symmetric shape are taken 
directly from Table 3 (see Fig. 9.19). 
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-r------ ,+----I~~ ~0.70(18) 

4 
(102) 

! 

L,+-----+, 

Fig. 9.19. Point symmetry Z. All dimensions are in in. (mm). 

R = 0.188 in. (4.8 mm) 

t = 0.105 in. (2.7 mm) 

A = 0.900 in.2 (5.8 cm2) 

rmin = 0.567 in. (14.4 mm) 

h. Evaluate the flat width ratios: 

wiltl = (0.70 - 0.188 - 0.105)/0.105 = 3.881 

w21t = [ 2 - 2(3/16 + 1.05)]10.105 = 13.476 

w31t = [4 - 2(3/16 + .105)]/0.105 = 32.514 

c. Evaluate the form factors: 
1. UCEs: Since 

(Wlt)lim = 63.3/~ = 10.550> 3.881, 

ii. SCEs: Since 

171 171 W2 W3 
(w/t))" = - = -- = 36.79> - or-

1m VF Y21.6 t t 



www.manaraa.com

338 Cold-Formed Steel Design 

then Qa = 1.0 and Q = Qa Qs = 1.0 
d. Evaluate the allowable stress and load 

(KLlr)lim = Ce = Y2rr2EIFy = 127.18 

Since KLlr = 6010.567 = 105.82 < Ce, Q = 1.0, and t > 0.09, 

[1 - 1/2 (K~:r) 2J Fy 

Fa1 = -----------
51 31 (KLlr) _ 1 (KLlr) 3 

3 + 8 C 18 C 
e e 

[1 - 1/2 (105.82/127.18)2] 36 
5/3 + % (105.821127.18) - 1/8 (105.82/127.18)3 

23.54 
1.91 

Fa1 = 12.32 ksi (85 MPa) and 

Pall = 12.32 (0.900) = 11.1 kip (49.3 kN) 

9.8.3 Torsionally Unstable Sections-Singly 
Symmetric or Unsymmetric Sections 

The allowable axial compressive stress of singly symmetric or nonsym­
metric shapes of open cross section shall be the smaller of F, F ab or 
Fa2, where F and Fa1 are as defined earlier and Fa2 is defined by Eqs. 
(9.46) and (9.47) in any consistent set of units, 

if (J' TFO > 0.5( QFy) (9.46) 

or 

(9.47) 

where (J'TFO is the elastic torsional-flexural buckling stress under con­
centric loading, ksi (MPa). 

The elastic torsional-flexural buckling stress for shapes whose axis 
of symmetry is the x axis is defined in Eq. (9.48) for any consistent set 
of units. 
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where 

in ksi (MPa) is the allowable stress for flexural buckling about the 
symmetry axis; 

in ksi (MPa) is the allowable stress for torsional buckling ofthe section; 

A = cross-sectional area in in.2 (mm2); 

ro = polar radius of gyration of the cross section about 
the shear center, in. (mm), 

ro = V"; + r; + x~; 
rx,ry = radius of gyration about x and y axes in in. (mm); 

E = 29.5 X 103 ksi (200 GPa) 

G = shear modulus, 11.3 x 103 ksi (80 GPa); 

Xo = distance from the shear center* to the centroid along the 
x-axis in in. (mm); 

J = St. Venant torsion constant; for sections composed of thin 
elements: 

J - ! ~ (L 3) . 4 ( 4). - 3 ~ iti' m. mm , 
i= 1 

ti = thickness of element i in in. (mm) 

Li = midline length of element i in in. (mm) 

Cw* = warping constant of torsion of the cross section in in.6 (mm6). 

*For a discussion of and derivation of the shear center and the warping constant, 
consult a text on advanced mechanics and the 1972 AlSI edition ofthe AISI Specification 
Part III. 
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x 

Y'---+-- + --+---Y 

x 

Fig. 9.20. Singly symmetric open section. 

Values of J, Cw , ro, and Xo for typical channel sections are in Tables 
9.1 and 9.2. Similar properties for hat sections are given in Table 9.9. 
With the exception of ro, the same properties for angle sections are in 
Tables 9.7 and 9.8. Equations for evaluating J, Cw , and ro for stiffened 
and unstiffened angle, channel, hat, and Z sections not found in the 
tables are in Part III of the 1972 edition of the AISI Specification. 
Equations are available for singly symmetric I and T sections in the 
same reference. 

Example 9.B. Singly Symmetric Open Sections. Evaluate the al­
lowable axial compressive load of the following sections (Fig. 9.20) if 
KL = 8 ft (2.44 m) and Fy = 33 ksi (230 MPa). 

a. A 4 x 4 x 0.105 in. (102 x 102 x 2.7 mm) hat section. 
b. A 4 x 6 x 0.105 in. (102 x 152 x 2.7 mm) hat section. 

Solution 

a. Analyze the 4 x 4 x 0.105 in. (102 x 102 x 2.7 mm) section. 
The section properties are obtained from Table 9.9. In Fig. 9.20 
the x axis is the axis of symmetry for consistency in the defi­
nition of (JTFO' Thus, the x and y axes in Table 9.9 must be 
interchanged. The subscripts in this example are referenced to 
Figure 9.20 throughout. 

A = 1.45 in.2 (9.4 cm2), J = 0.00534 in.4 (0.22 cm4) 

ry = 1.53 in. (39 mm), Cw = 6.24 in.6 (1676 cm6 ) 

rx = 1.91 in. (48 mm), Xo = -3.54 in. (-90 mm) 

rO = 4.31 in. (109 mm), 
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i. Evaluate the form factor, Q. Since wIlt = (1.34 - 0.105 
- 0.188)/0.105 = 9.97 < 63.3/~ = 11.02, Qs = 1.00. 
Since w21t = w31t = [4 - 2(0.105 + 0.188)]/0.105 = 32.51 
< 171/V.6Fy = 38.42, Qa = 1.00. Thus, Q = 1.0. 

ii. EvaluateFa2 for flexural-torsional buckling about the axis 
of symmetry. 

J3 = 1 - (XO)2 = 1 _ (-3.54)2 = 0.325 
ro 4.31 

KLlrx = 96/1.91 = 50.25 (slenderness ratio about the 

axis of symmetry) 

7r2E 7r2(29.5 x 103) • 

(J'ex = (KLlrJ2 = (50.25)2 = 115 kSl (790 MPa) 

1 [ 7r
2ECw ] 

(J't = Aro GJ + (KL)2 

= (1.45)~4.31)2 [(11,300)(0.00534) 

7r2(29.5 x 103)(6.24)J 
+ (96)2 

= 9.56 ksi (70 MPa) 

From Eq. (9.48) 

1 
(J'TFO = 2(0.33) [(115 + 9.56) 

- V(115 + 9.56)2 - 4(.33)(115)(9.50)] 

(J'TFO = 8.91 ksi (61 MPa) 

Since 0.5( QF) = 0.5(33) = 16.5 ksi (110 MPa) > (J'TFO, 

Fa2 =0.522(QFy ) = 0.522(16.5) 

Fa2 = 8.61 ksi (59 MPa) 

lll. Evaluate Fal for flexural buckling about the weak axis 
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KLlry = 96/1.53 = 62.75 

Since (KLlr)lim = Cc = v'2-rr2EIFy = 132.84> KLlry and 
t > 0.09 in. (2.3 mm), 

F _ [1 - ! (62.75/132.84)2] 33 _ 29.36 
al - i + i (0.47) - l (0.47)a - 1.83 

= 16.04 ksi (110 MPa) 

iv. Thus Pall = Fa~ = 8.61(1.45) 

Pall = 12.48 kip (55.5 kN) 

b. Analyze the 4 x 6 x 0.105 in. (102 x 152 x 2.7 mm) hat 
section. 
i. From Table 9.9, the section properties are 

A = 1.66 in.2 (10.7 cm2 ) Cw = 16.4 in.s (4404 cmS) 

ry = 1.54 in. (39 mm) ro = 4.60 in. (117 mm) 

r" = 2.69 in. (68 mm) Xo = - 3.40 in. ( - 86 mm) 

J = 0.00612 in.4 (0.25 cm4) 

Note again that the subscripts are referenced to the axes 
in Fig. 9.20. 

ii. Evaluate the form factor, Q. Qs is 1.0 since the UeE is 
identical to the part a section. Since walt = [6 - 2(0.105 
- 0.188)] 10.105 = 51.56 > 1711v'0.6Fy = 38.42, Qa < 1. 
From Eq. (9.13), 

b = (253/yf [1 - 55.3/(wlt)V/'J (t) = 4.51 in. (114 mm) 

ThusAetr = A - (wa - b)t = 1.66 - (5.41 - 4.51)(0.105) 
= 1.57 in.2 (10.1 cm2) and Qa = 1.57/1.66 = 0.944 and Q 
= QsQa = 0.944. 
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iii. Evaluate Fa2 for flexural-torsional buckling about axis of 
symmetry 

( -3.40)2 
13 = 1 - 4.60 = 0.454 

KL = 96 = 35.69 
rx 2.69 

'71"2(29.5 x 103) • 

O"ex = (35.69)2 = 228.6 kSl (1580 MPa) 

O"t = (1.66)~4.60)2 [(11.3 x 103)(6.12 x 10- 3) 

'71"2(29.5 x 103)(16.4)J 
+ (96)2 

= 16.72 ksi (120 MPa) 

1 
O"TFO = 2(0.454) 

x [(228.6 + 16.72) 

- Y(228.6 + 16.72)2 - 4(.454)(228.6)(16.72)] 

= 16.04 ksi (111 MPa) 

Since 0.5(QFy) = 0.5(0.944)(33) = 15.58 ksi (107 MPa) < 
O"TFO from Eq. (9.46) 

(0.944 X 33)2 
Fa2 = 0.522(0.944)(33) - 7.67 (16.04) 

= 8.37 ksi (60 MPa) 

iv. Evaluate Fa! for flexural buckling about the weak axis. 
Since KLlry = 96/1.54 = 62.34 < Ce, 

Fa! = [1 - ! (62.34/132.84)2]33 

= 16.1 ksi (110 MPa) > Fa2 

v. Thus Pall = Fa~ = 8.37(1.66) = 13.90 kip (61.8 kN). 
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9.8.4 Torsionally Unstable Point Symmetric Sections 

The procedure for evaluating the allowable stresses for point symmetric 
column sections is similar to that for singly symmetric sections. The 
allowable stress is the smaller of Fa! or Fa2 as defined, by Eqs. (9.49) 
and (9.50). 

if (Jt:S:; 0.5QFy 

if (Jt > 0.5QFy (9.49) 

(9.50) 

The torsional constant J and the warping constant Cw are required for 
evaluating the allowable stress. These constants are not given in Table 
9.9 for point symmetric Z sections and will have to be evaluated. Pro­
cedures for evaluating these constants for a variety of sections are 
outlined in Part III of the 1968 edition of the AISI Specification. 

9.8.5 Cylindrical Tubular Members 

The allowable compressive stress for tubular columns having a mean 
diameter-to-wall thickness ratio Dft less than 3,300fFy is the smaller 
of Fa! from Eqs. (9.38) to (9.40) or Fa from Eq. (9.51). 

Fa = 0.6Fy or 0.6Fya (9.51) 

When 3,300fFy < Dft :s:; 13,000fFy, then the allowable compressive 
stress is the smaller of Fa! from Eqs. (9.38) to (9.40) or Fa from Eq. 
(9.52). In Eqs. (9.51) and (9.52), Fa and Fy both have units of ksi. 

Fa = 662f(Dft) + 0.399 Fy (9.52) 

9.9 BEAM-COLUMNS 

For sections which are not subject to torsional-flexural buckling, in­
teraction equations (9.53), (9.54), and (9.55) must be satisfied when 
proportioning cold-formed sections used as beam-columns. If the ratio 
of axial stress to allowable axial stress, fafFa! > 0.15, then both Eqs. 
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(9.53) and (9.54) must be satisfied. If fa/Fa! ~ 0.15, then only Eq. (9.55) 
need be satisfied. 

(9.53) 

.1:... + C rnxfbx + C myfby ~ 1.0 
Fa! [1-(fa/F;x)] Fbx [1 - (fa/F;)]Fby 

(9.54) 

.1:... + fbx + fby ~ 1.0 
Fa! Fbx Fby 

(9.55) 

where fa = actual axial stress, ksi (MPa); fbx,(by, actual maximum 
flexural stresses, ksi (MPa); Fao, allowable compressive stress under 
centric loads and KL = 0, ksi (MPa); Fa!> allowable compressive stress 
under centric load adjusted for KLlr, ksi (MPa); F;x = 12'lT2E/23 (KL/ 
r);, ksi (MPa);F;y = 12'lT2EI23(KLlr)';, ksi (MPa); Fbx,F'by are allowable 
compressive flexural stresses in pure bending (lateral buckling con­
sidered), ksi (MPa); FbZx,F'bly are allowable compressive flexural stresses 
in pure bending excluding possibility of lateral buckling, ksi (MPa); 
Cm = 0.6 - 0.4(M!IM2) ~ 0.4. (See Section 8.9 for limitations and 
methods for evaluating this parameter.) 

The requirements for torsionally stable cold-formed sections are nearly 
identical to those for hot-rolled sections. However, the load table design 
aids of hot-rolled standard sections are not available in cold-formed 
design. The analysis of existing members requires substitution of ac­
tual and allowable stresses into the appropriate interaction equations. 
Design of cold-formed beam-columns requires a trial and error solution. 

One approach to beam column design is to select as a first trial a 
member slightly larger than that required for pure compression or for 
pure flexure. Then check its adequacy by substituting into either the 
simpler of the interaction equations for cases where fa/Fa! > 0.15 or 
into the interaction equation for fa/Fa! ~ 0.15. When the simpler in­
teraction equations are satisfied, then refine the design by using the 
more complex interaction equation if fa/Fa! > 0.15. 

Of course another approach is to utilize the digital computer to ana­
lyze and design beam-columns. Certainly, the designer who is faced 
with many combined loading situations should contact AISI or AISC 
for available computer programs. 

The behavior of beam-columns of nonsymmetric open shapes and 
unsymmetrically loaded singly symmetric shapes is very complex be-
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cause they are subject to torsional-flexural buckling. The AISI requires 
that the behavior of these sections be determined by appropriate test­
ing. 

The behavior of singly symmetric shapes loaded in the plane of sym­
metry and unbraced against flexural-torsional buckling is also very 
complex. Analytical design procedures are available and are presented 
in Section 3.72 of Part I of the 1980 edition of the AISI Specification. 
The procedures are quite cumbersome, requiring numerous design aids 
from Part IV of 1968 AISI Specifications. The engineer who contem­
plates designing or analyzing cold-formed steel beam-columns of singly 
symmetric shapes should consult the AISI Specifications and Design 
Aids. 

9.10 CONNECTORS 

9.10.1 Introduction 

Connectors for fastening cold-formed steel include welds, bolts, cold 
rivets, and self-tapping screws. The methods for estimating loads in 
cold-formed connections are presented in Chapter 7 on Connector Fun­
damentals. This section will deal with the specific strengths and re­
quirements for typical adequate cold-formed connectors. 

The primary difference between connections for cold-formed steel 
and hot-rolled steel are those related to the relatively thinner elements. 
In bolted connections, the ratio of bolt diameter to thickness of the 
connected part is large in many cold-formed steel joints· and care must 
be exercised to prevent failure of the connected part by tearing out or 
piling due to bearing. Figure 9.21 illustrates these two modes offailure. 
Also, precautions are necessary to properly weld the thin sheets with­
out burning the steel. 

Both fusion or resistance (spot) welds are acceptable as cold-formed 
connectors. Resistance (also called spot or puddle) welds are normally 
confined to shop welding, whereas fusion welding predominates in erec­
tion practices. Fusion welding is used to connect cold-formed members 
and to connect cold-formed members to heavier hot-rolled members. 

9.10.2 Welded Connections 

If the thickness of the welded parts exceeds 0.18 in. (4.6 mm), the weld 
may be designed in accordance with the AISC Specification for hot­
rolled steel. The 1980 edition of the AISI Specification for various welds 
for thinner members are summarized herein. Groove welds in butt 
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Tear Out Failure Along These Lines 

Piling Failure Along These Lines 

Fig. 9.21. Piling and tearout failure modes in bolted, cold-formed steel con­
nectors. 

joints are designed on the basis of the strength of the weakest part 
joined provided the effective throat thickness is equal to or greater 
than the thinner part joined. The allowable loads for arc spot (puddle) 
welds where the thinnest part connected is less than 0.15 in. (3.8 mm) 
are defined, in English units, by Eqs. (9.56) to (9.59) and Fig. 9.23. The 
allowable load is the smaller of the loads obtained from Eq. (9.56) or 
the applicable one of Eqs. (9.57), (9.58), or (9.59). 

p = d,2Ji' =/4 (9.56) 

P = 0.88tdJi' u if dalt ~ 140/v'F: (9.57) 

[ 960t ] P = 0.122 1 + \IF:. tda Fu 
(da Fu) 

(9.58) 

if 

140 da 200 
--<-<--v'F: t v'F: 

P = 0.56tda if dalt ;;:. 200/v'F: (9.59) 

where P is load, kip; d is outside diameter of weld, in.; da is average 
diameter of weld, da = d - t for single sheet, and d - 2t for double 
sheets, in.; de = 0.7 d - 1.5t but ~ O.55d, in.; t is total thickness of all 
thin sheets connected, in.; F = is designated strength of the A WS elec­
trode used, ksi; F y is minimum yield point of the steel, ksi; F u is 
minimum tensile strength of the steel, ksi. 
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p---- o 0 0 

Fig. 9.22. End bolt spacings for cold-formed bolted connectors. 

The allowable loads as estimated in Eqs. (9.56) to (9.59) are satis­
factory provided the edge distance, e, is equal to or greater than emin 
as calculated with Eqs. (9.60) and (9.61). 

(9.60) 

and 

(9.61) 

The allowable loads for fillet welds similar to those in Fig. 9.24 con­
necting sheet to sheet or sheet to a thicker member is specified by AISI 
by Eqs. (9.62) and (9.63) for longitudinal loading and by Eq. (9.64) for 
transverse loading. Equations (9.62) to (9.65) may be used with any 
consistent set of units. 

P = 0.4[1 - 0.01 Llt]tLF u 

P = 0.3tLFu 

P = O.4tLFu 

if Lit;?! 25 

if Lit < 25 (9.62) 

(9.63) 

(9.64) 

For members thicker than 0.150 in. (3.8 mm), the allowable load from 
Eq. (9.65) may be used. 

p = 0.3 tu;LF= (9.65) 

where L is fillet weld length, tw , effective throat thickness = 0.707wI 
or 0.707w2 in Fig. 9.24; WI and W2, weld leg lengths. 

The allowable loads for resistance spot welds are summarized in 
Table 9.15. The permissible loads are for individual spots, for pre­
scribed thickness of connected parts, and have a factor of safety of 
approximately 2.5. 
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d. - d-I 

d. _ 0 .7d - 1.51:S; 0.55<:1 

Arc Spol Weld-Single Thickness of Sheel 

d. - d-2t 

d . _ 0 .7d - 1.51:SO; 0.55<:1 

Arc Spot Weld-Doubte Thickness of Sheet 

Fig. 9.23. Arc spot welds-definition sketches. Reproduced with permission 
from Cold Formed Steel Design Manual: Part I-Specification for the Design 
of Cold Formed Steel Structural Members, 1980 ed., American Iron and Steel 
Institute, Washington, DC. 
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{AI Lap Joint 

Figure 9.24. Fillet welds. 

9.10.3 Bolted Connections 

The allowable load for bolted connections in cold-formed steel is de­
pendent upon the allowable shear stress of the bolts, the bearing stress 
exerted by the bolt on the projected area of the connected parts, the 
tensile stress acting on the net section of the connected parts, and the 
spacing of the bolts in the connector (dimensions d1 and d2 in Fig. 9.22). 
The AISI (5th ed.) requirements are summarized herein. 

The allowable bolt shear stresses for a variety of approved structural 
bolts are summarized in Table 9.16. The allowable bearing stresses 
acting on the projected bolt areas (d x t) must be less than the values 
in Tables 9.17 and 9.18 in order to prevent piling. In order to prevent 
tearout type failures (see Fig. 9.21), the distance, d2 (see Fig. 9.22), 
between the center line of a bolt and the edge of the connected part 
measured in the direction of the applied force must be greater than 

Table 9.15. Allowable Load in Resistance Spot Welds. 

Thickness of 
Thinnest Outside 

Sheet (in.) 

0.010 
0.020 
0.030 
0.040 
0.050 
0.060 

Allowable Shear 
Strength per 

Spot (kip) 

0.050 
0.125 
0.225 
0.350 
0.525 
0.725 

Thickness of 
Thinnest Outside 

Sheet (in.) 

0.080 
0.094 
0.109 
0.125 
0.188 
0.250 

Allowable Shear 
Strength per 

Spot (kip) 

1.075 
1.375 
1.65 
2.00 
4.00 
6.00 

Reproduced with permission from Cold Formed Steel Design Manual: Part l-Specifi­
cation for the Design of Cold Formed Steel Structural Members, 1980 ed. American Iron 
and Steel Institute, Washington, DC. 
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Table 9.16. Allowable Shear Stress on Bolts. 

Type Bolt 

ASTM A307-78, Type A 
ASTM A325-79 
ASTM A354-79, 

Grade B, D < ! in. dia. 
ASTM A449-78a, 

<! in. dia. 
ASTM A490-79 

Threads Excluded from 
Shear Plane (ksi) 

10 
30 

40 

30 
40 

9.10 Connectors 351 

Threads in the Shear Plane (ksi) 

10 
21 

24 

18 
28 

Reproduced with permission from Cold Formed Steel Design Manual: Part I-Specifi­
cation for the Design of Cold Formed Steel Structural Members, 1980 ed. American Iron 
and Steel Institute, Washington, DC. 

the distance calculated with Eqs. (9.66) or (9.67). Equations (9.66) and 
(9.67) are valid for any consistent set of units. 

(d2)min = PIO.5Fut if FulFy;;:: 1.15 

(d2)min = PI0.45Fut if FulFy < 1.15 

(9.66) 

(9.67) 

where t is thickness of thinnest part connected; P, force transmitted 
by the bolt; Fu. minimum tensile strength of the connected part; F y , 

yield stress of the connected part. 
Also, the spacing between bolts, d1 (see Fig. 9.22), must be greater 

than three times the bolt diameter; and the distance between the center 

Table 9.17. Allowable Bearing Stresses for Bolted Connections with Washers under 
Both Bolt Head and Nut. 

Thickness of Allowable 
Connected Bearing 

Part Fu/Fy Ratio of Stress, Fp 
(in.) Type of Joint Connected Part (ksi) 

Inside sheet of double ;;;.1.15 1.50Fu 
shear connection <1.15 1.35Fu ;;;.0.024 

but <3/16 Single shear and outside 
sheets of double shear 
connection No limit 1.35Fu 

;;;.3/16 Use AISC Bolt Specification 

Reproduced with permission from Cold Formed Steel Design Manual: Part I-Specifi­
cation for the Design of Cold Formed Steel Structural Members, 1980 ed. American Iron 
and Steel Institute, Washington, DC. 
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Table 9.18. Allowable Bearing Stresses for Bolted Connections without Washers 
under Both Bolt Head and Nut, or with Only One Washer. 

Thickness of 
Connected 

Part 
(in.) 

;;"0.036 
but <3116 

Type of Joint 

Inside sheet of double 
shear connection 

Single shear and outside 
sheets of double shear 
connection 

Use AISC Bolt Specification 

FulFy Ratio of 
Connected Part 

;;,,1.15 

Allowable 
Bearing 

Stress, Fp 
(ksi) 

1.35Fu 

1.00Fu 

Reproduced with permission from Cold Formed Steel Design Manual: Part 1-Specifi­
cation for the Design of Cold Formed Steel Structural Members, 1980 ed. American Iron 
and Steel Institute, Washington, DC. 

of a bolt and any boundary must be greater than 1.5 times the bolt 
diameter. 

The tension stress acting on the net area of a bolted connection may 
not exceed 0.6F y nor may it exceed the stresses calculated by Eqs. 
(9.68) or (9.69) when washers are used under both the bolt head and 
nut and by Eq. (9.70) when fewer washers are used. Equations (9.68) 
to (9.70) are valid for any consistent set of units and when the thickness 
of the thinnest part connected is less than Is in. (4.8 mm). When the 
thickness exceeds Is in. (4.8 mm) the net section requirements of the 
AISC specification are adequate (see Chapter 8). 

Ft = (1.0 - 0.9rl + 3r1dls)(0.5Fu) ~ 0.5Fu 

Ft = (1.0 - 0.9rl + 3r1dls)(0.45Fu) ~ 0.45Fu 

Ft = (1.0 - rl + 2.5r1dls)(0.45Fu) ~ 0.45Fu 

(9.68) 

(9.69) 

(9.70) 

where rl is force transmitted by the bolt, or bolts, at the section con­
sidered divided by the tension force in the member at that section; s, 
spacing of bolts normal to the line of stress, or the width of sheet if 
only one row of bolts; F t , allowable tension on the net section; d, bolt 
diameter. 

PROBLEMS 

9.1 Show whether a simple lip stiffener with a flat width of 0.35 in. 
(9 mm) is adequate to stiffen the flanges of the 5 x 1.125 x 
0.060 in. (127 x 29 x 1.5 mm) Z section in Table 9.4. 
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9.2 Evaluate the magnitude of the allowable compressive stress for 
the flanges and the webs of the 3 x 1.125 x 0.048 in. (76 x 29 
x 1.2 mm) unstiffened channel in Table 9.2 with (a) Fy = 33 
ksi (230 MPa); (b) Fy = 40 ksi (280 MPa); (c) Fy = 50 ksi (340 
MPa). 

9.3 Evaluate the effective width of the compression elements for 
strength and deflection determinations in the following sections 
if Fy = 33 ksi (230 MPa). 

a. A stiffened 3.5 x 2 x 0.135 in. (89 x 51 x 3.4 mm) 
channel. 

b. A stiffened 8 x 3 x 0.060 in. (203 x 89 x 1.5 mm) 
channel. 

c. An unstiffened 3 x 1.125 x 0.048 in. (89 x 29 x 1.0 
mm) channel. 

d. An unstiffened 6 x 1.50 x 0.105 in. (152 x 38 x 2.7 
mm)Z. 

e. A 4 x 4 x 0.075 in. (102 x 102 x 1.9 mm) hat section. 

9.4 Repeat Problem 9.3 for Fy = 40 ksi (280 MPa). For Fy = 50 ksi 
(340 MPa). 

9.5. Evaluate the effective area, moment of inertia, and section mod­
ulus for the following sections which are fabricated from steel 
with Fy = 33 ksi (230 MPa). Compare your results to those in 
Tables 9.1 to 9.9. 

a. A 6 x 1.50 x 0.060 in. (152 x 38 x 1.5 mm) unstiffened 
channel used as a flexural member bent about the strong 
axis. 

b. Repeat Problem 9.5a if the member is used as a 
compression member. 

c. A 6 x 5 x 0.105 in. (152 x 127 x 2.7) stiffened built 
up I section (Table 9.5) when the section is used as a 
flexural member bent about its strong axis. 

d. Repeat Problem 9.5c if the section is used as a compres­
sion member. 

e. A 6 x 6 x 0.105 in. (152 x 152 x 2.7 mm) hat section 
when used as a flexural member in the orientation shown 
in Fig. 9.15 and bent about the horizontal centroidal 
axis of the section. 

9.6. Repeat Problem 9.5 for Fy = 40 ksi (280 MPa). For Fy = 50 
ksi (340 MPa). 

9.7. Evaluate the moment capacity ofthe following sections if Fy = 



www.manaraa.com

354 Cold-Formed Steel Design 

33 ksi (230 MPa) and the sections are bent about their strong 
axis. 

a. An adequately braced 6 x 5 x 0.105 in. (152 x 127 
x 2.7 mm) stiffened built-up I section. 

b. An adequately braced 6 x 2.5 x 0.105 (152 x 64 x 2.7 
mm) stiffened Z section. How frequently should this 
section be braced? 

c. An adequately braced 6 x 3.00 x 0.060 in. (152 x 76 
x 1.5 mm) unstiffened built-up I section. 

d. An adequately braced 6 x 3 x 0.048 in. (152 x 76 x 
1.2 mm) hat section when bent about an axis parallel 
to the lips. 

9.8. Repeat Problem 9.7 for Fy = 40 ksi (280 MPa). For Fy = 50 
ksi (340 MPa). 

9.9. Evaluate the moment capacity of the following sections when 
fabricated from steel with F y = 33 ksi (230 MPa) and bent 
about their strong axis. 

a. An unstiffened 4 x 1.125 x 0.060 in. (102 x 29 x 1.5 
mm) Z section used in a laterally unbraced simply sup­
ported beam with a span of 4 ft. (1.22 m); 6 ft (1.83 m); 
8 ft (2.44 m); 10 ft (3.05 m). 

b. Repeat Problem 9.9a for a stiffened 5 x 2 x 0.075 in. 
(127 x 51 x 1.9 mm) Z section. 

9.10. Repeat Problem 9.9 for Fy = 40 ksi (280 MPa). Fy = 50 ksi 
(340 MPa). 

9.11. Evaluate the magnitude ofthe uniformly distributed load which 
can be carried by a stiffened 4 x 2 x 0.060 in. (102 x 51 x 
1.5 mm) channel when used over an unbraced simply supported 
span of 5 ft (1.52 m) if the section has a yield stress of 33 ksi 
(230 MPa). The beam ends rest on a 2 in. (51 mm) long bearing 
surface and the allowable deflection equals (1I180)(span). 

9.12. Evaluate the form factor, Q, for the sections in Problem 9.3 
when used as a compression member. 

9.13. Evaluate the magnitude of the allowable compressive load for 
the following columns when fabricated with steel having a yield 
strength of 33 ksi (230 MPa). 

a. An unstiffened 5 x 2.5 x 0.075 in. (127 x 64 x 1.9 
mm) I section with KL = 2 ft (0.61 m). KL = 4 ft (1.22 
m). KL = 6 ft (1.82 m). KL = 8 ft (2.44 m). KL = 10 
ft (3.05 m). 
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b. A stiffened 4 x 4 x 0.105 in. (102 x 102 x 2.7 mm) 
I section with KL = 5 ft (1.52 m); KL = 8 ft (2.44 m); 
KL = 10 ft (3.05 m). 

c. A stiffened 4 x 2 x 0.105 in. (102 x 51 x 2.7 mm) 
channel section with KL = 5 ft (1.52 m); KL = 8 ft 
(2.44 m); KL = 10 ft (3.05 m). 

d. An unstiffened 4 x 1.125 x 0.105 in. (102 x 29 x 2.7 
mm) channel section with KL = 5 ft (1.52 m); KL = 8 
ft (2.44 m); KL = 10 ft (3.05 m). 

9.14. Repeat Problem 9.13 if Fy = 40 ksi (280 MPa). Fy = 50 ksi 
(340 MPa). 

9.15. Determine the maximum moment the column in Example 9.6 
can carry superimposed on an axial compressive load of 2.0 kip 
(8.9 kN). 

NOMENCLATURE FOR CHAPTER 9 
A Cross-sectional area, in.2 (mm2) 

Aw Area of the webs, in.2 (mm2) 

B Width of the flanges of a cross section, in. (mm) 
Cb 1.75 + 1.05 (MI/M2 ) + 0.3 (MI /M2 )2 

Ce Limiting value of slenderness ratio V2'Tf2(EIFy ) 

Cw Warping constant for a cross section 
D Overall depth of a cross section; diameter of round tubes, in. 

(mm) 
E Modulus of elasticity of steel, ksi (GPa) 
F Basic design stress for a section or element, ksi (MPa) 
Fao Allowable compressive stress under centric loading and with 

KL = 0, ksi (MPa) 
Fal Allowable average axial compressive strength, ksi (MPa) 
Fa2 Allowable axial compressive strength for torsionally unstable 

sections, ksi (MPa) 
F b Allowable flexural stress, ksi (MPa) 
FbI Allowable compressive flexural stress in pure bending 

excluding possibility of lateral buckling, ksi (MPa) 
F bw Allowable flexure stress in web of a beam, ksi (MPa) 
Fe Allowable compressive stress for an element of a cross 

section, ksi (MPa) 
F;i Euler column buckling stress about the i axis with a factor of 

safety (F.S.) of 1.92, ksi (MPa) 
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Ft Allowable tensile stress, ksi (MPa) 
F u Ultimate tensile strength, ksi (MPa) 
Fv Allowable shearing stress, ksi (MPa) 
Fy Yield strength, ksi (MPa) 
Fya Average yield strength of an entire section considering cold 

working, ksi (MPa) 
Fye Yield strength of corners, ksi (MPa) 
G Shear modulus; modulus of rigidity, ksi (GPa) 
I Second moment of area, in.4 (cm4) 
lye Moment of inertia of the compressive portion of a section 

about the centroidal axis of the entire section parallel to the 
web, in.4 (cm4) 

J Torsional constant for a cross section, in.4 (cm4) 
K Effective length factor for columns 
L Unsupported length of columns; beam span; length of a weld, 

in. (mm) 
Lb Distance between lateral support of the compression flange of 

a beam, in. (mm) 
M Moment capacity, or bending moment, k· ft (kN· m) 
P Applied load, kip (kN) 
Q QaQs; form factor for local buckling of sections with both 

stiffened and unstiffened compression elements 
Qa AeuiA is form factor for local buckling of stiffened 

compression elements 
Qs FJO.6Fy is form factor for local buckling of unstiffened 

compression elements 
R Inside radius of the corners of a section, in. (mm) 
R' Midline radius of corners of a section, in. (mm) 
S Section modulus, in.3 (cm3) 

Sxe Compression section modulus of the entire section about the 
axis of bending (Ix divided by the distance from the centroidal 
axis to the outside fiber of the compression flange), in.3 (cm3) 

b Effective width of stiffened compression elements, in. (mm) 
be Reduced effective width of stiffened compression elements, in. 

(mm) 
c Distance between neutral axis (N.A.) and outer fiber of 

flexural element, in. (mm) 
d Length of midline of webs; depth of element stiffener; 

diameter of a weld; bolt diameter, in. (mm) 
e End, edge distance for connectors, in. (mm) 
f Actual stress level, ksi (MPa) 
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fa Actual axial compressive stress level in an element, ksi 
(MPa) 

fb Actual flexural stress, ksi (MPa) 
bbw Actual flexural stress in the web, ksi (MPa) 
fv Average shear stress, ksi (MPa) 
h Clear distance between flanges, in. (mm) 
kv Shear buckling coefficient 
m Distance between an element and the shear center of a cross 

section, in. (mm) 
r Radius of gyration of a cross section, in. (mm) 
ro Polar radius of gyration of section about the shear center, in. 

(mm) 
rl Ratio of force transmitted by bolts at a section to the total 

tensile load acting at the section. 
s Bolt spacing along line of stress, in. (mm) 
t Thickness of the elements of a cross section, in. (mm) 
w Flat width of an element; width of the legs of a fillet weld, in. 

(mm) 
x Subscript usually denoting the strong axis of a section; 

distance between the web and centroidal axis of some shapes, 
in. (mm) 

Xo Distance between the shear center and centroidal axis along 
the x axis, in. (mm) 

y Subscript usually denoting the weak axis of a section; 
distance between the web and centroidal axis of some shapes, 
in. (mm) 

E Unit strain 
U'ex Allowable stress for flexural buckling about the symmetry 

axis, ksi (MPa) 
U't Allowable stress for torsional buckling of the section, ksi 

(MPa) 
U'TFO Elastic torsional-flexural buckling stress under concentric 

loading, ksi (MPa) 
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Light Timber Design 

10.1 INTRODUCTION: 

10.1.1 General Considerations 

Timber is an important structural material in agricultural production 
systems. A large proportion of livestock and storage facilities, tem­
porary facilities, and auxiliary pieces of handling equipment are con­
structed of timber. Portions of farm machinery, such as wagon beds 
and framing, are also of timber construction. 

Timber is unique as a structural material because it is a biological 
material. Consequently, it is more variable in its strength and stiffness 
properties than materials such as concrete or steel. The structural 
properties of timber vary between species (pine, maple, oak, etc.) be­
tween trees of the same species (high or low density), and indeed even 
within a single tree of the same species. One of the purposes of this 
chapter is to describe how the timber design code copes with the high 
degree of variability. 

Timber is anisotropic; i.e., its physical properties are direction de­
pendent. The reason for this behavior is easily understood by consid­
ering the structure of the wood section in Fig. 10.1. The longitudinal 
(L) axis represents a line parallel to the tree trunk, the radial (R) axis 
is directed outward from the center of the trunk, and the tangential 
axis (T) is normal to both the Rand L axes. In the T -R plane the 
annual growth rings are visible. The grain, which is visible in the 
T -L and L-R plains, is the side view of the annual rings. The wood 
structure varies with direction. Likewise, the timber strength varies 

359 
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WoodGrain 

L 

Fig. 10.1. Wood section. 

with direction. Specifically, the tensile or compressive strength parallel 
to the grain is significantly greater than in directions oblique to the 
grain, the weakest direction being perpendicular to the grain. Con­
trariwise, the timber resistance to shear-type failure is greatest in the 
direction perpendicular to the grain and least in the direction parallel 
to the grain. It is easier to shear the bonds between annual rings (fibers) 
than to shear the fibers themselves. 

Wood is not homogeneous. Features such as knots, changes in grain 
direction, and separations between and within annual rings occur to 
some degree in nearly all commercially available lumber, and most 
certainly, in all construction grade lumber. These features, some of 
which are illustrated in Fig. 10.2, are collectively termed wood char­
acteristics and influence wood strength. 

The primary specification for timber design in the United States is 
the National Design Specification for Wood Construction (NDS). Tim­
ber construction specifications are available through various groups 
including the American Institute of Timber Construction (AITC), the 
Truss-Plate Institute (TPI) , and the American Plywood Association 
(APA). Most ofthe discussion in this text will be based upon the pro­
vision of the National Design Specification which will hereafter be 
designated as NDS. 

There are many texts, handbooks, and references on timber and 
timber design. Among them are the following: 
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r Knot 

2i 
(a) Knots 

Shake 

(b) Shakes - Separation of Wood Between Annual Rings 

Split 

(e) Splits - Separation of Wood Across Annual Rings 

Fig. 10.2. Wood characteristics. 

1. AITC. 1985. Timber construction manual. Wiley: New York. 
2. Breyer, D. E. 1987. Design of wood structures. 2nd ed. McGraw­

Hill: New York. 
3. Dietz, A. G. A., Schaffer, E. L., and Gromala, D. S. 1982. Wood 

as a structural material. EMMSE: The Pennsylvania State Uni­
versity, University Park, PA. 

4. Gurfinkel, G. 1981. Wood engineering. 2d ed. Kendall/Hunt: Du­
buque,lA. 

5. Hoyle, R. J., Jr. 1973. Wood technology in the design of structures. 
Mountain Press: Missoula, MT. 

6. National Forest Products Association. 1981, 1986. National de­
sign specification for wood construction. Washington, DC. 

7. Western Wood Products Association. 1973. Western woods use 
book. WWPA: Portland, OR. 

8. United States Department of Agriculture. 1987. Wood handbook: 
Wood as an engineering material. Agric. Handbook No. 72. U.S. 
Printing Office: Washington, DC. 

There are several timber design philosophies, including strength 
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design, limit design, and reliability design. Limit and reliability design 
for timber are continually being developed and are beginning to be 
included in the design specifications. Most timber design practice is 
still based on strength design, and indeed, much of the NDS is based 
on strength design methods. 

The strength design method first assumes timber behaves as a ho­
mogeneous, isotropic, and linearly elastic material. This allows mem­
ber stresses to be evaluated using the simple strength of materials 
equations to predict member stresses. That is, member stresses are 
predicted by 

fb = MIS 
fv = VQllb 
it = PIA 
fc = PIA 

(Flexure stress) 
(Shear stress) 
(Tensile stress) 
(Compressive stress) 

(IO.la) 
(IO.lb) 
(IO.lc) 
(lO.ld) 

Allowable stresses are then adjusted to account for differences be­
tween theoretical and actual material behavior. Thus, the strength 
design criteria for flexure becomes 

(10.2) 

where fb is theoretical stress, F b is allowable stress, F y is yield stress, 
and F.8. is the factor of safety defined by the design specification. 

The purpose of this chapter is to learn how to analyze the structural 
adequacy of timber load carrying members. Specifically, the reader 
will learn how to (1) determine the allowable stresses for structural 
grade lumber; (2) adjust allowable stresses for service conditions; (3) 
analyze and design load-carrying solid sawn timber members; (4) ana­
lyze and design simple timber connections; and (5) analyze or design 
simple timber structural assemblies. The nomenclature used in this 
chapter is listed at the end of the chapter. 

10.2 STRUCTURAL PROPERTIES OF TIMBER 

10.2.1 Factors Influencing Properties 

The structural properties of timber are influenced by many factors. 
Herein the more important factors are considered. For a more thorough 
discussion, the reader is referred to Gurfinkel's text, Wood Engineering, 
or USDA's Wood Handbook, listed in the preceding section. 

There is a significant difference in the strength and stiffness of wood 
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between species. For example, certain grades of Douglas fir timber are, 
respectively, 34% and 14% stronger than the same grade of white fir 
when used as a post in compression and as a beam. The strength of 
the two most common timber species used in agricultural buildings 
(southern pine and Douglas fir) are nearly equal. 

Wood density influences strength within the same species. In dense 
wood the annual rings are more closely spaced than in lighter samples. 
For some species, particularly southern pine, the variation in strength 
warrants that strength properties be specified for normal, medium, and 
dense timber. 

Moisture content influences the strength of structural timber in two 
ways. Generally, the strength of timber declines as moisture content 
increases from 0 to 25%. Above 25% moisture, no further decrease is 
observed. Wood, being hygroscopic in nature, also shrinks and swells 
as moisture content varies. Section properties, such as overall dimen­
sions, section moduli, and moments of inertia will change as moisture 
content changes. This is of particular importance if a member is sawn 
to standard size when green (high moisture) and then used at 15% 
moisture. The final member size would be smaller than standard re­
sulting in a change in the section's load carrying capacity. 

The direction ofloading and particularly the direction of the primary 
stress with respect to the direction of the wood grain, influences the 
strength of timber. In Figs. 10.3a to 10.3c, the direction ofloading and 
the primary stress (compressive) are collinear. Ofthese configurations, 
the strength of the timber in Fig. 10.3a is greatest, whereas that in 
Fig. 10.3c is the least. In Figs. 10.3d, 1O.3e, and 10.3f, the load is 
vertical, but the primary stress (flexural) is horizontal. Of these three 
configurations the descending order of flexural strength is 10.3d, 10.3e, 
and 10.3f. If the slope of the grain to the direction of primary stress is 
less than 1 to 12, then no significant strength reduction is observed. 
However, if the slope increases to 1 to 6, there is a 50 to 60% reduction 
in strength. 

Member size significantly influences the load-carrying capacity of 
wood, because deviations between ideal elastic behavior and actual 
behavior increase with member size. Two examples will illustrate the 
point. In flexural members the strength design approach assumes 
fb = MIS and a triangular stress distribution across the beam section. 
In reality timber is not elastic and the stress distribution is not linear. 
The significance of this discrepancy becomes more pronounced with 
beam depth. In tensile members, simple elastic theory assumes a uni­
formly distributed tensile stress ft = PIA. In reality timber members 
have knots and other discontinuities. The discontinuities give rise to 
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(a) Axial Stress and Grain Collinear 
1 

(d) Flexural Stress and Grain 
Collinear 

(b) Axial Stress and Grain at Oblique Angles (e) Flexural Stress and Grain 
at Oblique Angles 

--111! II! 111111111-- JIIIII ! filii 11, 
(c) Axial Stress Perpendicular to Grain (f) Flexural Stress Perpendicular 

to Grain 

Fig. 10.3. Angles between the wood grain and the primary stress. 

stress concentrations as illustrated in Fig. 10.4. Note also that the 
resultant internal force and the applied centric 10adP are not collinear. 
Obviously, at the discontinuity there is an internal couple Pe which 
must be resisted in addition to the tensile stress. The wider the member, 
the larger the internal couple Pe can become. Thus, the reduction in 
tensile load carrying capacity oftimber members due to discontinuities 
in the wood are most severe in wider members. 

Wood characteristics, such as knots, checks, shakes, and decay, in­
fluence timber strength. Strength is reduced by introduction of stress 
concentrations and reduction of net sections. The amount of strength 
reduction depends upon the wood characteristic size and location and 
upon the type load. For example, in a simply supported timber beam, 
knots near the neutral axis would be less critical than those near the 
outer fiber. Similarly, knots located near the end supports where 
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/ 
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~------- e Stress Distribution 

Fig. 10.4. Wood characteristics and stress concentrations. 

p 

the bending moment equals zero are less critical than those located in 
the middle half of the span. 

The structural strength of timber is greatly influenced by the type 
stress, i.e., tensile, compressive, flexural, shear. For example, a con­
struction grade southern pine 2 x 4 at 19% moisture has the following 
allowable stresses: 

Flexure F b = 1150 psi (7.9 MPa) 
Tension parallel to grain Ft = 600 psi (4.1 MPa) 

Shear parallel to grain Fu = 100 psi (0.69 MPa) 
Compression parallel to grain Fe = 1100 psi (7.6 MPa) 

Compression perpendicular to grain Fep = 405 psi (2.8 MPa) 

The elastic limit and the ultimate strength of timber both increase 
as the duration of loading decreases. Thus, timber members can carry 
large overloads for short time periods. Similarly, the load-deformation 
behavior of timber is very time dependent. Thus, deflections and elon­
gations for long-term loads are greater than for short duration loads 
of the same magnitude. Figure 10.5, taken from NDS, illustrates the 
influence of load duration upon the relative strength of timber. Note 
that normal loading is considered to be lO-year duration and has a 
relative strength of1.0. For loads, such as dead loads, which are applied 
for more than 10 years, the relative strength equals 0.9. For a I-day 
duration relative strength increases to 1.33, and for impact loads the 
strength factor is 2.0. The relative strengths for any load duration are 
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Fig. 10.5. Load duration factors. Reproduced with permission from National 
Design Specification for Wood Construction, 1977 ed., National Forest Products 
Association, Washington, DC. 

called load duration factors and will hereinafter be abbreviated as DF. 
To illustrate the DF concept a timber beam which could carry a con­
centrated design load of 1000 lb (4.5 kN) at midspan for a period of 10 
years could only carry 900 lb (4.0 kN) permanently. Also, it could carry 
1250 lb (5.6 kN), 1330 lb (5.9 kN), and 2000 lb (8.9 kN) for load du­
rations of 7 days, 1 day, and 1 hour, respectively. Table 10.1 summa­
rizes the recommended duration factors for typical load combinations. 

Often it is difficult to identify by inspection the load combinations 
which will control design of a timber member. Example 10.1 will am­
plify this statement. 

Table 10.1. Load Duration Factors (DF). 

Load Type 

Dead 
Normal 
Dead and snow 
Dead and wind 
Dead and earthquake 
Impact 

Duration of Loada 

Permanent 
10 years 
2 months 
1 day 
1 day 
1 hour 

DF 

0.90 
1.00 
1.15 
1.33 
1.33 
2.00 

aDuration of load is the accumulated duration of the appropriate design load over the 
life of the structure. 
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Example 10.1. Governing Loading Condition. Consider a simply 
supported timber beam of span L carrying a uniformly distributed load. 
If the beam must carry the following load combinations during its 
expected life, determine which combination governs the design. 

a. DL = WI 
b. DL + 8L = 5WI 
c. DL + WL + 0.58L = 5.5wI 

Solution 

a. The required section modulus for the beam is 

b. For each loading condition, L = 10 ft (3.05 m) and Fi, equals the 
allowable flexural stress adjusted for load duration. 

Load condition 

DL 
D + 8L 
DL + WL + 0.58L 

FI, = DF X Fb 

0.9Fb 
1.15Fb 

1. 33Fb 

8 

0.14wIL2/Fb 
0.54wIL2/Fb 
0.52wIL2/Fb 

Note that although condition c is the largest load, duration factor 
considerations show that the smaller load condition b actually controls 
the section size required. 

Pressure preservative treatments do not reduce timber strength. Fire 
retardants reduce the strength by 10%. 

Many of the factors just cited are considered when lumber is graded 
and assigned strength values. Grading rules, such as those published 
by the Western Wood Products Association and the Southern Forest 
Products Association, are available for establishing the quality, or 
grade, oflumber. The grade and species are then correlated to allowable 
stress values. Once the timber grade is assigned, allowable stresses 
may be found in the supplement to the NDS. 

10.2.2 Timber Classification and Grades within 
Each Species 

Structural lumber is either visually graded or machine stress rated. 
Visually graded lumber is assigned allowable stresses based upon the 
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size member and visual observation of quality and wood characteristics 
by an inspector. Machine rated lumber is assigned allowable stress 
values based upon observed performance of the pieces in a standard 
deflection type test. 

10.2.2.1 Visually Graded Lumber. Timber is classified by size and 
strength. A simple flow diagram of the sizing, grading, and adjustment 
scheme used to assign strength values to visually graded timber is 
shown in Fig. 10.6. The general size classifications are boards, dimen­
sion lumher, and timbers. Boards include any lumber less than two in. 
(51 mm) thick, i.e., 1 x 4s, 1 x 8s, etc. Dimension lumber includes 
lumber between 2 and 4 in. (51 and 102 mm) in thickness and greater 
than or equal to 2 in. (51 mm) wide. Timbers include lumber nearly 
square in cross section and greater than 5 in. (127 mm) on a side and 
are graded primarily for use as axial compression members. Boards 
are generally not stress rated. They are, however, graded for appear­
ance and for sheathing purposes. 

Dimension lumber is further classified as structural light framing, 
light framing, joists and planks, and beams and stringers. Structural 
light framing is relatively high grade lumber and limited in size to 
members 2 to 4 in. (51 to 102 mm) thick and 2 to 4 in. (51 to 102 mm) 
wide. Light framing is similar except it is limited to lower quality 
grades. Both light framing classes are graded with respect to bending 
about both major axes. Joists and planks include lumber 2 to 4 in. (51 
to 102 mm) thick and wider than 5 in. (127 mm). Joist and plank 
classes are also graded with respect to bending about both major axes. 
Beams and stringers include members greater than 5 in. (127 mm) 
thick and at least 2 in. (51 mm) wider than thick. These members are 
graded primarily with respect to bending about the strong axis. 

Within each size classification, structural lumber is graded with 
respect to timber density and the number, size, and location of wood 
characteristics. Typical grades within a size include, from highest to 
lowest quality, dense select structural, select structural, No.1 dense, 
No.1, No.2 dense, No.2, No.3 dense, construction, standard, and 
utility. 

Allowable tensile, flexural, compressive, and shear strengths for de­
sign with visually graded lumber are published in the NDS supplement 
for each grade. The allowable strength published by NDS is equal to 
the ultimate strength of a perfectly clear, straight grained specimen 
times a strength reduction factor. The strength reduction factor varies 
with the grade lumber, the size lumber, and the mode of loading. Pub-
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lished allowable stresses are in the order of 1/6 to 1112 the basic strength 
of a "perfect" piece of lumber. 

The allowable stresses for the two most common timber species, 
southern pine and Douglas fir, used in agricultural buildings are re­
produced from NDS and are shown in Tables 10.2A and 10.2B. Note 
that the NDS allowable stresses have already accounted for strength 
and stiffness variations with moisture content, size classification, mode 
of loading (or primary stress), direction of loading with respect to the 
grain, and wood characteristics. 

Allowable flexure stresses are given for single member and repetitive 
member use. To qualify for repetitive member use, the member must 
be part of the framing system with three or more adjacent members 
spaced 24 in. (610 mm) or less on center and connected on the compres­
sion flange by a continuous roofing or floor decking system. In such a 
system a higher allowable flexural stress is permitted because small 
localized overloads in one member can be shared by adjacent members 
before failure occurs. 

Flexural stresses, it will be recalled, are accompanied by transverse 
shear stresses (fv = VQllb) in a beam. Further, the transverse shear 
stress at a point in a beam is always accompanied by an equal shear 
stress in the direction parallel to the longitudinal axis. In a horizontal 
timber beam the grain of the member will be horizontal. Since timber 
shear strength is lower parallel to the grain than normal to the grain, 
shear failures, if they occur, will be on a horizontal plane. Hence, the 
use of the term horizontal shear in the NDS table. Horizontal shear is 
simply the shear strength of the wood in the direction of the grain. The 
remainder of the terms in Tables 10.2A and 10.2B are self-explanatory. 

Special note should be made of the footnotes to the allowable stress 
tables. They are very significant in some cases. For example, footnote 
specifications reduce allowable tensile stresses by as much as 40% in 
members wider than 8 in. (203 mm). The tabulated allowable stresses 
are for normal load durations (10 years). The tabulated values do not 
make adjustments for loading (stresses) at angles oblique to the grain 
direction and other special cases such as flexural members with depth 
greater than 12 in. (305 mm). 

10.2.2.2 Machine Stress Rated Lumber. The allowable stresses for 
machine stress rated lumber are in Table 10.3. The grade designation 
xxxf-YYE replaces the No.1, No.2, etc., designations and specifies the 
allowable fiber stress, xxx, for a single member usage, and the modulus 
of elasticity, YY. The allowable stress definitions are similar to those 

(text continues on page 380) 
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for visually graded lumber and are subject to the conditions specified 
in the footnotes to Table 10.3. Note that some of the footnotes to Table 
10.2 are also applicable to machine stress rated lumber. 

10.2.2.3 Other Considerations. Loads are often applied at oblique 
angles to the grain in compression members and connections. Allow­
able stress of obliquely loaded timber can be calculated from the com­
pressive strengths normal and parallel to the grain and from Hankin­
son's equation 

N _ FeFep 
e - F . 20 F 20 

e sIn + ep cos 
(10.3) 

where Fe is allowable compressive strength parallel to grain; Fep, al­
lowable compressive strength normal to grain; N e, allowable compres­
sive strength at an angle 0 from the direction of the grain; 0, acute 
angle between the direction of loading and the direction of grain. 

The allowable stress values tabulated in the NDS supplement, and 
in tables such as Tables 10.2A, 10.2B, and 10.3 of this text, can be 
used with confidence. They need only be adjusted as specified earlier 
for factors such as load duration. That is, the published values may be 
used without additional factors of safety. To incorporate additional 
factors of safety only leads to uneconomical design. 

10.3 STANDARD SIZES AND SECTION 
PROPERTIES 

Timber member cross sections may be either full or dressed size. For 
example, a full size 2 x 4 has cross-sectional dimensions of 2 and 4 
in. (51 and 102 mm), whereas a dressed 2 x 4 has dimensions of H 
in. (38 mm) and 3! in. (89 mm). In either case the nominal size is a 2 
x 4. To identify a member accurately, both the nominal and type 
section must be identified. The majority of structural lumber is dressed. 

The most common nominal sizes of timber are 2 (25), 4 (102), 6 (152), 
8 (203), 10 (254), and 12 (305) in. (mm). In agricultural applications, 
both full and dressed sizes are used, with dressed sizes being the more 
common. The dimensions, section properties, and weights of the more 
common dressed lumber sizes are listed in Table 10.4. The section 
moduli and moments of inertia are given with respect to the cross­
sectional axis parallel to the b dimension in column 1. That is, the 
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section modulus ofa dressed 2 x 4 equals 3.063 in.3 (50.2 cm3), whereas 
the modulus of a 4 x 2 equals 1.313 in.3 (21.5 cm3). When a flexural 
load is applied to the narrow face, bending takes place about the strong 
axis and the appropriate section modulus is that of a 2 x 4. This section 
is termed "loaded on edge." Contrariwise, when the load is applied to 
the wide face, bending proceeds about the weak axis and the section 
modulus for a 4 x 2 is used. Such an application is termed "used flat." 

Table 10.4. Section Properties of Standard Dressed Rectangular Structural Lumber. 

Mass in pounds 
per linear foot 
of piece when 

Standard Area Moment 
mass of wood 
per cubic foot 

Nominal Dressed Size of of Section equals: 
Size (S4S) Section Inertia Modulus 

b(in.)d b(in.)d A(in.2) ](in.4) S(in.3) 30lb 35lb 

1 x 3 i x 2-! 1.875 0.977 0.781 0.391 0.456 
1 x 4 i x 3-! 2.625 2.680 1.531 0.547 0.638 
1 x 6 !I x 5-! 4.125 10.398 3.781 0.859 1.003 
1 x 8 !I x 7-! 5.438 23.817 6.570 1.133 1.322 
1 x 10 !I x 9-1 6.938 49.466 10.695 1.445 1.686 
1 x 12 i x 11-1 8.438 88.989 15.820 1.758 2.051 

2 x 3 l-ix 2-! 3.750 1.953 1.563 0.781 0.911 
2 x 4 Hx 3-! 5.250 5.359 3.063 1.094 1.276 
2 x 5 Hx 4-! 6.750 11.391 5.063 1.406 1.641 
2 x 6 l-ix 5-! 8.250 20.797 7.563 1.719 2.005 
2 x 8 Hx 7-! 10.875 47.635 13.141 2.266 2.643 
2 x 10 1-! x 9-1 13.875 98.932 21.391 2.891 3.372 
2 x 12 l-i x 11-1 16.875 177.979 31.641 3.516 4.102 
2 x 14 l-i x 13-1 19.875 290.775 43.891 4.141 4.831 

3 x 1 2-! x !I 1.875 0.088 0.234 0.391 0.456 
3 x 2 2-! x H 3.750 0.703 0.938 0.781 0.911 
3 x 4 2-! x 3-! 8.750 8.932 5.104 1.823 2.127 
3 x 5 2-! x H 11.250 18.984 8.438 2.344 2.734 
3 x 6 2-! x 5-! 13.750 34.661 12.604 2.865 3.342 
3 x 8 2-! x 7-! 18.125 79.391 21.901 3.776 4.405 
3 x 10 2-! x 9-1 23.125 164.886 35.651 4.818 5.621 
3 x 12 2-! x 11-1 28.125 296.631 52.734 5.859 6.836 

4 x 1 3-ix ;! 2.625 0.123 0.328 0.547 0.638 4 

4 x 2 3-! x H 5.250 0.984 1.313 1.094 1.276 
4 x 3 3-ix 2-! 8.750 4.557 3.646 1.823 2.127 
4 x 4 3-ix 3-! 12.250 12.505 7.146 2.552 2.977 
4 x 5 3-! x 4-4 15.750 26.578 11.813 3.281 3.828 
4 x 6 3-! x 5-! 19.250 48.526 17.646 4.010 4.679 
4 x 8 3-! x 7-! 25.375 111.148 30.661 5.286 6.168 
4 x 10 3-! x 9-1 32.375 230.840 49.911 6.745 7.869 
4 x 12 3-! x 11-1 39.375 415.283 73.828 8.203 9.570 

(continued) 
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Table 10.4. Continued. 

Mass in pounds 
per linear foot 
of piece when 

Standard Area Moment 
mass of wood 
per cubic foot 

Nominal Dressed Size of of Section equals: 
Size (S4S) Section Inertia Modulus 

b(in.)d b(in.)d A(in.2 ) I(in.4) S(in.3) 30lb 35lb 

6 x 1 5-! x i 4.125 0.193 0.516 0.859 1.003 
6 x 2 5-! x I-! 8.250 1.547 2.063 1.719 2.005 
6 x 3 5-! x 2-! 13.750 7.161 5.729 2.865 3.342 
6 x 4 5-! x 3-! 19.250 19.651 11.229 4.010 4.679 
6 x 6 5-! x 5-! 30.250 76.255 27.729 6.302 7.352 
6 x 8 5-! x H 41.250 193.359 51.563 8.594 10.026 
6 x 10 5-! x 9-! 52.250 392.963 82.729 10.885 12.700 
6 x 12 5-! x II-! 63.250 697.068 121.229 13.177 15.373 

8 x 1 7-;lx i 5.438 0.255 0.680 1.133 1.322 
8 x 2 7-;lx I-! 10.875 2.039 2.719 2.266 2.643 
8 x 3 7-;lx 2-! 18.125 9.440 7.552 3.776 4.405 
8 x 4 7-;lx 3-! 25.375 25.904 14.803 5.286 6.168 
8 x 6 Hx 5-! 41.250 103.984 37.813 8.594 10.026 
8 x 8 Hx H 56.250 263.672 70.313 11.719 13.672 
8 x 10 Hx 9-! 71.250 535.859 112.813 14.844 17.318 
8 x 12 H x 11-! 86.250 950.547 165.313 17.969 20.964 

10 x 1 9-t x i 6.938 0.325 0.867 1.445 1.686 
10 x 2 9-! x H 13.875 2.602 3.469 2.891 3.372 
lOx 3 9-! x H 23.125 12.044 9.635 4.818 5.621 
10 x 4 9-! x 3-! 32.375 33.049 18.885 6.745 7.869 
10 x 6 9-! x 5-! 52.250 131.714 47.896 10.885 12.700 
lOx 8 9-! x H 71.250 333.984 89.063 14.844 17.318 
10 x 10 9-! x 9-! 90.250 678.755 142.896 18.802 21.936 
10 x 12 9-! x 11-! 109.250 1204.026 209.396 22.760 26.554 

12 x 1 11-t x i 8.438 0.396 1.055 1.758 2.051 
12 x 2 11-! x I-! 16.875 3.164 4.219 3.516 4.102 
12 x 3 11-! x 2-! 28.125 14.648 11.719 5.859 6.836 
12 x 4 II-! x 3-! 39.375 40.195 22.969 8.203 9.570 
12 x 6 11-! x 5-! 63.250 159.443 57.979 13.177 15.373 
12 x 8 II-! x H 86.250 404.297 107.813 17.969 20.964 
12 x 10 II-! x 9-! 109.250 821.651 172.979 22.760 26.554 
12 x 12 II-! x 11-! 132.250 1457.505 253.479 27.552 32.144 

Reproduced with permission from National Design Specification for Wood Construction, 
1977 ed. National Forest Products Association, Washington, DC. 

10.4 DESIGN OF TIMBER LOAD CARRYING 
MEMBERS 

The general procedures for analyzing or designing timber tension, 
compression, and flexural members follow along with procedures for 
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analyzing members subject to combined loadings. Typical load com­
binations include axial tension plus flexure and axial compression plus 
flexure. This section discusses the governing equations for each type 
member, their limitations, and applications. 

10.4.1 Tension Members 

Tension members are most commonly encountered in lower chords and 
webs of trusses and in bracing members. The governing design equa­
tion is 

F t > it = PIA (10.4) 

where Ft is allowable tensile strength; it, actual tensile stress; P, tensile 
load; A, cross-sectional area. 

Care must be exercised to use the correct value for F t since, in vis­
ually graded lumber, it is dependent upon the total width of the mem­
ber. This dependence is covered in the footnotes of Tables 10.2A and 
1O.2B. The tensile strength of wide members is reduced because the 
potential for secondary stresses due to wood characteristics such as 
knots increases with width. Any wood characteristic or discontinuity 
disrupts the assumed uniform distribution of tensile stresses over the 
cross section. Stress concentrations result and the resultant internal 
tensile force no longer coincides with the centroidal axis. The eccen­
tricity of the internal resultant introduces a secondary flexural stress, 
which, when coupled with stress concentrations, can produce prema­
ture brittle fracture. The magnitude of the secondary stresses is po­
tentially greater in wider members as the eccentricity of the internal 
tensile force can be large. 

Example 10.2. Tension Members. Evaluate the allowable tensile 
load that an 8 ft. (2.44 m) long No.2 southern pine (S.P.) dressed 2 x 
8 can carry if the load is induced by a wind load. The lumber is dressed 
and surfaced at 15% moisture. 

Solution 

a. The allowable stress for the member is the product of F t from 
Table 10.2, the reduction factor for tensile members and the DF. 

F t = 675(0.80)(1.33) = 718 psi (5.0 MPa) 

b. From Eq. (10.4) and the section properties from Table 10.4, the 
allowable load is simply 
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Fig. 10.7. Compression member definition sketch. 

718(10.88) 7,8001b (34.5 kN) 

10.4.2 Compression Members-Columns 

The structural member in a state of pure compression is a rarity. That 
is, axial compressive stresses are usually accompanied by flexural stresses 
due to eccentric loading, lateral loading, and end moments. Nonethe­
less, the primary design of compression webs in trusses, bracing mem­
bers, and some vertical framing members assumes the column is loaded 
in pure compression. Furthermore, the response of a timber column in 
pure compression is an integral component of the design procedure for 
beam columns (members subjected to combined axial compressive and 
flexural stresses). 

A timber column is a straight member loaded by a centrically applied 
compressive force as shown in Fig. 10.7. The x and y axes of the cross 
section are the strong and weak axes, respectively. The strong axis has 
the larger moment of inertia. The slenderness ratio of a column is 
defined as Llr, where L equals the unsupported length of the column 
and r is the radius of gyration (VIlA) of the section. Two slenderness 
ratios are defined for the column in Fig. 10.7; namely Llrx and Llry, 
where rx = YVA = blV12 and ry = aV12. In solid rectangular col­
umns, the slenderness factors for the section in Fig. 10.7 are Lib about 
the x axis and Lla about the y axis. In general discussions the slen­
derness factor will be designated as Lid and will imply the largest 
slenderness factor for the column. 

Timber columns are classified as either short, intermediate, or long 
depending upon their slenderness factor, Lid. A column with Lid < 11 
is short, a column with 11 < Lid < K = 0.67YEIFc is intermediate, 
and if Lid> K, the column is long. A short column fails by crushing 
of the wood fibers. An intermediate column fails by buckling inelas­
tically; that is, buckling commences before yielding, but yielding occurs 
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during buckling. Long columns buckle elastically; that is, they do not 
yield before or during buckling. 

If a timber column is long or intermediate, it will buckle about the 
cross-sectional axis with the largest slenderness factor, Lid. Buckling 
does not always occur about the weak axis of the section. That is, the 
column unsupported length may be less than the total column length. 
Furthermore, the unsupported length may be different with respect to 
buckling about the x axis or the y axis. 

The governing condition for analysis and design of timber columns 
is 

F' > t' = PIA e Ie (10.5) 

where F~ is allowable compressive stress parallel to the grain adjusted 
for slenderness (buckling effects); to, PIA = actual uniform compressive 
stress. 

For a straight, centrically loaded, completely pinned end column with 
no lateral bracing, the NDS specifies the following allowable com­
pressive stresses: 

F~ = Fe (Table 10.2 or 10.3) if Lid < 11 

F~ = Fe [1- 113 (L:YJ if 11 < Lid < K 

F~ = 0.3EI(Lld)2 if K < Lid < 50 
F~ = 0 if Lid> 50 

(10.6) 

(10.7) 

(10.8) 
(10.9) 

where K = 0.67YEIFe = (Lid) lim and Fe is the allowable compressive 
stress in the absence of buckling. The variation of F~ with Lid is shown 
graphically in Fig. 10.8. 

The F~ values for short and intermediate columns may be adjusted 
for load duration. Fe' for long columns may not be increased for load 
duration as it is dependent upon the modulus of elasticity, E, which 
does not increase with shorter duration loading. 

The intermediate column equation is an empirical equation fitted to 
laboratory test data. The long column equation is a transformation of 
Euler's equation with r = dlV12 and a factor of safety of2.74 included. 
Euler's equation is 

7'j2E 
F~ = (F.8.)(Llr)2 

and upon substituting 
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Fig. 10.8. Variation of allowable compressive stress with slenderness factor 
for solid rectangular timber columns. 

-rr2E O.3E 
F~ = 2.74(Lld)2(12) = (Lld)2 

Laboratory load test data begin to converge to Euler's equation when­
ever F~ < 0.67Fe' By equating Fe' from Eq. (l0.8) to 0.67Fe, it can be 
shown that K = (Lld)lim is the limiting Lid value between intermediate 
and long column behavior. 

The allowable stresses for columns with intermediate bracing or 
nonpinned end restraints may also be calculated by Eqs. (10.6-10.9) 
provided the column length is replaced by an appropriate effective 
length. 

The effective lengths for columns with various end constraints are 
summarized in Table 10.5. The influence of lateral braces upon Lid is 
demonstrated in Fig. 10.9 and Example 10.3. 

Example 10.3. Effective Length 

a. Evaluate the slenderness factor of the timber column in Fig. 
10.9a. The brace prevents displacement in the plane of page, but 
not in any other plane. The slenderness factor about the strong 
axis (axis with greatest moment of inertia) is (Lld)x = Lib. The 
slenderness factor about the weak axis (axis with least moment 
of inertia) is (Lld)y = L/(2a). 
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Table 10.5. Effective Column Lengths. 

End Constraints 

Pinned-pinned 
Fixed-fixed 
Fixed-pinned 
Fixed-fixeda 

(unbraced) 
Cantilevered 

aRotation prevented. 

Column 
Length 

L 
L 
L 

L 
L 

Theoretical Effective 
Length 

1.0L 
0.5L 
0.7L 

1.0L 
2.0L 

Design Effective 
Length 

1.0L 
0.65L 
0.80L 

1.20L 
2.0L 

b. Evaluate the slenderness factor of the fixed-fixed column in Fig. 
10.9b. The bracing prevents buckling only in the plane of the 
page. The buckling mode is shown by the dashed line. The brace 
is essentially a pin for effective length considerations. About the 
strong axis, (Lld)x = 0.5L1b. About the weak axis, (Lld)y = 
0.7(LI2)la = 0.35Lla. 

Example 10.4. Compression Member Analysis. Evaluate the al­
lowable load for the 5 ft (1.52 m) long, dressed No.2 southern pine 2 
x 4 (surfaced dry and used at 19% moisture content) column in Fig. 
10.10 if the ends are pinned with respect to buckling about both the 
strong and weak axes. Assume a snow load. 

(a.) 

1:-: ~_L_/2_--l_ L .1 

p ---
(b. ) 

Brace r L/2-.1 L .1 
Fig. 10.9. Slenderness factors. 

yJ4;1yf 
x --r 

(b>a) 

~ x ---, 
(b>o) 
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~~--------,.I..~ rA; ~ 
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Fig. 10.10. Example 10.4-Compression member analysis. 

Solution 

a. Classification of the column. 

(Lld)max = 5 x 12/1.5 = 40 
K = 0.67YEIFe = 0.67Y1.6 x 106/975 x 1.15 = 25.3 

Since Lid> K, the column is long. 
b. The allowable load for the column. 

F; = 0.3EI(Lld)2 = 0.3(1.5 x 106)1(40)2 = 300 psi (2.1 MPa) 

Thus, Pall = F~A = 300(5.25) = 1580 lb (7.0 kN). 

Example No.5. Compression Member Design. Design the small­
est square column which can support a concentric compressive load of 
16,000 lb (71 kN). Use Dense No.1 Douglas fir larch and assume the 
load is due to a wind load. The unsupported length of the column is 8 
ft (2.44 m). 

Solution 

a. As a first estimate, assume a short column. For posts and timbers, 
Fe = 1200 x 1.33 = 1600 psi (11.0 MPa). From Eq. (10.5), 
A req'd = 16,000/1600 = 10 in.2 (64.5 cm2) and from Table 10.4, 
a 4 x 4 is the smallest possible section. 

b. Check the 4 x 4 for column action (buckling). Since Lid = 8 x 
12/3.5 = 27.4 > K = 0.67Y1.7 x 106/1600 = 21.8, the column 
. I d f F' - L d 2 _ 0.3(1. 7 x 106) 
IS ong an rom Eq. (10.8), e - 0.3EI( I ) - (27.42) 
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677 psi (4.7 MPa). From Eq. (10.5), fc = PIA = 16,000/12.25 = 
1310 psi (9.0 MPa) > F; and the 4 x 4 is inadequate. 

c. Trying a 6 x 6 section, the slenderness factor, Lid = 8 x 12/5.5 
= 17.4 < K and the column is intermediate. Thus, from Eq. 
(10.7) F; = 1600 [1 - ! (17.4/21.8)4] = 1380 psi (9.5 MPa). Since 
fc = PIA = 16,000/30.25 = 512 psi (3.5 MPa) < F;, the 6 x 6 
is adequate. 

Centrically loaded compression members are seldom found in prac­
tice. Although many columns are analyzed or designed assuming cen­
tric loading, it is better practice to assume an accidental eccentricity 
of the larger of 1 in. (25 mm) or O.lb about the strong axis (see Fig. 
10.7) and 1 in. (25 mm) or O.la about the weak axis; and to analyze 
or design the member as a beam-column. 

The NDS prohibits the use of compression members with Lid > 50. 
In cases where Lid> 50, the slenderness can be reduced by installation 
of intermediate bracing or by increasing the minimum thickness with 
properly fastened scabbing in the middle l to ! of the critical unsup­
ported length. Another alternative is to replace the solid timber mem­
ber with a spaced column. The spaced column consists of two compres­
sion members spaced approximately H in. (38 mm) apart and fastened 
together with special timber connectors. Slenderness ratios up to 80 
are then permissible and allowable compressive stresses are 2l to 3 
times as great as for single compression members. The reader is re­
ferred to the NDS for details. 

For timber columns with nonrectangular cross sections, the design 
equations presented herein are easily modified. Simply replace d with 
V12r in all the design equations for F; and evaluate the slenderness 
ratio instead of the slenderness factor. The limiting slenderness ratios 
then become Llr < 38 for short columns; Llr between 38 and K' for 
intermediate columns; and Llr between K' and 173 for long columns, 
where K' = 2.32YEIFc' 

10.4.3 Flexural Members-Beams 

A sketch of a typical timber flexural member is found in Fig. 10.11. 
The length of the member is much greater than either cross-sectional 
dimension and the applied load is either a couple or forces with a 
component perpendicular to the longitudinal axis. There are two basic 
types oftimber beams; namely, laterally braced and laterally unbraced 
beams. The laterally braced beam has sufficient lateral supports, such 
as attached decking or bridging, to permit the beam to reach its al-
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( b.) 
Side View 

:1: ==_LU~~~~L-- Lu ----1:1 
Fig. 10.11. Definition sketch for a laterally braced timber beam. 

lowable flexural stress from Table 10.2 or 10.3 before buckling lat­
erally. An unbraced beam may buckle laterally at some stress level 
below the allowable flexural stress from Table 10.2 or 10.3. The criteria 
for braced and unbraced beams will be discussed in a later section. 

The design or analysis of a timber beam may be controlled by any 
of several factors. Chief among these are the flexural stresses, trans­
verse shear stresses, the bearing stresses at end supports and at con­
centrated loads, and the beam deflection. For many timber beams in 
agricultural applications, flexural stresses will control the design. Thus, 
a first step in nearly all beam analysis is an evaluation of flexural 
stresses. Some exceptions to this order include very short or heavily 
loaded beams where shear is likely to control design and beams with 
severe deflection limits. 

In all the following discussions it is assumed that the beams are of 
solid sawn cross section and that flexural loads are applied through 
the shear center of the section so that no torsion (twisting) of the beam 
occurs. The scope of this text will not include either laminated beams 
or torsional stresses. 

10.4.3.1 Laterally Braced Beams. To qualify as a laterally braced 
beam, the slenderness factor Cs must be less than or equal to 10. 
Referring to the definition sketch in Fig. 10.11 

(10.10) 

where d is actual dimension of the cross section in the direction normal 
to the axis of bending; b is actual dimension of the cross section parallel 
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to the bending axis; Le is effective unsupported length between bracing; 
Le = 1.61Lu for single span beam with a concentrated load at the cen­
ter; Le = 1.92Lu for a single span beam with a uniformly distributed 
load; Le = 1.84Lu for a single span beam with equal end moments; Le 
= 1.69Lu for a cantilever beam with a concentrated load at the un­
supported end; Le = 1.06Lu for a cantilever beam with a uniformly 
distributed load; Le = 1.92Lu for a single span or cantilever beam with 
any load (conservative value); Lu is distance between lateral supports. 

Note that the slenderness factor increases with distance between 
lateral supports and with the ratio of beam depth to width. The greater 
the depth to breadth ratio, dlb, of the beam, the less stable the beam 
and the more likely it will buckle laterally. 

The governing criterion for flexure stresses in beams with adequate 
lateral bracing is 

Fb > tb = Me/I = MIS (10.11) 

where tb is actual flexural stress; F b is allowable flexure stress from 
Table 10.2 or 10.3. The allowable flexural stress may be adjusted for 
load duration, single or repetitive use, edgewise or flatwise loading, 
cross-sectional shape, and depth. The first and second adjustments have 
already been discussed. The third adjustment is covered in the footnotes 
to Tables 10.2 and 10.3. The moment capacity of circular cross sections 
diverges from that predicted by elastic theory more than rectangular 
sections because a larger proportion of the section area is concentrated 
close to the neutral axis. Consequently, the NDS specifies the allowable 
flexure stress for such sections as Fi, = 1. 18Fb• 

As beam sections become deeper, the discrepancy between the actual 
stress distribution and the triangular elastic flexural stress distribu­
tion increases. The Fb values in Tables 10.2 and 10.3 adequately ac­
count for differences for beam depths to 12 in. (305 mm). In deeper 
beams Fi, = Fb (12Id)1I9, where d is in inches. 

The governing criterion for transverse, or horizontal shear is 

(10.12) 

where Fv is allowable horizontal shear stress from Tables 10.2 or 10.3; 
tv> actual transverse shear stress; V, transverse shear force; I, second 
moment of area about neutral axis; b, width of beam at point shear 
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a. Shear Stress in a Solid Timber Section 

j~ 3V I (fvlmax = 2A 

l .J 
I 

b. Shear Stress in Two Independent Beams Lying Upon One Another 

c. Shear Stress in a Checked Timber Beam 

.~' ~ l~lmax«fv)mox. 2' 

Fig. 10.12. Two-beam action in checked timber beams. 

stress is evaluated; Q, first moment of the cross-sectional area between 
the outer fiber and the point the shear stress is evaluated taken about 
the neutral axis. For a rectangular section it is easily shown that fv 
= 3V/2A. The student should verify this as a form of helpful review 
of mechanics. 

For most solid sawn beams the shear requirement will be satisfied 
using the basic criterion ofEq. (10.12). However, iffv > Fv, thenfv may 
be adjusted downwards and F v may be adjusted upwards before the 
design is rejected. Both adjustments are made to account for a phe­
nomenon known as two-beam action. 

Two-beam action can be explained by reference to Fig. 10.12. The 
beam cross sections in Figs. 10.12a, 10.12b, and 1O.12c all carry a shear 
force V and each has a total depth d and a width b. In Fig. 10.12a, the 
section is solid, and the maximum shear stress, which occurs at the 
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neutral axis, equals 3V/2A. In Fig. 10.12b, the section is not solid. 
Instead it consists of two independent beams, d/2 in depth, each of 
which carries a shear force V/2. The maximum shear stress in each 
section can be shown, by substituting V/2, Q for the top beam section, 
and I for the top beam section, into the right-hand portion ofEq. (10.12), 
to be 3V/2A where A == b x d. As the shear stress in a solid timber 
beam approaches its allowable level, the beam begins to check at the 
neutral axis. That is, there is a partial separation of the upper and 
lower portions of the cross section. The section still carries a shear 
force V, but the section behaves partially as a solid beam and partially 
as two independent beams. The result is a stress distribution similar 
to that in Fig. 10.12c. Significantly, the maximum shear stress in the 
checked beam tv' is less than 3V/2A. Qualitatively, this can be visu­
alized by recalling that the resultant of the shear stress acting over 
the cross section of the beam must equal the shear force V. Since some 
shear stress exists at the checked portion, in Fig. 10.12c, the shear 
stress at the centroidal axis of the top and bottom portions of the 
checked beam can be less than 3V/2A, and still carry the shear force 
V. The design specification allows us to utilize this phenomenon. 

The first level adjustment is to reduce tv by neglecting all loads within 
a distance d of any supports when evaluating the internal shear force. 
For moving loads, the shear force may be reduced by placing single 
moving loads at d from the support or by placing the largest of multiple 
moving loads at d from the support. If the adjusted shear force is V', 
then the desi~n criteria becomes: 

3V' 
2A 

(10.13) == -

Should the beam not satisfy the criterion ofEq. (10.13), then a second 
level adjustment of tv and Fv is made. Actual shear forces can be mod­
ified to (see Fig. 10.13) V' as defined in Eqs. (10.14)-(10.16). 

lOP 1 (L - Xl)(x1ld)2 
Vi == for concentrated loads 

9L[2 + (xlld)2] 
(10.14) 

and 

V' == !wL[l - (2dIL,)] for uniformly distributed loads (10.15) 

For a series of n concentrated loads 

V' == Vi + V2 + ... + V~ (10.16) 
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1 
L ----+1.1 

(a.) Concentrated Loads 

I' , , , 111 
11---' - L --------i' I 

(b.) Uniformly Distributed Loads 

Fig. 10.13. Definition sketch for shear stress adjustments for timber beams. 

The shear stress is evaluated by f~ = 3V'I2A. Finally, the allowable 
shear stresses may be increased as shown in Table 10.6. If these stresses 
are designated as F~, the final design criteria becomes 

F~ > f~ = 3V'/2A (10.17) 

High concentrated loads at end supports or at point loads may cause 
compressive failures normal to the grain. To prevent this occurrence, 
adequate bearing area is required. The governing design criteria for 
end supports and point loads are Fep > fcp :;: RIA at end supports and 
Fep > fep :;: PIA at other concentrated loads, where Fep is allowable 
compressive stress normal to grain, R is reactive force, P is concen­
trated load, A is bearing area at the load or support of b x z (Fig. 
10.14), and fep is actual bearing stress. At concentrated loads located 
at x > 3 in. (76 mm) from the end, Fcp may be increased by the factor 
(z + 3/8)/z if z < 6 in. (152 mm). 

Beam deflections are evaluated according to standard methods of 
elastic analysis. For normal loads, creep is not a factor. However, for 
long-term loads, creep increases deflections considerably. Thus, total 
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Table 10.6. Adjusted Allowable Horizontal Shear Stresses for Moving Loads and 
Two-Beam Action. 

Maximum Moisture Content 

Unseasoned 19% 15% 

Aspen 85 90 95 
Balsam fir 85 95 95 
Black cottonwood 70 75 80 
California redwood 115 120 130 
Coast sitka spruce 90 95 100 
Coast species 90 95 100 
Douglas fir, larch 130 140 145 
Douglas fir, south 130 140 145 
Eastern hemlock, tamarack 120 130 135 
Eastern spruce 95 105 110 
Eastern white pine 90 95 100 
Eastern woods 85 95 95 
Englemann spruce/alpine fir 95 105 110 
Hemlocks, fir 105 110 115 
Idaho white pine 95 100 105 
Lodgepole pine 95 105 110 
Mountain hemlock 130 140 150 
Northern aspen 90 95 100 
Northern pine 100 105 110 
Northern species 90 95 100 
Northern white cedar 85 95 100 
Ponderosa pine/sugar pine 100 105 110 
Red pine 100 110 115 
Sitka spruce 105 115 120 
Southern pine 125 135 145 
Spruce, pine, fir 95 105 110 
Western cedar 100 105 110 
Western hemlock 125 135 145 
Western white pine 90 100 105 
White woods (Western woods, 

West Coast woods, mixed species) 95 100 105 

Reproduced with permission from National Design Specification for Wood Construction, 
1977 ed. National Forest Products Association, Washington, DC. 

R R 

Fig. 10.14. Definition sketch for allowable bearing stresses in timber beams. 
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deflection .:l is usually taken as live load deflection .:lL plus twice the 
dead load deflection .:lD. 

(10.18) 

The design criteria for deflection are 

.:lan > .:l = kwUIEI for distributed loads (10.19) 

and 

.:lan > .:l = kPVIEI for concentrated loads (10.20) 

where k is coefficient dependent upon the nature and distribution of 
loads and may be obtained by elastic beam deflection analysis or by 
reference to standard engineering handbooks. The allowable deflec­
tions are specified in design and building codes. Typical deflection lim­
its include .:lan = (11360) (beam span) for beams supporting plastered 
ceilings and .:lan = (11240) (beam span) for beams supporting unplas­
tered ceilings. 

Example 10.6. Laterally Braced Beam. Select a No.2 southern 
pine dressed member used and surfaced at 15% moisture content to 
carry a uniformly distributed 100 lb/ft (1.46 kN/m) snow load over a 
10 ft (3.05 m) simply supported span. Assume the compression flange 
to be adequately braced and the allowable deflection to be (1I240)(span). 

Solution 

a. The maximum shear and moment for a uniformly distributed 
load over a simply supported span are 

V max = wLl2 = 100(10)/2 = 500lb (2.2 kN) 
Mmax = w£2/8 = 100(10)2(12)/8 = 15,000Ib-in. (1.70 kN-m) 

b. Selecting a section for flexural stresses and assuming a size greater 
than a 2 x 4, the allowable stress is 

Fb = 1300(1.15) = 1500 psi (10.3 MPa) 

where 1300 comes from Table 10.2 and 1.15 is the load duration 
factor. From fb = MIS < Fb, Sreq'd > M1Fb = 15,000/1500 = 10 
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in.3 (163.9 cm3). Entering Table 10.4, a 2 x 8 is the lightest 
adequate member with S > 10 in.3 (163.9 cm3). The section prop­
erties of the 2 x 8 are 

S2X8 = 13.14 in.3 (215.3 cm3) 

12x8 = 47.64 in.4 (1983 cm4) 
Dead Load = 2.6 lb/ft (38 N/m) 

Since the beam dead load is only 2.6% of the live load it can be 
neglected in the design. If the dead load exceeds 5-10% of the 
live load, the adequacy of the selection should be rechecked. 

c. Checking the horizontal shear stress 

Fv = 95(1.15) = 109 psi (0.75 MPa) 

where 95 comes from Table 10.2 and 1.15 is the load duration 
factor. 

3V 3(500) . 
fv = 2A = 2(10.88) = 69 pSI (0.48 MPa) 

Since fv < F v, shear strength is adequate without considering 
two-beam adjustments. 

d. Checking the bearing requirements 

Fep = 405(1.15) = 466 psi (3.2 MPa) 

where 405 comes from Table 10.2 and 1.15 is the load duration 
factor. 

fcp = Rlbz = 500/(1.5z) 

Since Fep must be ;-. fep, it follows that z ;-. 500/(466 x 1.5) = 
0.75 in. (18 mm). Thus, a minimum bearing length on in. (19 
mm) is recommended. 

e. Check the bracing requirement. Since the slenderness fac­
tor Cs = YLedlb2 must be less than 10, the bracing interval can 
be evaluated from Eq. (10.10). Since 

Cs = v'1.92Lu X 7.25/1.52 = 10, Lu = 16.2 in. (411 mm). 

Thus, the compression edge should be braced every 16.2 in. (411 
mm). 
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f. Check deflection requirement from Eq. (10.18) and the deflection of 
a uniformly loaded simply supported beam 

5W~4 (5WDU) 
~ = ~L + 2~D = 384EI + 2 384EI 

= [ 5(100)(10)4 + 2 ( 5(2.6)(10)4 ) ] 1728 
384(1.6 x 106)(47.64) 384(1.6 x 106)(47.64) 

= 0.30 + 0.02 = 0.32 in. (8 mm) 

Since ~aJl = (11240)(10 x 12) = 0.50 in. (13 mm), the deflection 
requirement is met and a 2 x 8 is adequate. 

10.4.3.2 Laterally Unbraced Beam. If the unsupported length of the 
compression edge of a timber beam is large such that Cs > 10, the 
beam will buckle laterally before reaching the full allowable bending 
moment Mall = Fb(S). In the design of laterally unsupported beams, 
the allowable stress Fi, is reduced to a level below which lateral buck­
ling will not occur. 

Laterally unbraced beams are classified as short, intermediate, 
or long. As in columns, short beams fail by yielding; intermediate 
beams buckle inelastically, and long beams buckle elastically. The 
criteria for classifying beams are limiting values on the slenderness 
factor Cs. IfCs < 10, the beam is short, iflO < Cs < Ck the beam is inter­
mediate, and if Ck < Cs < 50, the beam is long; where Cs + 2 = 
YLed/b2 and Ck = Y3E/5Fb • The term Ck is the limiting slenderness 
factor between elastic and inelastic lateral buckling. 

Equations (10.21)-(10.24) define the allowable flexural stresses Fi, 
for each class beam. 

Fi, = Fb for Cs < 10 (10.21) 

Fi, = F b [ 1 - 1 (~ :rJ for 10 < Cs ~ Ck (10.22) 

Fi, = 0.4 :2 for Ck < Cs <: 50 (10.23) 
s 

Fi, = 0 for Cs > 50 (10.24) 

Figure 10.15 graphically illustrates the variation of Fi, with CS. Fi, may 
be adjusted for load duration for short and intermediate beams. How­
ever, Fi, for long beams may not be adjusted for load duration since it 
is dependent solely upon the stiffness parameter rather than strength. 
A laterally unsupported beam must satisfy the same requirements for 
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Fig. 10.15. Variation of allowable flexure stress with slenderness factor. 

shear, bearing, and deflection as braced beams. The procedures for 
evaluating these stress levels and allowable stresses in unbraced beams 
are identical to those for braced beams. 

Example 10.7. Laterally Unbraced Beam. Evaluate the allowa­
ble flexural stress for a dressed 2 x 10 No.2 southern pine (surfaced 
and used at 15% moisture) beam which carries a uniformly distributed 
load over a simply supported span of 10 ft (3.05 m). Assume a snow 
load duration. 

Solution 

a. Evaluate the magnitude of the slenderness factor using Eq. (10.10). 
The effective length factor for the beam is 

and 

Le = 1.92(10)(12) = 230.4 in. (5.85 m) 

Cs = YLedlb2 = Y(230.4)(9.25)/(1.5)2 

= 30.8 
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b. Evaluate the limiting slenderness factor Ck and classify the beam. 

Ck = Y3EI5Fb = Y3(1.6 x 106)/5(1300 x 1.15) 

= 25.3 

Since Cs > Ck, the beam is classified as long. 
c. Evaluate the allowable stress 

Fi, = O.4EIC~ = 0.4(1.6 x 106)/(30.8)2 

Fi, = 680 psi (4.7 MPa) 

Notice that Fi, is less than half the allowable flexure stress without 
lateral buckling [Fb = 1300 x 1500 psi (10.3 MPa)]. If fb exceeds Fi" 
the 2 x 10 will buckle laterally. The objective of the designer is to 
either brace the 2 x 10 to increase Fi, or assure that the flexural stress 
never exceeds Fi, = 680 psi (4.7 MPa) in this beam. 

10.4.4 Combined Loading 

Many structural members are subject to a combination of flexural, 
tensile, and compressive loads. The more common situations encoun­
tered include axial tension and flexure, centric axial compression and 
flexure, and eccentric axial compression and flexure. The combined 
states of stress for each are shown in Fig. 10.16. 

The fundamental design criterion for timber members under com­
bined states of loading is the interaction equation. Equation (10.25) is 
the generalized interaction equation for all combined loadings. 

Actual axial stress Actual flexural stress 1 0 
Allowable axial stress + Allowable flexural stress < . 

(10.25) 

By referring to the stress distributions in Fig. 10.16, the generalized 
interaction equation is quite rational if the allowable axial and flexural 
stresses are equal. Reference to Tables 10.2 and 10.3, however, shows 
that equality generally does not exist between the allowable stresses. 
Thus, the interaction equation is an empirical approach. Nonetheless, 
it is relatively simple to use and it yields reasonable results in practice. 

Equation (10.26) is the design criterion for axial tension plus flexure 

(10.26) 
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Fig. 10.16. Stress distributions for combined loadings. 
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Both Ft and F b may be adjusted for load duration and F b may need to 
be adjusted for lateral stability effects. 

Members which carry both flexural and axial compressive loads si­
multaneously are called beam-columns. Equation (10.27) is the gov­
erning design criterion for beam-columns. 

fe fb <10 
F~ + Ff, - Jfe . 

(10.27) 

where F~ is allowable compressive stress adjusted for slenderness ef­
fects; Ff, is allowable flexural stress adjusted for slenderness effects 
with respect to the axis of bending; J = 0 if Lid < 11; J = (Lid - 11)1 
(K - 11) if 11 < Lid <: K; J = 1.0 if Lid> K. 

The J factor in Eq. (10.27) is a moment magnification factor to com­
pensate for secondary stresses in longer beam-columns. Figure 10.17a 
will help explain the phenomenon for combined flexure and centric 
axial compression. The total moment in the beam-column equals the 
moment due to flexural loads Mw plus the moment Pfl. In short mem­
bers, fl is small, thus Pfl ~ Mw and therefore is negligible. As the 
member lengthens, fl increases and P fl is no longer negligible. 
The design specification compensates for this "P-fl" effect by reducing 
the allowable flexural stress by a quantity Jfe' For short columns, no 
adjustment is required. As Lid increases from 11 to K = 0.67 YEIFe, 
J varies from 0 to 1.0. 

For the case of a beam-column with eccentric loading the maximum 
moment is shown in Fig. 10.17b to be M = Mw + Pee + fl). For short 
members, fl ~ e and M = Mw + Pe. For longer members fl approaches 
the order of magnitude of e and M = Mw + Pee + fl). The specification 
again utilizes the J factor to account for the moment magnification, 
or "P-fl," effect. 

Equation (10.28) is the design criterion for eccentrically loaded beam­
columns. 

fe MwiS + Pee + fl)IS .;,; 1 0 
F~ + Ff, - Jfe . 

(10.28) 

If the beam-column is short (Lid < 11), J = 0, and e + fl = e. Hence, 
Pee + fl)IS = Pe/(bd2/6) = (PIA)(6eld) = fe(6eld) for rectangular cross 
sections. Thus, for short beam-columns, Eq. (10.28) becomes 

fc MwiS + fe(6eld) .;,; 1 0 
F' + F . 

e b 
(10.29) 
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Fig. 10.17. Secondary moments in beam-columns. 

If the beam-column is intermediate or long (Lid> 11), secondary stresses 
are important because Pee + ~) ~ Pe. Secondary stresses are accom­
modated by magnifying the coefficient on fc in the flexure ratio and by 
reducing Ff, by Jfc. Thus, the design criterion becomes Eq. (10.30) for 
long eccentrically loaded beam-columns. 

fc MwlS + fe(6 + l.5J)(eld) ~ 10 
F~ + Ff, - Jfe . 

(10.30) 

Example 10.B. Beam-Column Analysis. Evaluate the magnitude of 
the maximum axial compression load which may be superimposed on 
the No.2 southern pine dressed 2 x 4 (surfaced and used at 15% mois­
ture) shown in Fig. 10.18. Assume normal loading and pinned ends. 
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No.2 Dressed 2x4 (15%m) 

~1~~---------5ft ----------~ 
(1.52m 

Fig. 10.lS. Example 1O.8-Beam-column analysis. 

Solution 

a. Obtain the section and structural properties from Tables 10.2 
and 10.4. 

A = 5.25 in.2 (33.9 cm2) 

b = 1.5 in. (38 mm) 

d = 3.5 in. (89 mm) 

S = 3.06 in.3 (50.10 m3) 

Fb = 1550 psi (10.7 MPa) 

Fe = 1150 psi (7.9 MPa) 

E = 1.6 X 106 psi (11 GPa) 

b. Classify the column by comparing Lid to K. 

f. = 5 x 12 = 40 
d 1.5 

K = 0.67Y1.60 x 106/1050 = 25.0 

Since Lid> K, the member is long and J = 1.0 in Eq. (10.27). 
c. Evaluate the actual and allowable stresses in the member. 

fc =PIA = P/5.25 

fb = Mmax = [(WL2) (12)] 
Sx 8 Sx 

= [40(25)(12)18J = 490 psi (3.4 MPa) 
3.06 

Since the column is long, 
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F' = 0.3E = 0.3(1.6 X 106
) = 300 . (2.1 MPa) 

c (L/d)2 (40)2 pSI 

From Eq. (10.10), 

Thus, 

Cs = /1.92 x 60 x 3.5 = 13 4 < Ck 'i 1.52 . 

= ~3(1.6 x 106) 

5(1550) 

= 24.9. 

Fi, = Fb [1- 1/ 3 (~:rJ = 1510 psi (10.4 MPa) 

d. Substitute the stresses into interaction equation (10.27). 

P/5.25 490 
300 + 1510 - 1.0(P/5.25) ~ 1.0 

Transposing and solving for the allowable load, P, 

P = 990 lb (4.4 kN) 

10.5 TIMBER FASTENINGS 

The basic design philosophy outlined in Chapter 7 on connectors is valid 
for timber connections. That is, the complex stress distributions and 
connector loads in timber structuraljoints are predicted by simple statics 
and elastic strength of materials methods. Discrepancies between as­
sumed and actual load distributions are accommodated by reducing 
allowable connector loads to levels found acceptable in practice. 

Typical timber connectors include nails, spikes, screws, bolts, lag 
bolts, glue, split rings, shear connectors, and metal plate connectors. 
This text will discuss allowable loads for nails and spikes, bolts, glue, 
and metal plate connectors. The discussion is intended to be represen­
tative, rather than all inclusive, of the more common connectors used 
in agricultural construction. 
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Table 10.7. Nail and Spike Sizes. 

Wire Diameter (in.) 

Threaded 
Common Hardened- Common 

Length Box Wire Steel Wire 
Pennyweight (in.) Nails Nails Nails Spikes 

6d 2 0.099 0.113 0.120 
8d 2! 0.113 0.131 0.120 

lOd 3 0.128 0.148 0.135 0.192 
12d 3! 0.128 0.148 0.135 0.192 
16d 3! 0.135 0.162 0.148 0.207 
20d 4 0.148 0.192 0.177 0.225 
30d 4! 0.148 0.207 0.177 0.244 
40d 5 0.162 0.225 0.177 0.263 
50d 5! 0.244 0.177 0.283 
60d 6 0.263 0.177 0.283 
70d 7 0.207 
80d 8 0.207 
90d 9 0.207 
5/16 7 0.312 
3/8 8! 0.375 

Reproduced with permission from National Design Specification for Wood Construction, 
1977 ed. National Forest Products Association, Washington, DC. 

10.5.1 Nails and Spikes 

Probably the most familiar timber connectors are nails and spikes. 
Typical nail and spike sizes may be found in Table 10.7. Among the 
factors affecting the strength of nails and spikes in wood are nail 
diameter, wood species, depth of penetration of the nail into the wood 
members (particularly the penetration into the joint member contain­
ing the nail point), degree of seasoning, load duration, number of shear 
planes in the structural joint, degree of nail clinching, service condi­
tions, and orientation of the nail with respect to the grain direction, 
i.e., whether the nail penetrates the member perpendicular to (side 
grain) or parallel to (end grain) the wood grain. 

Allowable withdrawal resistances and lateral resistances of nails 
and spikes driven into the side grain of southern pine and Douglas fir 
lumber are given in Tables 10.8 and 10.9. Allowable loads for other 
species may be found in the NDS. The difference between withdrawal 
and lateral resistance is illustrated in Fig. 10.19. The resultant force 
induced by the upward wind force in Figure 10.19a must be resisted 
by the withdrawal resistance of the nail in the purlin. The withdrawal 
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Withdrawal Force • Resultant Wind Load 

(a) Withdrawal Load And Resistance of Nails 

(b) Laterally Loaded Nail 

Fig. 10.19. Nail loads. 

resistance is essentially induced by the frictional forces between the 
nail and the wood. Lateral resistance, illustrated in Fig. 10.19b, is the 
shear resistance in the plane normal to the nail axis. 

The magnitude of the lateral resistance is controlled by crushing of 
the wood adjacent to the nail, by bending of the nail at the shear plane, 
or by tearing of the lumber in the member containing the point. Seldom 
do the nails fail in shear. 
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Table 10.8. Withdrawal Resistance of Nails and Spikes.-

Specific Gravity Gb 

0.55 0.54 0.51 0.49 0.48 0.47 0.46 

Size of Common Nail 
(pennyweightldiam.) 

6d10.113 35 33 29 26 25 24 
8d10.131 41 39 34 30 29 27 

10dlO.148 46 44 38 34 33 31 
12d10.148 46 44 38 34 33 31 
16d10.162 50 48 42 38 36 34 
20dlO.192 59 57 49 45 42 40 
30dlO.207 64 61 53 48 46 43 
40d/0.225 70 67 58 52 50 47 
50dlO.224 76 72 63 57 54 51 
60d/0.263 81 78 67 61 58 55 

Size of Threaded Nail" 
(pennyweight/diam.) 

30dlO.177 59 57 49 45 42 40 
40dlO.177 59 57 49 45 42 40 
50dlO.177 59 57 49 45 42 40 
60dlO.177 59 57 49 45 42 40 
70dlO.207 70 67 58 52 50 47 
80dlO.207 70 67 58 52 52 47 
90d/0.207 70 67 58 52 50 47 

Size of Box Nail 
(pennyweight/diam.) 

6d/0.099 31 29 25 23 22 21 20 
8d/0.ll3 35 33 29 26 26 24 22 

10dlO.128 40 38 33 30 28 27 25 
12d10.128 40 38 33 30 28 27 25 
16d10.135 42 40 35 31 30 28 27 
20dlO.148 46 44 38 34 33 31 29 
30dlO.148 46 44 38 34 33 31 29 
40dlO.162 50 48 42 38 36 34 32 

Size of Common Spike 
(pennyweightldiam.) 

lOd/0.192 59 57 49 45 42 40 38 
12d10.192 59 57 49 45 42 40 38 
16d10.207 64 61 53 48 46 43 41 
20d/0.225 70 67 58 52 50 47 45 
30dlO.244 76 72 63 57 54 51 48 
40dlO.263 81 78 67 61 58 55 52 
50dlO.283 88 84 73 66 62 59 56 
60dlO.283 88 84 73 66 62 59 56 

5116 in./0.312 97 92 80 72 69 65 62 
3/8 in./0.375 116 111 96 87 83 78 74 

Reproduced with permission from National Design Specification for Wood Con-
struction, 1977 ed. National Forest Products Association, Washington, DC. 
aDesign values in withdrawal in pounds per inch of penetration into side grain 
of member holding point and are for normal load duration. d = pennyweight of 
nail or spike. G = specific gravity of the wood, based on weight and volume when 
oven dry. 
bSpecific Gravity of southern pine and Douglas fir ranges from 0.48 to 0.54. 
CLoads for threaded, hardened steel nails, in 6d to 20d sizes, are the same as for 
common nails. 
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The withdrawal resistances in Table 10.8 are valid for a single nail 
driven into the side grain, for seasoned or for unseasoned wood which 
will remain wet during its service life, and normal load duration. Reg­
ular duration factor increases are permissible. Note that the tabulated 
values are given in resistance per inch of nail penetration into the 
member holding the point. For nails driven into the end grain, the 
allowable withdrawal resistance is zero. For toenailed connections, 
the withdrawal resistance may be taken as two-thirds of the values in 
Table 10.8. While the withdrawal resistance of nails may be used in 
structural design, it is good practice to avoid withdrawal loads when­
ever possible. 

The lateral resistances of a single nail or spike used in southern pine 
and Douglas fir wood is given in Table 10.9. The allowable loads are 
valid for joints loaded in single shear, normal load duration, nails 
driven into the side grain, seasoned lumber, and joints with nail pen­
etration into the member containing the point equal to or greater than 
the 11 nail diameters. The lateral resistance does not increase if the 
nail penetration exceeds 11 diameters. Regular duration factor in­
creases in allowable nail loads are permissible. 

The lateral resistance values in Table 10.9 are subject to numerous 
adjustments which greatly expand their range of applicability. The 
more common adjustments follow. 

If nail penetration is less than one-third the 11 nail diameters, the 
lateral resistance is zero. Straight-line interpolation between zero resis­
tance at one-third (11 diameters) penetration and full tabulated resis­
tance at 11 diameters penetration may be used for other penetrations. 

When nails are used in double shear and when the nails fully pen­
etrate all three wood members, as in Fig. 10.20, the allowable load per 
nail may be increased. If b, the thickness of the side members, equals 
d13, the allowable load increases to 1.33 times the tabulated load. If 
b ;:: d, the allowable load may be taken as 1.67 times the tabulated 
load. No further increase in load is allowed if b > d. Straight-line 
interpolation may be used for intermediate side member thicknesses. 
Note that when the double shear specification is used, the minimum 
penetration requirement is no longer applicable. 

When a double shear joint is fabricated by properly clinching nails, 
the allowable load per nail is two times the tabulated load. A prop­
erly.clinched nail requires that side member thickness be greater 
than or equal to ~ in. (10 mm) and that the clinching length t be 
equal to at least 3 nail diameters. Clinching is limited to 12d and 
smaller common nails. Also, if threaded, hardened steel nails are 
used, the double shear provision may be used without clinching. 
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(a) Unci inched Nail (b) C !inched Nail 

Fig. 10.20. Nails in double shear. 

When nails are toenailed, lateral resistance is only five-sixths the 
tabulated values in Table 10.9. 

Loads for nails used in wet or unseasoned lumber may be reduced 
as per factors in Table 10.10. The NDS notes that nails shall be spaced 
so as to prevent splitting. Some rules of thumb for nail spacing in sawn 
lumber are edge distance> 11/2 in. (38 mm), end distance in tension 
>21/4 in. (57 mm), nail spacing parallel to grain >21/2 in. (64 mm), and 
nail spacing normal to grain > 1 in. (25 mm). The various distances 
and spacings are illustrated in Fig. 10.21. 

Example 10.9. Nailed Joint. Determine the allowable load of the 
structural joint in Fig. 10.22 if the load is induced by a dead load plus 
wind load combination. The nails are driven from the gusset side of 
the connection. 

Solution 

a. Determine the allowable load per nail from Table 10.9 and in­
crease it by 33% for wind load duration. 

Pa~ll = 78 x 1.33 = 1041b (461 N) 
nal 

if penetration into the 2 x 8 or 2 x 4 equals lID, or 1.44 in. (37 
mm). Since the nail length equals 21/2 in. (64 mm) and the com­
bined thickness of the 2 x 4 and 1 x 4 equals 21/4 in. (57 mm), 
penetration into the 2 x 4 is > lID and the full allowable load 
may be used. 

b. Determine the allowable load, P, for the joint based on the nail 
strength 

P Pall N f '1' h . = -'1 x o. 0 nal S m eac groupmg 
nal 

= 104 x 9 = 940lb (4.2 kN) 
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Table 10.10. Fastener Load Modification Factors for Moisture Content. 

Condition of Wooda 

At Time of 
Type of Fastener Fabrication In Service Factor 

Bolts Dry Dry 1.0 
Partially seasonedb Dry 

or wet 
Dry or wet Exposed to weather 0.75 
Dry or wet Wet 0.67 

Wire nails and spikes 
withdrawal loads Dry Dry 1.0 

Partially seasoned Will remain wet 1.0 
or wet 

Partially seasoned Dry 0.25 
or wet 

Dry Subject to wetting 0.25 
and drying 

lateral loads Dry Dry 1.0 
Partially seasoned Dry or wet 0.75 

or wet 
Dry Partially seasoned 0.75 

or wet 
Threaded, hardened Dry or wet Dry or wet 1.0 

steel nails 

Reproduced with permission from National Design Specification for Wood Construction, 
1977 ed. National Forest Products Association, Washington, DC. 
aCondition of wood definitions applicable to fasteners are: "Dry" wood has a moisture 
content of 19% or less. "Wet" wood has a moisture content at or above the fiber saturation 
point (approximately 30%). "Partially seasoned" wood has a moisture content greater 
than 19% but less than the fiber saturation point (approximately 30%). "Exposed to 
weather" implies that the wood may vary in moisture content from dry to partially 
seasoned, but is not expected to reach the fiber saturation point at times when the joint 
is under full design load. "Subject to wetting and drying" implies that the wood may 
vary in moisture content from dry to partially seasoned or wet, or vice versa, with 
consequent effects on the tightness of the joint. 
bWhen bolts are installed in wood that is partially seasoned at the time of fabrication 
but that will be dry before full design load is applied, proportional intermediate values 
may be used. 
cUse 1.0 for 1 or 2 bolts placed in a single line parallel to the grain or when bolts are 
in two or more lines with separate splice plates for each line. Otherwise use 0.4. 

c. Check the adequacy of the gusset plate to carry the loads. For 
the 1 x 4, 

Pall = (Ft X 1.33)(A) = 900(1.33)(2.63) 
= 3150 lb (14.0 kN) > 940 lb (4.2 kN) 

Thus, the gusset plate is adequate. 

Example 10.10. Nail Joint in Double Shear. Repeat Example 10.9, 
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End Spacing 
Hi"" Para'Ie' to Grain 

• • • • • I 

Edge Spacing 

• • I 
I 

• • 

Spacing Normal to Grain 

Fig. 10.21. Nail spacing and distance. 

but add a second 1 x 4 gusset plate to the back side of the joint and 
use 10d nails. 

a. Determine the allowable load per nail for double shear. The 
length of a 10d nail is 3 in. (76 mm) and fully penetrates the 
three members. Since the side member thickness b is equal to 
half the main member thickness, the allowable load per nail is 
between 1.33 and 1.67 times the tabulated values Ptab in Table 
10.9. Interpolating between b = d/3 and b = d, 

Pall [ (d/2 - d/3) ] nail = 1.33 + (1.67 - 1.33) d _ d/3 Ptab 

= 1.41 (94 x 1.33) = 176 lb (783 N) 

No. 2 0r"IIIICI S. P. 2 x a 

9-ad 
Common Naill 

Fig. 10.22. Structural joint for Example 10.9. 
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b. Evaluate the joint allowable load, P. 

P = 176(9) = 1580 lb (7.0 kN) 

10.5.2 Bolts 

The strength of bolted connections in timber depends upon bolt size, 
the ratio of bolt length in the main member to bolt diameter liD, load 
duration, number of shear planes, types and sizes of side members, 
degree of seasoning, and angle between the wood grain and the direc­
tion of bolt loading. 

The allowable lateral loads parallel and perpendicular to the grain 
for common bolts used in southern pine and Douglas fir wood are listed 
in Table 10.11. The tabulated values are valid for a single bolt used 
in a three-member joint with wood side members with dimension 
b> lI2 as shown in Fig. 10.23a. The values in Table 10.11 also assume 
normal load duration, seasoned wood, and adequate end, edge, and bolt 
spacings. Regular load duration increases are permissible in all allow­
able bolt loads. 

When several bolts are used in a row, they are not all fully effective. 
That is, due to slippage and imperfect bolt placement, all bolts in a 
row are not loaded to the same level. When one bolt, usually one of 
the endmost two bolts in a row, reaches a load P, the remaining bolts 
are loaded to some level less than P. Consequently, the allowable load 
for a row of N bolts equals K(PIBolt)(N) where K is less than 1.0 and 
is defined in Table 10.12. 

When bolts are staggered, the number of bolt rows is dependent upon 
the pitch of the connections. If a < bl4 in Fig. 10.23b, the configuration 
would be defined as 1 row of 6 bolts. If a > b14, the configuration would 
constitute 2 rows of 3 bolts. 

Example 10.11. Rows of Bolts. Determine the allowable load for 
two 2 x 4s fastened together as a lap joint by 5 bolts in a row. Assume 
normal loading, adequate bolt spacings, and dry lumber. Let the al­
lowable load per bolt equal P s' 

Solution. The cross-sectional areas of both the main and side mem­
bers are equal and are less than 12.0 in. 2 (77.4 cm2). Thus, AIIA2 = 1.0 
and from Table 10.12, K = 0.85. 

Thus, Pall = 0.85Ps(5) = 4.25Ps lblbolt (Nlbolt). 
The allowable loads in Table 10.11 may be adjusted to accommodate 

a wide variety of conditions. Some of the more common follow. 
When bolts are used in wet or unseasoned wood the allowable loads 
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(b) Rows of Bolts 

(d) Multiple Shear Planes 

Fig. 10.23. Bolted connections. 

are only 67% of those tabulated. If the side members are replaced by 
steel side members, the allowable loads parallel to the grain may be 
increased by 25% but no increase is permitted for allowable bolt loads 
normal to the grain. 

If the side member thickness b of a three-member joint is greater 
than l/2 (see Fig. lO.23a), no increase in bolt loads is permitted. If b < 
l/2, however, the allowable bolt load is that tabulated for a main mem­
ber thickness equal to 2b. 

The allowable bolt load for two-member joints (see Fig. lO.23c) is 
the smaller of one-half times the tabulated load for 1 = a or one-half 
times the tabulated value for 1 = 2b, where a;::. b. If a joint is made 
up of more than three members each having the same thickness (Fig. 
lO.23d), the allowable connector loadlbolt equals the number of shear 
planes times one-half the tabulated load for l = a. For the joint shown 
in Fig. lO.23d, P = 4 (1/2 Ptab for l = a). 

When bolts are loaded at an angle to the grain, the allowable load 
per bolt is evaluated using Hankinson's equation. The allowable bolt 
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Table 10.12. K-Factor for Bolts In a Row for Two or Three Member Joints. 

Number of Fasteners in a Row 

A IIA2a AI(in.2)b 2 3 4 5 6 

Wood Sideplates 
0.5c,d <12 1.00 0.92 0.84 0.76 0.68 

12-19 1.00 0.95 0.88 0.82 0.75 
>19-28 1.00 0.97 0.93 0.88 0.82 
>28-40 1.00 0.98 0.96 0.92 0.87 
>40-64 1.00 1.00 0.97 0.94 0.90 
>64 1.00 1.00 0.98 0.95 0.91 

1.0c,d <12 1.00 0.97 0.92 0.85 0.78 
12-19 1.00 0.98 0.94 0.89 0.84 

>19-28 1.00 1.00 0.97 0.93 0.89 
>28-40 1.00 1.00 0.99 0.96 0.92 
>40-64 1.00 1.00 1.00 0.97 0.94 
>64 1.00 1.00 1.00 0.99 0.96 

Metal Side Plates 
2-12 25-39 1.00 0.94 0.87 0.80 0.73 

40-64 1.00 0.96 0.92 0.87 0.81 
65-119 1.00 0.98 0.95 0.91 0.87 

120-199 1.00 0.99 0.97 0.95 0.92 

12-18 40-64 1.00 0.98 0.94 0.90 0.85 
65-119 1.00 0.99 0.96 0.93 0.90 

120-199 1.00 1.00 0.98 0.96 0.94 
200 1.00 1.00 1.00 0.98 0.97 

18-24 40-64 1.00 1.00 0.96 0.93 0.89 
65-119 1.00 1.00 0.97 0.94 0.92 

120-199 1.00 1.00 0.99 0.98 0.96 
200 1.00 1.00 1.00 1.00 0.98 

24-30 40-64 1.00 0.98 0.94 0.90 0.85 
65-119 1.00 0.99 0.97 0.93 0.90 

120-199 1.00 1.00 0.98 0.96 0.94 
200 1.00 1.00 0.99 0.98 0.97 

30-35 40-64 1.00 0.96 0.92 0.86 0.80 
65-119 1.00 0.98 0.95 0.90 0.86 

120-199 1.00 0.99 0.97 0.95 0.92 
200 1.00 1.00 0.98 0.97 0.95 

35-42 40-64 1.00 0.95 0.89 0.82 0.75 
65-119 1.00 0.97 0.93 0.88 0.82 

120-199 1.00 0.98 0.96 0.93 0.89 
200 1.00 0.99 0.98 0.96 0.93 

Reproduced with permission from National Design Specification for Wood Construction, 
1977 ed. National Forest Products Association, Washington, DC. 
aAI is cross-sectional area of main member(s) before boring or grooving; A2 is sum of 
the cross-sectional areas of side members before boring or grooving. 
bWhen AIIA2 exceeds 1.0, use A2 instead of Al for wood sideplates. 
cWhen AIIA2 exceeds 1.0, use A21AI for wood sideplates. 
dFor AIIA2 between 0 and 1.0, interpolate or extrapolate from the tabulated values. 
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o 

o 

Loaded Edge 

Fig. 10.24. Bolt, row, end, and edge spacing definitions. 

loads parallel and perpendicular to the grain are substituted for the 
allowable compressive stresses in Eq. (10.3). 

The net section remaining after the bolt hole has been drilled must 
be adequate to carry the member loads. The net section, Anet> in Fig. 
10.23e is bd - bD. The design criterion for net section adequacy is 
Ft > fe = PlAnet. 

Minimum end, edge, and bolt spacings must be maintained in order 
to develop the tabulated allowable stresses for each bolt. The various 
distances are defined in Fig. 10.24. The criteria are as follows: 

a. Bolts in a row must be placed at least four diameters apart to 
develop the full allowable load. Spacings between rows of bolts 
must be H diameters apart for parallel to grain loading and 
between 2! and 5 diameters apart for loading normal to the grain 
for bolt liD ratios of 2 and 6, respectively. Bolt rows should not 
be greater than 5 in. (127 mm) apart. 

b. End distances of 7 bolt diameters must be maintained for par­
allel-to-the-grain tensile loads. For parallel-to-the-grain com­
pressive loads four bolt diameters are adequate. For loads nor-
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mal to the grain, end distances of four bolt diameters are 
sufficient. 

c. Required edge distances for parallel-to-the-grain loading in ten­
sion or compression are 11/2 bolt diameters except when liD > 6, 
the greater of 11/2 bolt diameters or one-half the spacing between 
bolt rows is required. For loads normal to the grain the edge 
distance shall be four bolt diameters on the loaded edge and 11/2 
bolt diameters on the unloaded edge. 

Example 10.12. Bolted Connection. Determine the allowable load 
for the structural joint in Fig. 10.22 if the two-1 x 4 gussets are used 
and if two properly spaced 1/2 in. (13 mm) diameter bolts are used in 
each joint member in place of the 18-8d nails. Assume normal load 
durations. 

Solution 

a. The joint is a three-member joint with l = 11/2 in. (38 mm) and 
b = lI2 = 0.75 in. (19 mm). From Table 10.11, P = 940 lb (4.2 
kN) and Q = 430 lb (1.9 kN) with liD = 3.0. 

b. From Table 10.12, for two bolts in a row, K = 1.0. 
c. The 2 x 4 and gusset are loaded parallel to the grain. However, 

the load between the bolts and the grain of the 2 x 8 is at an 
angle of 30°. Using Eq. (10.3), the allowable load per bolt, N ao, 
IS 

PQ 
Nao = P 20 Q 20 

sin + cos 

940(430) 

= 720 lblbolt (3.2 kNlbolt) 

and Pall = 720(2) = 1440 lb (6.4 kN). 
d. Check the allowable load for the net section in the 2 x 4. 

Pall = FtCAnet) = 900 (5.25 - 0.750) 

= 4050 lb (18.0 kN) > 1440 lb (6.4 kN) 

Thus, the net section is adequate to carry the allowable bolt 
load. 
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e. Minimum spacing required to develop the allowable bolt loads. 
i. Bolt spacing in the 2 x 4 = 4D = 2 in. (51 mm). 
ii. Bolt spacing in the 2 x 8 equals, by conservatively assum­

ing the load being perpendicular to the grain and inter­
polating between a row spacing of 2.5D and 5D for liD = 3, 
3.13D = 1.56 in. (40 mm). The bolt spacing in the gusset 
is 4D = 2 in. (51 mm). Thus, use 2 in. (51 mm). 

111. End distance for the 2 x 4 measured along the center line 
of the 2 x 4 and for the gusset is 7D = 3.5 in. (89 mm). 

IV. Edge distance in the 2 x 4 and gusset is 1.5D = 0.75 in. 
(20 mm). 

v. Edge distance in the 2 x 8> 4D = 2 in. (51 mm) to top 
(loaded) edge and> 1.5D = 0.75 in. (19 mm) to the bottom 
(unloaded) edge. 

10.5.3 Glue Joints 

There are many glues and adhesives available. The most commonly 
used in agricultural structural applications are casein and resorcinol 
resin glues. Both glues are recommended for applications where mois­
ture can be controlled. Resorcinol resin is recommended for applications 
in which high moisture content is likely to occur, e.g., in livestock 
buildings, and greenhouses. 

Good glue joints require careful attention to detail. The surfaces to 
be glued must be dry «15% moisture), clean and free of oil, and smooth 
and flat to assure intimate contact of the mating pieces. Gluing is best 
done when temperatures are 70°F (21°C) or greater, however, many 
glues can be used at temperatures as low as 40°F (4°C) if additional 
curing time is provided. Glues should be mixed according to manufac­
turer's recommendations with special care to assure the pot life is not 
exceeded. Glue should be spread uniformly over the mating areas. 
Mated parts should be held together under pressure with staples, box 
nails, or cement-coated nails. 

The set time for casein glues varies from two hours to two days as 
temperature decreases from 80°F (24°C) to 40°F (4°C). Resorcinol resin 
glues are best when used at temperatures above 70°F (21°C) with pres­
sure applied for 10 to 16 hours after application. Adequate pressure 
can be maintained with one 6d or 8d box nail for each 8 in.2 (52 mm2) 

of glue area. 
The strength of glue joints is dependent upon the orientation of the 

mating parts. When side grain is mated, the joint strength is as strong 
as the wood itself. Most glue joints are designed to transfer shear forces 
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~rea 

Fig. 10.25. Example 10. 13-Glued joint. 

in the shearing plane between the mated parts-the glue line. The 
shear strength ofthe glue line is much greater than the shear strength 
of the adjacent wood fibers. Thus, the wood adjacent to the glue line 
fails when the shear stress exceeds the allowable shear stress between 
the annual rings of the wood. This strength is the previously defined 
horizontal shear stress, Fu, of the wood. For most structural woods, Fu 
ranges from 65 to 105 psi (0.45-0.72 MPa). For Douglas fir and southern 
pine, Fu ranges from 85 to 105 psi (0.59-0.72 MPa). The shear strength 
of side grain mated glued joints is equal to Fv times the glue area and 
should be adjusted for load duration. 

The strength of end-to-end grain or end-to-side grain glued joints is 
much lower than side-to-side grain joints. Special construction and 
reinforcing techniques, such as scarfing, dowels, tenons, or gussets, are 
required for adequate strength. 

Example 10.13. Glued Joint. Determine the allowable load for the 
glued tension joint shown in Figure 10.25. Assume a DL + SL com­
bination. 

Solution 

a. Evaluate the allowable strength of the glue line Fg after ad­
justment for load duration. 

Fg = Fu x 1.15 = 95 x 1.15 = 109 psi (0.75 MPa) 
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I ......---28 Gauge-Galvanizec:l 
i" Metal Plate 

Nails Before 
c==1 "...-, "...-, <""1 /'nstallation 

Nails After 
/',nstallation 

--~--""'-""'-""'r--'l 112 to 3/4 in 
----'(13 to 19mm) 

Fig. 10.26. Schematic of a metal plate connector. 

b. Evaluate the allowable glue line load, P g 

Pg = FgA = 109(8 x 3.5 x 2) = 6100lb (27.1 kN) 

c. Evaluate the allowable member load, P, from Eq. lOA and Table 
10.2. 

P = FtA = 900(1.15)(5.25) = 5430 lb (24.2 kN) 

Thus, the allowable load of this joint is controlled by the stress in 
the 2 x 4 and equals 5430 lb (24.2 kN). When a double shear joint, as 
in Fig. 10.25, is field constructed, it is often assumed that only one 
glue line is effective. This seemingly conservative approach is a hedge 
against the possibility of a poorly bonded glue line on one of the sides. 
If this practice were followed in Example 10.12, an allowable glue line 
load of 6100/2 = 3050 lb (13.6 kN) would be the limiting load. For an 
efficient utilization of the 2 x 4 strength the glue length should then 
be increased from 8 in. (203 mm) to 8(5430/3050) = 14.25 in. (362 mm). 

10.5.4 Metal Plate Connectors 

A common connector used in agricultural construction is the metal 
plate connector. Its most common application is in the construction of 
prefabricated truss joints. There are many different geometries and 
configurations of metal plate connectors in the market place. 

A metal plate connector is essentially a battery of short nails, as 
shown in Fig. 10.26, created from a thin flat steel plate by a punching 
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P - I--~ 

One Plate 
11111111 Each Side 
11111111 
11111111 
11111111 
11111111 
11111111 2x4 
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;:-I~~~~~~I 
L- ====== 

Fig. 10.27. Example 10.I4-Metal plate connected joint. 

process. The primary advantage of the battery of nails is a reduction 
of labor requirements in joint construction. Many truss joints, for ex­
ample, require 40 or more nails. By using a metal plate connector and 
a special press, many nails can be inserted quickly with a single plate 
rather than with discrete fasteners. 

Metal plate connectors are typically constructed of 28 gauge steel 
with Fy > 23,000 psi (158 MPa), Fu > 45,000 psi (310 MPa), and a 
minimum ductility of 20% elongation in 2 in. (51 mm) atFu. Nails are 
typically !-i in. (13-19 mm) long with lateral resistances of 40-60 lb 
(180-270 N) per nail. The allowable strength per nail is specified by 
the manufacturer. Special care must be taken to assure that the net 
section of the plate is adequate to carry the loads. Manufacturers usu­
ally provide this information by specifying the allowable tensile load 
for the plate. 

Metal plate connectors are most effective for transmitting axial forces. 
They are seldom recommended for transfer of moments. Usually, metal 
plate connectors are used in pairs, one on each side of a joint, to reduce 
the potential for the nails to tear out when noncentric loads are applied 
to one or more of the connected parts. 

Example 10.14. Metal Plate Connector. Evaluate the allowable 
load for the metal plate connection shown in Fig. 10.27. Assume the 
net section of the plate is adequate, a normal duration load, and an 
allowable load per nail of 40 lb (180 N). The metal plate has 6 rows of 
8 nails each. 

Solution. If a row of nails is closer than! in. (6 mm) from the edge 
or end ofa member, the row is considered to be ineffective. With careful 
placement of the plate, all the nails are effective. Thus, the allowable 
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Fig. 10.28. Roof truss framing definition sketch. 

load P equals the allowable load per nail times the total number of 
nails in each connected part. 

P == (Plnail)(N) (10.31) 
== 40(8 x 3 x 2) == 1920 lb (8.5 kN) 

10.6 TIMBER TRUSSES 

Roof trusses are an integral part of many types of timber framing, 
including pole-type construction, post-frame construction, and com­
mon stud framed buildings. This section will discuss the component 
parts of, load transfer in, and the computational procedures for analysis 
of typical roof truss systems. 

A typical roof truss framing system resting on a bearing wall is 
illustrated in Fig. 10.28. The bearing walls are often masonry walls 
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or stud walls with a 2 x 8 or 2 x 4 bearing plate on the top. The truss 
consists of upper and lower chords and web members connected at the 
joints by nails, bolts, glue, or metal plate connectors. Purlins fastened 
to the upper chord and running perpendicular to the plane of the trusses 
are nailed to the upper chords. Purlin spacings of 16 to 24 in. (406 to 
610 mm) on center are typical and are usually dictated by the load 
capacity of the roof decking material. The purlins support the roof deck 
which may be plywood, steel, or aluminum roofing. Not shown in Fig. 
10.28 are the lateral bracing components required for stability. Bracing 
requirements are the topic of a later discussion. 

The function of each component is to transfer dead, live, wind, and 
snow loads from their point of application to the bearing wall and then 
to the foundation and ground. Figure 10.28 helps to illustrate how 
loads are transferred and also assists in classifying each member with 
respect to its primary stress, i.e., compression, tension, flexure, or com­
bined stress. Purlin 3-8 carries the total load acting on the horizontal 
projected area of area ABCEFG. If the horizontal spacing between 
purlins is z, each purlin carries a uniformly distributed vertical load 
of wz. For trusses of low slope, the purlin can be considered to be a 
flexural member with a uniform transverse load of (wz) cos e. The 
purlin 9-10 transfers the loads acting on area BCDFGH to point 3 on 
the truss. The magnitude of the load at point 3 equals (wz)s. A load 
equal to wzs is transferred at points 2, 4, 5, and 6, while the loads at 
points 1 and 7 equal wzsl2 + wsp, where p is the horizontal projection 
of the overhang. Loads on the end trusses will be one-half of those on 
the intermediate trusses. It is apparent now that the upper chord of 
the truss in Fig. 10.28 is a beam-column since it carries the axial 
compression loads from truss analysis and also the flexural loads in­
duced by the purlins located between panel points. The truss transfers 
the load from the area midway between adjacent trusses. Thus, each 
intermediate truss transfers a load wsL + 2 wsp to the bearing walls. 
Since both the loading and truss geometry are symmetric in this il­
lustration, the reactive forces at each bearing wall are wsL/2 + wsp. 

During its service life, a truss is subjected to many combinations of 
loading. The American Institute of Timber Construction (AITC) rec­
ommends that the designer check the six load combinations listed in 
Table 10.13. In many agricultural buildings without storage loads it 
is sufficient to check the two DL + 8L combinations in Table 10.13 
and the DL + WL combination. Recent practice also suggests checking 
an unbalanced DL + 8L combination with DL on the windward slopes 
and DL + 1.58L on the leeward slope for gable roofs with slopes be­
tween 15° and 70°. 
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Table 10.13. Load Combinations for Roof Truss Analysis. 

Windward Slope Leeward Slope Load Duration Load Duration Factor 

DL DL Permanent 0.90 
DL + LL DL +LL 7 days 1.25 
DL DL.+ LL 7 days 1.25 
DL + 8L DL + 8L 2 months 1.15 
DL + 0.58L D + 8L 2 months 1.15 
DL + WL DL + WL 1 day 1.33 

Reproduced with permission from Timber Construction Manual, 2nd ed. 1974. 
American Institute of Timber Construction, Englewood, CO. 

The designer must always be alert for the occurrence of stress re­
versals in a roof truss. Since wind loads can act outward and since 
dead loads are usually very low in agricultural buildings, it is possible 
for the sense (tension or compression) of one or more member forces to 
change with load combination. This change in sense is called stress 
reversal. 

Stress reversals are critical to truss design because members are 
usually long and slender. Thus, a truss member with a slenderness 
ratio near 50 may be adequate to carry a moderately large tensile 
force, but inadequate to carry even a small compressive stress. The 
following example will illustrate the role of stress reversals. 

Example 10.15. Truss Analysis (Stress Reversal). Assume the roof 
truss in Fig. 10.29a carries a DL = 20 lb/ft (290 N/m) of horizontal 
projected length on the upper chord, a full design snow load of 110 lbl 
ft (1.60 kN/m) of horizontal projected length, and an outward acting 
wind load of 30 lb/ft (440 N/m) and 50 lb/ft (730 N/m) of roof length 
on the left and right slopes, respectively. Assume all loads to be applied 
at the panel points of the truss and evaluate member loads for the 
balanced DL + SL, the unbalanced DL + SL, and the DL + WL. 

Solution 

a. The truss load diagrams for each load combination are shown in 
Fig. 10.29b, 10.29c, and 10.29d. The truss overhang is assumed 
to be zero in this example. The end restraints at the sills were 
assumed to be pinned at both reaction points. The horizontal 
reactive forces were assumed to be equal. 

b. The member forces are summarized in Table 10.14. Notice that 
every member in this truss undergoes a stress reversal. Thus, 
each member must be analyzed as both a tension and a compres­
sion member. Member GF is an excellent case in point. It appears 
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1950lb 
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920lb 
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(c) Unbalanced DL +SL 

(d) DL + WL 

2160lb 
(9.61 kN) 

Fig. 10.29. Example 1O.15-Truss analysis-stress reversal. 

that the tensile force of 2340 lb (10.4 kN) will control its design. 
However, the relatively small compressive force of 250 lb (1.1 
kN) significantly influences the final design since the slenderness 
ratio of GF is quite large and will require some lateral bracing 
to keep Lid < 50. 

c. Since the wind may come from the right or left during the service 
life of the truss, design forces for both member AB and DE are 
the larger of the forces acting on AB and DE; i.e., 3800 lb (16.9 
kN) compression and 660 lb (3.0 kN) tension. The same argument 
holds for other symmetrically placed members of the truss. 
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Table 10.14. Member Loads for Several Load Combinations! 

Unbalanced 
DL + SL DL + SL DL+ WL 

Member Ib (kN) Ib (kN) Ib (kN) 

AB -3800 ( -16.9) -2200 (- 9.8) +510 (+ 2.3) 
AG +3510 (+ 15.9) +2030 (+ 9.0) -390 ( -1.8) 
BG - 940 (- 4.2) - 150 (- 0.7) +110 (+ 0.5) 
GC + 940 (+ 4.2) + 150 (+ 0.7) -110 (- 0.5) 
BC -3170 ( -14.1) -2100 (~ 9.4) +540 ( + 2.4) 
GF +2340 ( + 10.4) +1850 (+ 8.2) -250 ( -1.1) 
CF + 940 (+ 4.2) +1330 (+ 5.9) -260 ( -1.1) 
CD -3170 ( -14.1) -2900 ( -12.9) +600 (+ 2.6) 
DF - 940 (- 4.2) -1330 (- 5.9) +260 (+ 1.1) 
DE -3800 ( -16.9) -3800 ( -16.9) +660 (+ 3.0) 
FE +3510 (+ 15.6) +3500 (+ 15.5) -570 (- 2.5) 

aCompressive forces are negative; tensile forces are positive. 

d. Note also that the reactive force for the DL + WL combination 
is downward due to the wind uplift. This illustrates the need for 
anchoring the heel joint of the truss securely to the sill plate. 
Toe nailing, a common practice for anchoring heel joints, is sel­
dom sufficient to resist uplift forces in light agricultural struc­
tures. 

The truss in Example 10.15 assumed the truss was loaded at panel 
points only. This does not occur in practice as purlins are normally 
spaced 16 to 24 in. (406 to 610 mm) on center. If the truss in Fig. 10.29 
has purlins spaced 24 in. (406 mm) on center, member AB which is 
8.12 ft (2.47 m) long would have approximately three uniformly spaced 
purlins between A and B, Band C, C and D, and D and E. Thus, the 
upper chord members have an axial stress component and a flexural 
stress component. The flexural stress components are called secondary 
stresses. 

The axial stress component may be estimated by assuming all loads 
act at panel points. Thus, the design axial loads for the truss in Ex­
ample 10.14 are those in Table 10.14. The secondary stresses may be 
approximated by one of several methods. Two of the more common 
manual methods are described herein. Computer analyses yield a more 
exact solution. 

A conservative method is to assume the joints to be pinned and the 
upper chord between panel points to be a simple beam with concen­
trated flexural loads applied at each purlin location. The method is 
illustrated in Fig. 10.30 for the full DL + SL acting on member AB 
of the truss of Example 10.15. Member AB, for aDL + SL combination, 
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(O.93kN-m) 
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(O.93kN-m) 
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PI = 225 Ib (.LQ..kN) 

Fig. 10.30. Upper chord load distribution for a conservative estimate of the 
flexural (secondary) stresses in timber truss members. 

must carry a compressive axial load of3800 lb (16.9 kN) and a bending 
moment of910 lb-ft (1.24 kN-m). The interaction equation for combined 
flexure and axial compression would be used to size the member. 

An alternate, and more realistic, method of analysis is to assume 
some continuity, and thus some end moments, at the joints. If the upper 
and lower chords are continuous over the web supports, the Truss Plate 
Institute (TPI) recommends that secondary stresses be estimated by 

1 
M = -w(QL)2 

8 
(10.32) 

where L is defined by Li or La in Fig. 10.31 and Tables 10.15 and 10.16, 
and Q is defined for upper chords in Table 10.15 and for lower chords 
in Table 10.16. The distributed load term w for upper chord moments 
includes only the loads acting on the upper chord. Similarly, the dis­
tributed load term for lower chord moments includes only the appro­
priate ceiling loads acting on the lower chord. 

The effective lengths recommended by TPI for evaluating allowable 
compressive stresses in lower chords, upper chords, and web members 
are summarized in Fig. 10.32. Note that purlins, bracing, sheathing, 
and ceiling construction all provide some lateral support in the plane 
normal to the truss and influence the various Lid ratios. Note also that 
the joint construction and member end restraints also reduce the ef­
fective Lid of the members. 

To illustrate the procedures, members AB, GF, and BG of the truss 
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For investigation of bottom chord moments see Table 10.16. 

Fig. 10.31. Definition sketch for estimating moments in truss members. Re­
produced with permission from Design Specifications for Metal Plate Connected 
Wood Trusses (TPI-78), 1978 ed., Truss Plate Institute, Frederick, MD. 

Table 10.15. Q and L Factors for Secondary Stresses In Upper Chords of Trusses. 

Panel Point Moment Midpanel Moment 

Q L Q L 

One panel Not applicable Not applicable 0.90 Li + Sa 
Two panelsa 0.90 0.58(cot8)o.23 
Two or three Largest of 0.9Li' Largest of 
panelsb,c,d (Li + La)/2, or 0.9(Li + cSa), 

0.9La [(Li + La)/2J 
+ cSJ, or 0.9 
(La + cSa) 

Three 0.85 0.58(cot8)o.36 
panelsa 

Reproduced with permission from Design Specifications for Metal Plate Connected Wood 
Trusses (TPI-78), 1978 ed. Truss Plate Institute, Frederick, MD. 
aFor the midpanel moment, Q = a (cot8)~, but shall not be < 0.74. 
bFor panel point moment, if St > 24 in. (610 mm), add excess to end (heel) panel Li or 
La (see Fig. 10.31). 
cFor midpanel moment, Sa = St - B but not < O. cSa shall be added only to the length 
of the end (heel) panel. 
dfor midpanel moment, c = 0.5 for two panels; c = 0,33 for three panels; if neither Li 
nor La are end (heel) panels, then cSa = O. 



www.manaraa.com

432 Light Timber Design 

Table 10.16. Q and L Factors for Secondary Stresses in Lower Chords of Trusses. 

One panel 
Two+ panels 

Q L 

1.0 
1.0 

Li 
L is largest of 0.9 i , 

(L i + La)/2, or 0.9La 

Reproduced with permission from Design Specifications for Metal Plate Connected Wood 
Trusses (TPI-78), 1978 ed. Truss Plate Institute, Frederick, MD. 

of Example 10.15 and Fig. 10.29 with purlins located 24.4 in. (620 mm) 
o.c. (on center), as in Fig. 10.30, will be designed. It will be assumed 
that dressed No.2 southern pine (surface and used at 15% moisture 
content) is used and the nominal thickness of the lumber is 2 in. (51 
mm). 

Using the conservative procedure for secondary stress calculations, 
member AB must simultaneously carry a compressive load of 3800 lb 
(16.9 kN) and a moment of910 lb-ft (1.24 kN-m). Assuming the purl ins 
are tied into the end wall framing such that they adequately brace the 
upper chord in the plane normal to the truss, Cs = (Led/b2)Y2 = 10.7 and 
12.3, respectively, for a 2 x 6 and a 2 x 8. Thus,Fi, = F b• For compres­
sion the slenderness ratio in the plane normal to the truss equals 24.4/ 
1.5 = 16.3. In the plane of the truss, from Fig. 10.32, the slenderness 
ratio equals 0.9 LAB/h. It is easily shown that for any upper chord equal 
to or larger than a 2 x 6, (Lld)max = 16.2. 

~ffecti~e Effective Buckling 
Member Dlm(';'Slon Length (L') 

Top 0.9L* 
Chord Lp 

Bottom L1, L2 

Chord Lp 

Web 
0.8 Lw 

~----L, ------~----

Fig. 10.32. Effective buckling lengths of truss members. Where sheathing or 
ceiling is nailed to a compression chord (either top or bottom), lateral support 
of the supported axis may be assumed to be continuous and L' fd = Lp/b may 
be neglected. Asterisk indicates conservative values. Reproduced with per· 
mission from Design Specifications for Metal Plate Connected Wood Trusses 
(TPI-78), 1978 ed., Truss Plate Institute, Frederick, MD. 
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As a first estimate for sizing AB, assume the upper chord to be a 
2 x 8. From Table 10.2 and Eq. (10.22), 

F;' = 1300 x 1.15[1- 113 G~:~rJ = 1465 psi (10.1 MPa) 

Also, from Table 10.2 and Eq. (10.7), 

F' - ) [ 1 (16.2 )4J c - 1200(1.15 1- 13 22.8 = 1260 psi (8.6 MPa), 

and from Eq. (10.27), J = (16.2 - 11)/(22.8 - 11) = 0.44. Substitut­
ing these values into Eq. (10.27) and using the dimensions of a 2 x 8 
yields 

3800/10.88 914 x 12/13.4 < 1 0 
1260 + 1465 - 0.44(349) . 

0.28 + 0.64 = 0.92 < 1.0 

The left side of the interaction equation is nearly unity. It is obvious 
that the next smaller standard size (2 x 6) would not be satisfactory. 
Thus, a 2 x 8 is selected for AB. The 2 x 8 can carry a tensile load of 
(0.8)(675)(1.15)(10.88) = 6750 Ib (30.0 kN). The 2 x 8, therefore is also 
adequate for the DL + WL combination. Due to symmetry, member 
AB must also carry the loads acting on member DE. It is suggested 
that the student show that a 2 x 10 is indeed required to carry the 
unbalanced DL + SL in AB. 

Member BG must carry either a compressive load of 940 lb (4.2 kN) 
or a tensile load of 260 lb (1.1 kN). The effective length of BG equals 
0.8Lw from Fig. 10.32. The approximate length of Lw equals 4.0 ft (1.22 
m) minus half the width of both the upper and lower chords. Thus, 
assuming a 2 x 4 lower chord and using a 2 x 10 upper chord 
Lw = 4 x 12 - 9.25/2 - 3.512 = 41.6 in. (1.057 m). Then 0.8Lw equals 
33.3 in. (846 mm) yielding a maximum slenderness factor of 33.31 
1.5 = 22.2. Assuming the member is smaller than a 2 x 6, 
K = 0.67v'EIFc = 23.3,andfromEq.(10.7),F~= 1150(1.15)[VI3(22.21 
23.3)4] = 960 psi (6.6 MPa). Since the allowable load for a 2 x 4 is 960 
(5.25) = 5040 lb (22.3 kN), a 2 x 4 is more than adequate. Investi­
gating a smaller size member for BG, a 1 x 4 web member has an LI 
d = 45.5 > K, F~ = 0.3(1.6 x 106)1(45.5)2 = 230 psi (1.6 MPa) and 
Pall = 230(2.63) = 605lb (2.7 kN) and is therefore inadequate for the 
web member. 
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Fig. 10.33. Concentric structural joint. 

Member GF must carry a tensile load of 2340 lb (lOA kN) and a 
compressive load of 250 lb (1.1 kN). The small compressive load under 
DL + WL may create difficulty since, for a 1.5 in. (38 mm) thick mem­
ber, (Lld)GF = 120/1.5 = 80 about the weak axis. From Eq. (10.8), 
F~ = o. If lateral bracing is applied at the midlength of GF, Lid = 40 
and F~ = 260 psi (1.8 MPa). The required cross-sectional area for GF 
equals PIF~ = 250/260 = 0.96 in.2 (6.2 cm2). From Table lOA, a 2 x 4 
is the smallest standard 2 x member to carry the load. Checking the 
2 x 4 for tensile loads, F t = 1050(1.15) = 1210 psi (83 MPa), the re­
quired cross-sectional area is 2340/1210 = 1.93 in. 2 (12049 cm2), and a 
2 x 4 is adequate. A 1 x 4 could carry the tensile load, but requires 
additional bracing for the compressive load since Lid> 50. Thus, a 
2 x 4 is selected for GF. 

The entire truss can be designed by similar analysis. The upper chord 
is usually of one size in agricultural buildings. Thus, the entire upper 
chord can be sized by observing which segment carries the largest load 
combinations. Similarly, the lower chord is usually of constant cross 
section, and the cross section of all the webs are usually equal. 

Once the members are sized, the joints and splices must be designed 
using the procedures of Chapter 7 on connectors and the allowable 
connector load provisions ofthis chapter. Care should be taken to place 
chord splices at approximately one-third the distance between panel 
points. This assures the splice to be near the inflection point where 
the bending moment is zero. Also, care should be exercised to assure 
that the connectors are placed to produce a concentric joint. That is, 
the line of action of the resultant force of each connector group should 
meet at a point. Figure 10.33 illustrates a concentric structural joint. 

Lateral bracing of the truss is critical to the design. As noted in the 
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Fig. 10.34. Cross bracing and stiffeners. Reproduced with permission from 
Structures and Environment Handbook, MWPS-l, 11th ed., Midwest Plan Ser­
vice, Ames, Iowa. 

preceding analysis, upper and lower chords and web members must 
often be braced to reduce Lid ratios and to assure stability of the truss 
members. Lateral bracing is also required to assure stability of the 
entire roofing system both during and after construction. A compre­
hensive recommendation for bracing roof truss systems may be found 
in TPI publication BWT-76, Bracing Wood Trusses: Commentary and 
Recommendations. The minimum recommendation for cross bracing 
includes lower chord stiffeners, a diaphragm or purl ins on the upper 
chords, and intermittent cross bracing between adjacent trusses. These 
braces are schematically illustrated in Fig. 10.34. Purlins are usually 
1 X 4s or 2 x 4s laying flat for narrow truss spacings and 2 x 4s on 
edge for wider truss spacings. Lower chord stiffeners are typically 2 x 4s 
laying flat and attached to the top edge ofthe lower chord. One stiffener 
should be located at each lower chord panel point. Cross braces are 
usually 2 x 4s. Attention must be given to the Lid ratios of the stif­
feners and cross bracing. A brace with Lid> 50 will be ineffective for 
resisting lateral forces if it must carry compressive forces. 
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A deflection analysis of the truss should be conducted to assure that 
under full load the lower chord panel points do not deflect below a 
straight line drawn between the heel joints. This requires that the 
lower chords be fabricated with a camber at least as great as the full 
load deflection of the lower chord panel points. 

10.7 POLE BUILDINGS 

The pole frame is probably the most common structural system in 
agricultural buildings in the United States. Pole frames are used in 
storage facilities for produce, machinery storages, shops, livestock fa­
cilities, and feed storage facilities to name but a few applications. 
Timber is still the most common structural material used in pole frames. 

The unique feature of pole-framed structures is the multiple role 
played by the vertical support columns. (The vertical columns are typ­
ically called poles when of round cross section and posts when of square 
or rectangular cross section.) The vertical columns, which are embed­
ded into the ground 3.5 ft (1.07 m) or more, not only transmit the 
service loads from the truss to the ground but they also provide resis­
tance to overturning and sliding. In essence, the pole embedment pro­
vides the foundation and a portion of the lateral bracing and stability 
for the entire building. 

The component parts of a typical pole-framed structure are shown 
in Fig. 10.35. The roof truss framing is similar to that described in the 
preceding section and Fig. 10.28. The trusses rest on the plates which 
usually consist of one or two 2 x 6, 2 x 8, or 2 x 10 members. The 
plate size is dependent upon the truss span, the bay length (pole spac­
ing), and the design loads. The plates act as flexural members and 
transfer the truss reactive forces to the pole tops. The plates are typ­
ically connected to the poles by threaded pole barn spikes or bolts. 
Often the pole tops are notched to allow the bottom edge of the plate 
to bear on the pole. This practice greatly reduces connector require­
ments and improves the reliability of the plate-to-pole connection. 

Since poles are typically spaced 4, 8, 12, or 16 ft (1.22, 2.44, 3.66, or 
4.88 m) apart, horizontal nailing girts are required for attachment of 
the siding. The girts are primarily flexural members and transfer lat­
eral wall loads to the poles. 

The poles act as pure compression members for gravity loads. How­
ever, when the building is laterally loaded, as by wind or storage loads, 
the pole is subject to combined axial and flexural loads. In most ap­
plications the pole size requirement is controlled by the lateral loads. 

The poles rest on a concrete footer pad. Typical pad sizes are 6 to 8 



www.manaraa.com

10.7 Pole Buildings 437 

Fig. 10.35. Typical timber pole framing. 

in. (152 to 203 mm) thick and 12 to 20 in. (305 to 508 mm) in diameter. 
Often the footer extends about 12 in. (305 mm) above the pole butt as 
shown in the right-hand side of the cross section in Fig. 10.35. If pole 
barn spikes are partially driven into the bottom of the pole, the footer 
becomes an integral part of the pole with increased resistance to uplift 
forces. 

The knee brace is optional in pole-framed buildings. However, a 
properly installed knee brace stiffens the joints between the pole tops 
and the heel of the truss. The knee brace provides additional lateral 
stability by reducing the lateral movement and rotation of the pole top 
resulting in significantly reduced pole stresses and size requirements. 
Since the poles are the most costly component of the pole framing, 
addition of knee braces can significantly reduce building costs. 

The embedded portion of the pole is in contact with the ground and 
subject to fungal attack and deterioration. Poles should, therefore, be 
treated with preservatives. Typical preservatives include creosote, pen­
tachlorophenol, and nonleaching waterborne salt preservatives. 

The pole frame is obviously an indeterminate structure. The frame 
in the cross section of Fig. 10.35 has a total of six end reactions. If the 
connection between the top of both poles and the truss is pinned, two 
equations of condition (M = 0) exist at the top of the pole and the 
frame is one degree indeterminate. If the connection between the top 
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Fig. 10.36. Forces acting on a pole under action of a single lateral load P. 
Reproduced with permission from G. Gurfinkel, Wood Engineering, 1st ed., 
1973, Southern Forest Products Association, New Orleans, LA. 

of the pole has some moment resistance, as provided by a knee brace, 
then the frame is indeterminate to the third degree. The pole frame 
can be analyzed by one or more of the indeterminate methods of anal­
ysis. Application of several approximations, however, allows the pole 
frame to be analyzed as a determinate structure. 

The lateral forces acting on a pole are shown in Fig. 10.36. The 
applied force P acts at a height H above the ground. The top of the 
pole, which is attached to the roofframing, has a rotational restraining 
moment, Mt. This restraint equals zero in the case of a pinned top and 
is nonzero in the case of a knee-braced pole. 

The lateral force is restrained by the parabolic distribution of passive 
soil pressure. The resultant lateral soil resistances are Ql at 0.34D 
below the soil surface and Q2 acting at 0.90D below the soil surface, 
where D equals the total embedment depth of the pole. The average 
lateral soil pressures above and below the point of rotation are defined 
in the diagram as 8 1 and 8 2 • 

The inflection point, located at H2 above the ground surface, is the 
point of zero moment in the pole. If the moment restraint, M t = 0 (a 
pinned connection between the roofframe and the pole), then H2 = H. 
If the pole is knee braced (see Fig. 10.37 for a typical knee brace) then 
H2 equals 0.66H for a tapered pole and approximately 0.5H for an 
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Fig. 10.37. Typical example of an adequate knee brace for pole construction. 
Reproduced with permission from Structures and Environment Handbook, 
MWPS-l, 11th ed., 1983, Midwest Plan Service, Ames, Iowa. 

untapered pole, where H equals the distance between the ground line 
and the attachment of the knee bracing. 

The maximum moment in a pole occurs below the ground surface or 
at the attachment of the knee brace. It is generally accepted that the 
maximum moment below ground occurs at one-fourth to one-third 
the pole embedment depth. The maximum moment below ground for 
the pole in Fig. 10.36 is obtained by drawing a free body diagram (FBD) 
of the pole between the inflection point and a depth DI3 below the 
ground. For the loading of Fig. 10.36 this moment equals P(H2 + 
Dl3). In Fig. 10.36, M t = PHI' 

An expression for the embedment depth can be found by drawing a 
FBD of the lower portion of the pole through the inflection point, by 
summing forces in the horizontal direction, by summing moments about 
the line of action of Q2 and by noting that Q2 = 8 1B(0.68D) and 
Q2 = 8~(O.32D). The resulting expression for D is 

(10.33) 

where 8 1 is the lateral soil resistance at D13; B is the diameter of a 
round pole, the diameter of an encasing concrete collar, or the diagonal 
dimension of a rectangular post. The remaining terms are as defined 
in Fig. 10.36. 

If the pole has lateral restraint at the ground line, such as that 
provided by a rigid floor or concrete pavement, the embedment depth 
may be determined with Eq. (10.34). 

(10.34) 
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Table 10.17. Allowable Lateral Pressures for Solis. 

Class of Material 

Gooda 

Lateral Pressures 

Allowable Values 
per Foot of Depth 

Below Natural 
Gradea (pst) 

Maximum Allowable 
Values (pst) 

Compact well-graded sand and gravel 400 8000 
Hard clay 
Well-graded fine and coarse sand 

Averageb 
Compact fine sand 200 2500 
Medium clay 
Compact sandy loam 
Loose coarse sand and gravel 

Poor" 
Soft clay 100 1500 
Clay loam 
Poorly compacted sand 
Clays containing large amounts of salt 

Reproduced with permission from Pole Building Design, 6th ed. 1968. American Wood 
Preserver's Institute, Washington, DC. 
aIsolated poles, such as flagpoles, or signs, may be designed using lateral bearing values 
equal to two times tabulated values. 
bDrained so water will not stand. 
CWater stands during wet season. 

where 8 3 is the lateral soil pressure at depthD. Typical values oflateral 
soil resistances are given in Table 10.17. These values are averages 
and should be used with caution. 

The maximum moments and embedment depths for poles with more 
general loadings may be estimated by assuming the same general 
shape of soil lateral resistance, the same location of the inflection point, 
and that Mmax occurs atDI3 below the ground surface. These procedures 
will be demonstrated in Example 10.16. 

To illustrate the primary steps in the analysis of a pole frame con­
sider the individual pole frame and loads shown in Figs. 10.38a and 
10.38b. Using the truss FBD for Case I (Fig. 1O.38c) and assuming the 
reactive forces RA and RB to be equal, the remaining truss reactive 
forces and member forces can be evaluated from simple statics. The 
analysis assumes that the wind forces acting on the windward and 
leeward poles are shared equally. The design loads for the two poles 
are shown in the FBDs in Fig. 10.38d. 

For the FBD in Fig. 10.38e, the inflection point is located at H above 
the ground. Summing moments about 0, the maximum moment is 
Mmax = R(H + D13) + wH(HI2 + DI3). Mmax for alternate loading 
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schemes is easily found by sketching the appropriate free body diagram 
and summing moments about point O. The maximum moment for the 
knee-braced pole in Fig. 10.38f is determined by drawing the FBD of 
the pole between 0 and the inflection point at H2/2 (for a rectangular 
pole). With a shear force of (R + wH - wH2/2) at the inflection point 
and summing moments about point 0, Mmax = R(H2/2 + D/3 - w(ln/ 
8 - HH2/2 - HD/3). 

The pole size must be large enough to satisfy Eq. (10.35). 

(10.35) 

The pole size is usually controlled by either the DL + 1I28L + WL or 
the DL + 1I28L + WL + LL load combination. Nonetheless, it is ad­
visable to check the adequacy of the pole selected for Case II for the 
full DL + 8L. For Case II the pole is subject to pure compression and 
must satisfy the criterion, F~ > !c. 

The appropriate depth of embedment may be estimated by either 
Eq. (10.33) or (10.34). In the case of more general loadings than shown 
in Fig. 10.36, Eqs. (10.33) and (10.34) may still be used by substituting 
Rl and h, as defined in Fig. 10.38g, for P and H 2 , respectively. Rl is 
the resultant of all the applied horizontal loads (including the shear 
force) between the ground and the inflection point and h is the distance 
between the ground and the equivalent resultant force. To assure ad­
equate stability it is recommended that D never be less than 4 ft (1.22 
m) and that the holes be well tamped when backfilled. 

The footer pads distribute the concentrated column loads over suf­
ficient area so that the poles do not settle under design loads. The 
design criterion for sizing the pads is 

(10.36) 

where Fbrg is allowable bearing stress of the soil (see Table 11.20) in 
psf (kPa); P1 is maximum vertical pole design load, lb (kN); At is area 
of the footer pad, ft2 (m2). 

Most properly embedded poles have a withdrawal resistance of at 
least 1000 lb (4.4 kN). The design withdrawal resistance is obtained 
by summing and evaluating the pole reactive forces for a 0.75 DL + WL 
combination. By summing moments about 0 in the FBD of Fig. 10.35h, 



www.manaraa.com

10.7 Pole Buildings 443 

the uplift force, RL, may be evaluated. If RL < 1000 lb (4.4 kN), the 
withdrawal resistance is adequate. If RL > 1000 lb (4.4. kN), the build­
ing may overturn unless additional anchorage is provided. Additional 
anchorage can be obtained by pouring an 18 to 24 in. (457 x 610 mm) 
concrete collar around the bottom 12 in. (305 mm) of the pole and 
fastening it to the pole with bolts, pins, or spikes driven partially into 
the pole and extending into the concrete collar. The concrete collar 
adds its own mass, the mass of soil above the collar, and a larger 
frictional surface area to the withdrawal resistance. 

The purlins, nailing girts, and top plates are designed as simply 
supported or continuous flexural members. Care must be exercised, 
particularly in the top plates, to assure that the members are laterally 
stable. 

Example 10.16. Pole Frame Analysis. The 40 x 72 ft 
(12.19 x 21.95 m) pole framed building shown in Figs. 10.39a and 
1O.39b is used to store sawdust to a depth of 8 ft (2.44 m). The poles 
are spaced 6 ft (1.83 m) on center and extend 10 ft (3.05 m) above the 
ground line. The poles are restrained at the ground and embedded and 
backfilled with medium clay. The frame must support theDL, 8L, WL, 
and LL shown in Fig. 10.39c. The live load is based on Rankine's 
equation with material density of 12 pcf (190 kg-m-3) and an angle of 
internal friction of 25°. The poles are adequately braced 2 ft (0.61 m) 
from the eave. A plywood liner is attached to the inside of the poles to 
transfer storage loads to the poles. Assume adequate horizontal fram­
ing is included to support the plywood between the poles: (a) Select 
the size No.2 Southern Pine rectangular posts required to carry the 
design loads; (b) Specify the pole embedment depth, anchorage, and 
footer pad requirements; (c) select the top plate size for a truss spacing 
of 3 ft (0.91 m). 

Solution 

a. Design the pole for the DL + WL + 1/28L + L L 
i. The truss FBD in Fig. 10.37d and equations of statics yield 

the truss reactive forces VA, VB, and R. The magnitude of 
the horizontal and vertical components of wind load have 
the same magnitude as the normal wind load. However, the 
vertical wind load is based on the horizontal projected area, 
the horizontal wind load is based on vertical projected area 
of the roof, and the normal load is based on the actual roof 
area. 
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Fig. 10.39. Example IO.I6-Pole framing analysis. 
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2Fh + = 0: 0 = - 2R + (4.4 + 9.4)(6.67)(3) 

R = 140 lb (0.62 kN) 

". 
+ 
~MA + = 0: 0 = 9.5(40)(3)(20) 

+ 4.4(20)(3)(10) 

- 9.4(20)(3)(30) 

+ (4.4 + 9.4)(6.67)(3)(6.67/2) - 40VB 

VB = 240 lb (1.07 kN) t 

+ ~ 2Fu = 0: 0 = 9.5(40)(3) + 4.4(20)(3) 

- 9.4(20)(3) - 236 - VA 

VA = 600 lb (2.67 kN) t 

ii. It is apparent that the right-hand pole carries the maximum 
bending due to the pressure from the stored material plus 
wind load. The free body diagram of the right-hand pole is 
shown in Fig. 10.3ge. Assuming Mmax occurs at D13, an 
inflection point midway between the knee brace and the 
ground line, and an embedment depth of 5 ft (1.52 m), then 
the FBDs of Figs. 10.3ge and 10.39f (drawn through the 
inflection point), and statics yield the design moment as 
follows: 
From Fig. 10.3ge, the equilibrium of horizontal forces yields 

~Fh + = 0: 0 = 276 + 8.9(10)(6) + (l/2)(39)(8)(6) - P 
and the reactive force P = 1750 lb (7.78 kN). Figure 10.39f 
and ~M 1 = 0 yield the equation 

o = Mo + 1750 (5.67) - (19.5 + 8.9)(6)(4)(4/2) 
- (112)(19.5)(6)(4) (8/3), 

from which M = 7910 lb-ft (10.72 kN-m) 
Ill. An excellent first estimate ofthe pole size requirement may 

be obtained by only considering flexure. Thus, from Table 
10.2 Fb = 1100 (1.33) = 1460 psi (10.1 MPa) and from 
Fb > fb = MIS, Sreq'd = MIFb = 7910 x 12/1460 = 64.9 in.3 

(1063 cm3). A survey of Table 10.4 will show a 4 x 12 with 
S = 73.8 in.3 (1209 cm3 ) to be the smallest adequate size. 
A more common size pole is a 6 x 8 with S = 51.6 in.3 (846 
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cm3). Since the pole bending moment is a linear function 
of pole spacing, a 6 x 8 could be used over a spacing of 
(51.6/64.9)(6) = 4.8 ft (1.46 m). 

iv. Combined loading must now be checked. The plywood liner 
braces the 4 x 12 in the plane normal to the frame. In the 
plane of the frame the column buckles as an unbraced col­
umn with one end fixed and the other end restrained from 
rotating. Since the unbraced length equals 8 ft (2.44 m), 
KL = 1.2(8) = 9.6 ft (2.93 m) and Lid = 9.6 x 12/11.25 = 
10.2. Thus, F~ = 625 x 1.33 = 830 psi (5.7 MPa). Substi­
tuting into the interaction equation (10.35) with J = 0 and 
the section properties of a 4 x 12 yields 

480/39.4 7910 x 12173.8 = 0 01 0 88 = 0 89 < 1 0 
830 + 1460 . +. . . 

Note that the axial load contributed very little to the interaction 
sum in this case. Note also that the interaction sum is consid­
erably less than 1.0. Nonetheless, the next smaller standard 
size is clearly inadequate from the flexure analysis in step iii. 

b. Check the 4 x 12 post for DL + SL + LL. The axial load at 
the top of both the left and right pole equals (12 + 3.5)(40)(6)/2 
= 1860 Ib (8.27 kN). The first term ofthe interaction equation 
becomes (1860/39.4)1(625 x 1.15) = 0.07. It is apparent that, 
since the bending moment will be smaller for the DL + SL + LL 
than for the DL + iSL + WL + LL combination, that the in­
teraction equation criterion is satisfied. Thus, a 4 x 12 post 
will be used. 

c. From a FBD of the portion of the pole above the inflection point 
in Fig. 10.3ge and the summation of forces in the horizontal 
direction, VI = 830 lb (3.69 kN). Placing this force on the FBD 
in Fig. 10.39f and summing the moments of the applied forces 
above the ground line about the ground line, the resultant force 
RI = 1750 lb (7.78 kN) is found to act at h = 2.86 ft (0.87 m) 
above the ground line. Substituting into Eq. (10.34) with P = 
1750 lb (7.78 kN), H2 = 2.86 ft (0.87 m), S3 = 200 x 5 = 1000 
psf (50 kPa), and B = Y11.252 + 3.5~ 12 = 0.98 ft (300 mm), 

D = Y 4.25(17 46)(2.86)11000 x 0.98 = 4.65 ft (1.42 m) 
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Since the required depth is less than the estimated depth of 5 
ft (1.52 m), the initial assumption is conservative. By embed­
ding the pole to only 4.67 ft (1.42 m), the net effect would be 
to reduce the bending moment. Thus, an embedment depth of 
4.67 ft (1.42 m) can be used without further calculation. 

d. The overturning stability and adequacy of anchorage under 
0.75DL + WL can be determined by summing moments about 
the ground line of the right-hand pole in Fig. 10.37g. 

+ 
~MR = 0: 0 = (l0.4 + 7.4)(10)(6)(5) 

+ (4.4 + 9.4)(6.67)(6) 

x (10 + 6.67/2) + 9.4(20)(6)(10) 

- 4.4 (20)(6) x (30) - 2.6 (40)(6)(20) 

+ 40RL 

RL = 4340/40 = 110lb (490 N) i 

and from 

the right-hand reaction is found to be an uplift force. 

RR = 80 lb (360N) ~ 

Since the maximum uplift force is < <1000 lb (4.45 kN), the 
anchorage is adequate. 

e. The top plates connecting the poles may be treated as simple 
beams. A FBD of the plate is shown in Fig. 10.37h. The pole­
plate connection is assumed pinned. The truss reactive force 
acting on the plate is (15.5 x 40 x 3)/2 = 930 lb (4.14 kN) for 
theDL + 8L combination. FortheDL + WL + 1/28L, the max­
imum reactive force was 600 lb (2.67 kN) from step a. Thus, 
the maximum plate moment equals P~/4 = 930(6)(12)/4 = 
16,740 in.-Ib (1.89 kN-m). For the flexure criterion and Fb = 
1550 x 1.15 = 1780 psi (12.3 MPa) (no. 2 southern pine used 
and dressed at 15% moisture), Sreq'd = M1Fb = 16,740/1780 = 
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9.40 in.3 (154.0 cm3 ). A 2 X 8 with S = 13.14 in.3 (215.3 cm3) 

is adequate to carry the moment. 
f. Assuming a soil with a bearing strength of 2000 psf (100 kPa), 

the footer pad area required is At = 930 x 2/2000 = 0.93 ft2 
(6.0 cm2) and the footer radius required is 

r = V Alrr = 0.54 ft (160 mm) 

A footer 6 in. (150 mm) thick and 13 in. (330 mm) in diameter 
will suffice. 

Example 10.16 represents a partial and preliminary design for a pole 
frame. A complete design would include the design of the trusses as 
well as consideration of all the design load combinations acting on the 
structure. The loads in the example assume the wind is acting normal 
to the ridge line. A complete design would also consider the effect of 
loads induced by wind moving parallel to the ridge line. Other consid­
erations in a complete design would include connector details between 
trusses and plates, connector details between plates and poles, and 
endwall framing details. The diaphragm strength of the cladding may 
also be considered in the design. 

PROBLEMS 

10.1. Compare the allowable tensile stresses of a No.2 southern 
pine(15%M)2 x 4toa2 x 6,a2 x 8,a2 x 10,anda2 x 12. 
Explain why they are different. 

10.2. Compare the allowable flexural, shear, and compressive stresses 
for a No.2 southern pine (15% M) 2 x 4 to a 2 x 6, a 2 x 8, 
and a 2 x 10. 

10.3. Compare the allowable flexural, shear, compressive, and ten­
sile stresses of a No.2 southern pine 2 x 6 (15% M) to a No. 
2 southern pine 2 x 6 (surfaced dry and used at 19% M) and 
to a No.2 southern pine 2 x 6 (surfaced green). Explain any 
differences. 

10.4. Repeat Problem 10.1 for Douglas fir lumber. 
10.5. Repeat Problem 10.2 for Douglas fir lumber. 
10.6. Repeat Problem 10.3 for Douglas fir lumber. 
10.7. Compare the section properties (1, S, and A and cross-sectional 

dimensions) of full size and dressed 2 x 4s, 2 x 8s, 2 x lOs, 
4 x 6s,6 x 8s. 
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10.8. Evaluate the allowable compressive stress of a No.1 (15% M) 
southern pine 2 x 8 when the compressive stress acts at an 
angle of 45° to the grain of the 2 x 8. 

10.9. Determine the allowable compressive stress and load for a No. 
2 2 x 4 southern pine (15% M) timber column for the follow­
ing: 

a. Both ends are pinned with respect to both the strong 
and weak axes, there are no intermediate braces, and 
the column length equals 4 ft (1.22 m), 5 ft (1.32 m), 
6 ft (1.83 m), 8 ft (2.44 m). 

b. Both ends are pinned with respect to both the strong 
and weak axes, the weak axes is braced continuously, 
and the column length equals 4 ft (1.22 m), 6 ft (1.83 
m), 8 ft (2.44 m), 10 ft (3.05 m). 

c. The bottom end is fixed with respect to both axes 
and the top end is pinned with respect to buckling 
about the weak axis and free with respect to buckling 
about the strong axis, there is no intermediate bracing, 
and the column length equals 4 ft (1.22 m), 6 ft (1.83 
m), 8 ft (2.44 m), 10 ft (3.05 m). 

10.10. Repeat Problem 10.9 for a No. 2 Douglas fir dressed 4 x 6 
member. 

10.11. Plot a curve similar to Fig. 10.8 for an unbraced No.2 (15% 
M) southern pine 6 x 6 which is 12 ft (3.66 m) long and pinned 
at both ends. 

10.12. Determine the allowable flexural stress for the following uni­
formly loaded, single span, simply supported No.2 southern 
pine (15% M) beams. 

a. A 2 x 4 with an unbraced span of 2 ft (0.61 m); 4 ft 
(1.22 m); 6 ft (1.83 m); 8 ft (2.44 m); and 10 ft (3.05 
m). 

b. Repeat Problem 10.12a for a 2 x 6. 
c. Repeat Problem 10.12b for a 2 x 10. 
d. A 2 x 6 with a span of12 ft (3.66 m) but with adequate 

bracing of the compression flange every 4 ft (1.22 m). 

10.13. Design the lightest weight 2 x or 4 x No.1 southern pine (15% 
M) beam to carry a uniformly distributed load of 150 lb/ft (2.2 
kN . m-I ) over a simply supported span of 10 ft (3.05 m) if the 
load is due to a DL + SL combination, if the allowable deflec­
tion equals (1I360)(span), and if the compression flange is ad-
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equately braced. How frequently must the compression flange 
be braced? 

10.14. Repeat Problem 10.13 if the beam span equals 12 ft (3.66 m). 
10.15. Repeat Problem 10.13 if the compression flange is braced only 

at the supports and at midspan. 
10.16. Plot a curve similar to Fig. 10.15 for a No.2 southern pine 

2 x 6 simply supported beam with a span of 12 ft (3.66 m). 
Hint: Vary Lu from 0 to 12 ft (0 to 3.66 m). 

10.17. Design a door header to span a 16 ft (4.88 m) sidewall opening 
in a 40 ft (12.19 m) wide x 100 ft (30048 m) long machinery 
storage facility if trusses are spaced 4 ft (1.22 m) on center. 
The building is located in central Pennsylvania. Use lumber 
with a width of 1.5 in. (38 mm) and a maximum nominal 
thickness of 11.25 in. (286 mm) if 

a. The header is adequately braced laterally by the truss 
connections. 

b. The header is laterally unsupported between the end 
supports. 

10.18. Evaluate the allowable load for each of the following timber 
joints. 

a. Eight 8d nails in the two-member joint in Fig. 10040a. 
b. Eight lOd nails in the two-member joint in Fig. 10040a. 
c. Two 0.5-in. (l3-mm) diameter bolts in the two-member 

joint of Fig. 10040a. 
d. Six 0.5-in. (13-mm) diameter bolts in a single row in 

the two-member joint of Fig. 10040a. 
e. Repeat Problem 10.18a for the joint in Fig. lO.4Ob. 
f. Repeat Problem 10.l8b for the joint in Fig. 10040b. 
g. Repeat Problem 10.18c for the joint in Fig. 10040b. 
h. Repeat Problem 10.18d for the joint in Fig. 10040b. 
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i. Eight 12d nails in the three-member joint of Fig. 10AOb. 
j. Casein glue in the two-member joint of Fig. 10AOa, if 

the members overlap 8 in. (203 mm). 

10.19. Sketch the joint showing recommended end, edge, and con­
nector spacings for Problems 10.18a, 10.18c, and 1O.18d. 

10.20. Could two rows of bolts have been used in Problem 10.18h? If 
so, why would it have been advantageous? 

10.21. Determine if a pinned end, 10 ft (3.05 m) long dressed 4 x 4 
No.2 southern pine (15% M) timber column can carry a com­
bined axial compressive load of 3000 lb (36 kN) and a maxi­
mum bending moment of 4000 lb-in. (56.5 N·m). 

10.22. Determine the maximum axial compressive load a 12 ft (3.66 
m) long simply supported 6 x 8 No.2 southern pine (15% M) 
beam-column can carry if it also carries a maximum bending 
moment about the strong axis of 10,000 lb-ft (1.130 kN·m). 

10.23. Determine the size No.2 southern pine (15% M) member with 
a thickness of 1.5 in. (38 mm) required to carry the DL + SL 
and DL + WL combinations in the top chord of the roof truss 
in Fig. 1O.29a if the truss geometry stays the same, but the 
truss span increases to 36 ft (10.97 m), the trusses are spaced 
4 ft (1.22 m) on center, and the loads are SL = 25 psf (1.20 
kPa), DL = 5 psf (240 Pa), WL = 10 psf (480 Pa) suction on 
the left slope, and 15 psf (720 Pa) suction on the right slope. 

a. Solve if the loads are all applied at the panel points. 
b. Solve by the conservative method if the loads are ap­

plied by purlins spaced 24 in. (610 mm) on center along 
the upper chord. 

c. Solve by the TPI method if the loads are applied by 
purlins located every 24 in. (610 mm) on center along 
the upper chord. 

10.24. Determine the size No.2 southern pine (15% M) member re­
quired for members BG, AG, and GC to carry the DL + SL 
and the DL + WL combinations in Problem 10.23. If LId ratios 
are exceeded, recommend a solution and size the members. 

10.25. Determine the embedment depth and the size No.2 SR south­
ern pine rectangular pole required to carry a concentrated 
lateral load of 800 lb (3.6 kN) at a height 12 ft (3.66 m) above 
the ground line if the top of the pole is free to translate with 
no rotational restraint and the pole is encased in compact well 
graded sand and gravel. 

10.26. Solve Problem 10.25 ifthe top ofthe pole is provided rotational 
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restraint with a knee brace attached 2 ft (0.61 m) from the top 
of the pole. 

10.27. Solve Problem 10.25 if the pole is restrained by a continuous 
concrete floor at the ground line. 

10.28. Solve Problem 10.26 if the pole is restrained by a continuous 
concrete floor at the ground line. 

10.29. Select the size No.2 southern pine pole required to carry the 
wind, dead, and snow loads in the frame of Fig. 10.39c if the 
poles are spaced 8 ft (2.44 m) on center, the trusses are spaced 
4 ft (1.22 m) on center, the eave height is 12 ft (3.66 m), and 
the top of the pole has no knee braces for rotational restraint. 
Assume a compact well-graded sand and gravel backfill around 
the poles. 

10.30. Solve Problem 10.29 if the poles have knee braces attached 3 
ft (0.91 m) below the eave. 

10.31. Solve Problem 10.30 for poles spaced 4 ft (1.22 m) on center, 
an eave height of8 ft (2.44 m), a granular media with a density 
of 50 pcf (800 kg·m-3), and an angle of internal friction of 25°, 
and a storage depth of 5 ft (1.52 m). 

10.32. Determine the magnitude of the secondary moments and stresses 
in the upper chord of the truss in Fig. 10.29 and 10.30 using 
the less conservative TPI-78 procedures. Then determine the 
size upper chord required. 

NOMENCLATURE FOR CHAPTER 10 
A Cross-sectional area, in. 2 (cm2) 

Anet Net cross-sectional area remaining after drilling, in.2 (cm2) 

Cs vr;Jii)2 = slenderness factor for lateral buckling of beams 
Ck V3EI5Fc = limiting slenderness factor for inelastic lateral 

D 
DF 
E 

Fi, 

F' c 

buckling of beams 
Nailor bolt diameter, in. (mm) 
Load duration factor 
Modulus of elasticity, psi (MPa) 
Allowable flexural stress without lateral buckling, psi (MPa) 
Allowable flexural stress as adjusted for buckling and other 
considerations, psi (MPa) 
Allowable axial compressive strength parallel to grain 
without buckling, psi (MPa) 
Allowble axial compressive stress parallel to the grain 
reduced for buckling effects, psi (MPa) 
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Fcp Allowable compressive stress perpendicular to the grain, psi 
(MPa) 

Fg Allowable shear stress at a glue line, psi (MPa) 
Fv Allowable horizontal shear stress, psi (MPa) 
F~ Adjusted allowable horizontal shear stress for two beam 

action, psi (MP A) 
Fy Yield stress, ksi (MPa) 
I Second moment of area of a cross section, in.4 (cm4) 

J (Lid - 11)/(K - 11), beam-column moment magnification 
factor 

K O.67YEIFc , limiting Lid ratio for inelastic buckling of 
column 

K' 2.32YEIFc, limiting Llr ratio for inelastic buckling of a 
column 

L Length of a column; span of a beam or truss, ft (m) 
Le Effective unsupported length for a beam, ft (m) 
Lu Distance between lateral supports along the compression 

flange of a beam, ft (m) 
M Bending moment; allowable bending moment, lb . in. 

(kN· m) 
No Allowable compressive stress at an angle e to the grain, psi 

(MPa) 
P Applied concentrated load; allowable bolt load parallel to 

grain, lb (kN) 
P s Allowable load per connector in a joint, lb (kN) 
Q First moment of the area between an axis parallel to the 

axis of bending in a beam and the outer fiber taken about 
the neutral axis of the section, in.3 (cm3 ). Also, allowable 
bolt load perpendicular to grain, lb (kN) 

R Reactive force, lb (kN) 
S Section modulus of cross section, in.3 (cm3) 

V Shear force, lb (kN) 
V' Adjusted shear force for two beam action, lb (kN) 
a Cross-sectional dimension of a member; spacing between 

bolt rows, in. (mm) 
b Cross-sectional dimension (nominal or actual) of a member; 

bolt spacing, in. (mm) 
c Distance between the centroidal axis and the extreme fiber 

in a cross section, in. (mm) 
d Cross-sectional dimension (nominal or actual) of a member; 

least dimension of a column; depth of a beam, in. (mm) 
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e Eccentricity of applied or internal resultant loads, in. (mm) 
fb Actual flexural stress, psi (MPa) 
fc Actual axial compressive stress, psi (MPa) 
it Actual axial tensile stress, psi (MPa) 
fv Actual shear stress, psi (MPa) 
f~ Adjusted shear stress for two beam action, psi (MPa) 
k Beam deflection coefficient 
l Length of bolt in main member of a joint, in. (mm) 
p Horizontal projection of roof overhang, ft (m) 
r Radius of gyration of a cross-sectional area, in. (mm) 
s Truss, frame, or pole spacing, ft (m) 
w Applied distributed load, lb/ft (kN/m) 
x Subscript relating to the strong axis of a cross section 
y Subscript relating to the weak axis of a cross section 
z Length of bearing support for a beam, in. (mm) 
d Beam deflection, in. (mm) 
e Acute angle between direction of loading and the direction 

of the grain; roof slope (degrees) 
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Reinforced Concrete Design 

11.1 INTRODUCTION 

11.1.1 General 

Reinforced concrete is a composite material consisting of concrete and 
intimately bonded steel reinforcing bars. A typical reinforced concrete 
cross section is shown in Fig. 11.1. The reinforcing steel is always 
present in the portion of the cross section which experiences tensile 
stresses under load. In some cases, such as in columns and doubly 
reinforced beams (Fig. 11.2), steel is placed in the compression zone. 
The purposes of such steel are to increase the load capacity over singly 
reinforced sections, properly reinforce sections which are subject to 
stress reversals, increase the load capacity of column sections, and 
provide resistance to tensile stresses, which are caused by accidental 
eccentricities, buckling, and combined axial and flexural loads in 
compression members. 

Plain concrete, which is strong in compression but very weak in 
tension, cannot be used efficiently in most structural applications. Con­
sider, for example, the beam in Fig. 11.3a which is constructed of a 
highly idealized concrete with the stress-strain behavior of Fig. 11.3b. 
If the bottom fibers are at the tensile yield point f'ty, the upper fibers 
of the homogeneous section experience a compressive stress fc equal to 
f'ty. If yielding is the failure criteria, the moment capacity of the section 
is dictated by the relatively low value of f'ty. Thus, a large portion of 
the compressive strength of the concrete is not utilized. Other limi­
tations of plain concrete are that its behavior in tension is less pre­
dictable and less ductile than in compression. 

455 



www.manaraa.com

456 Reinforced Concrete Design 

w( xl 

t _ r: Reinforcing S~~I d 

~ 

Fig. 11.1. Typical singly reinforced concrete beam. 

Figure 11.4 illustrates how tensile and compressive stresses are car­
ried by a reinforced concrete beam cross section assuming the concrete 
stress-strain behavior in compression is linearly elastic and the max­
imum flexure stress is below the yield strength. Notice that the concrete 
below the neutral axis (N.A.) carries no load and the total tensile force, 
T = As!., is carried by the reinforcing steel. 

There are many applications of reinforced concrete in agricultural 
systems. Among them are foundations, footers, silo walls, retaining 
walls, manure storage tanks and pits, manure slats, floor slabs, and 
feedlot pavements. 

This chapter discusses the basic strength properties of both concrete 
and reinforcing steel and presents the fundamental techniques re­
quired to analyze reinforced concrete beams and columns. The primary 
purpose of the chapter is to give sufficient background to allow the 

~"" Ties 
: : 
L __ 

(20 I Tied Column 

Longitudinol 
Reinforcing Bars 

As - Tension Steel 
Ai -Compression Steel 

(2 b I Doubly Reinforced 
Beam X - Section 

Fig. 11.2. Typical reinforced concrete columns and doubly reinforced beams. 
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Fig. 11.3. Stress distributions in a plain concrete beam. 

engineer to (1) begin an independent study of reinforced concrete de­
sign; (2) intelligently select standard designs for typical applications; 
(3) check the adequacy of existing reinforced members; and (4) design 
some very simple beams and columns. Sufficient up-to-date references 
are also included to aid further study. Finally, most of the material 
presented is based upon and complies with the American Concrete 
Institute (ACI) 318-83 Building Code Requirements for Reinforced 
Concrete. 

wlx) 

,1:-----f;~ --=1 
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- Neutral Axis ~ J;..I~- T- .. " 
es 

:s i o .. .. .. 
.§ en 

Fig. 11.4. Idealized stress and strain distributions in a reinforced concrete 
beam. 
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11.1.2 Symbols and Units 

Unless noted otherwise, the symbols used in this chapter are defined 
at the end of the chapter. Dual units, SI, and English, are shown in 
the listing. Many of the equations in the text are valid for any con­
sistent set of units. Some, however, have dimensional constants and 
are valid only for a specific set of units. When this occurs, it will be 
noted in the text and the appropriate units will be specified. 

11.2 MATERIALS AND BEHAVIOR 

11.2.1 Reinforcing Steel 

Two suitable types of reinforcing steel are deformed bars and welded 
wire fabric. The several grades of reinforcing steel are given in Table 
11.1. Reinforcing bar sizes are listed in Table 11.2, and some typical 
welded wire fabric sizes are summarized in Table 11.3. 

The stress-strain behavior of reinforcing steel is assumed to be elas­
tic-plastic as shown in Fig. 11.5. The modulus of elasticity Es is taken 
as 29 x 103 ksi (200 GPa) and the ductility is in the neighborhood of 
20 to 30%. 

The general requirements for reinforcing steel are that bars be de­
formed rather than smooth, the surface be clean and free of oil, and 
the area be large enough to carry the tensile loads. Additionally, the 
ACI code imposes restrictions on steel placement tolerance, spacing, 
and cover. 

Reinforcing steel placement is critical if the section is to perform 
satisfactorily. For walls, flexural members, and compression members, 
steel should be located within d ± 3/8 in. (10 mm) if d ,;;; 8 in. (203 mm), 
and within d ± 1/2 in (13 mm) if d > 8 in. (203 mm). (See Fig. 11.2 for 
the definition of d.) 

Adequate spacing is needed between reinforcing bars to ensure in-

Table 11.1. Grades and Strength of Reinforcing Steel. 

Grade 

40 
50 
60 
80 

100 

Design Strength, ksi (MPa) 

40 (280) 
50 (340) 
60 (410) 
80 (550) 

100 (690) 
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Table 11.2. Reinforcing Steel Bar Sizes. 

Bar No.a 

2 
3 
4 
5 
6 
7 
8 

Nominal Diameter, in. (mm) 

t (6) 
§ (9) 
! (13) 
~ (16) 
~ (19) 
k (22) 
1 (25) 

aBar no. indicates the number of eighths of an inch diameter. 

0.05 (30) 
0.11 (70) 
0.20 (130) 
0.31 (200) 
0.44 (280) 
0.60 (390) 
0.79 (510) 

timate contact between the concrete and steel. The following limits on 
clear space between reinforcing bars (8) as a function of bar diameter 
db are required by the ACI Code. 

1. In beams, 8 ;;=: the greater of db or 1 in. (25 mm) both between 
layers of reinforcement and between bars in a layer. 

2. In spirally or tied reinforced columns, 8 ;;=: the greater of 1.5 db 
or 1.15 in. (38 mm). 

3. In walls and slabs, 8 "'" the smaller of three times the wall 
thickness or 18 in. (460 mm). 

Minimum cover of reinforcing steel is required to prevent spalling 
of concrete and to protect the steel from rust, fire, and chemical de-

Table 11.3. Typical Welded Wire Fabric Sizes and Designations.-

Style Designation Sectional 
Spacing, Diameter, Area 

Wire Gauge W or D Number in. (mm) in. (mm) sq in.lft (mm2/mm) 

6x6- 6 x 6-W1.4 x W1.4 6 (150) 0.135 (3.4) 0.029 (0.061) 
lOxlO 
6x6-8x8 6x6-W2.1 xW2.1 6 (150) 0.162 (4.1) 0.041 (0.087) 
6x6-6x6 6 x 6-W2.9 x W2.9 6 (150) 0.192 (4.9) 0.058 (0.123) 
6x6-4x4 6x6-W4xW4 6 (150) 0.225 (5.7) 0.080 (0.169) 
4x4- 4 x 4-W1.4 x W1.4 4 (100) 0.135 (3.4) 0.043 (0.091) 
lOxlO 
4x4-6x6 4 x 4-W2.9 x W2.9 4 (100) 0.192 (4.9) 0.087 (0.184) 
4x4-4x4 4x4-W4xW4 4 (100) 0.225 (5.7) 0.120 (0.254) 

Reproduced with permission from Structures and Environment Handbook, MWPS-1, 
11th ed. 1983. Midwest Plan Service, Ames, IA. 
"These items may be carried in sheets by various manufacturers in certain parts of the 
United States and Canada. The spacing, diameter, and sectional area of the welded wire 
fabric are the same in both the longitudinal and transverse directions. 
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Fig. 11.5. Typical stress-strain behavior of reinforcing steel. 

Table 11.4 Minimum Cover Requirements for Steel. 

Placement Type 

Cast-in-place 

Precast 

Requirements 

Cast against and exposed to earth 
Concrete exposed to earth and weather 

db :;;. % in. (19 mm) 
db < % in. (19 mm) W31 or D31 

wire 
or smaller 

Concrete not exposed to weather or 
in contact with ground 

slabs, walls, joists [db";; 1% in. 
(35 mm)] 

primary reinforcement, ties, 
stirrups, spirals in beams 
and columns 

Concrete exposed to earth and weather 
wall panels [db";; 1% in. 

(35 mm)] 
other members [% in. (19 mm) ,,;; db 

"'" 1% in. (35 mm)] 
db ,,;; % in. (16 mm) 

Concrete not exposed to weather or in 
contact with ground 

slabs, walls, joists [db";; 1% in. 
(35 mm)] 

primary reinforcement in beams 
ties, stirrups, or spirals in beams 

or columns 

Cover, in. (mm) 

3 (76) 

2 (51) 

1.5 (38) 

0.75 (19) 

1.5 (38) 

1.5 (38) 
1.25 (32) 

% (16) 
Greater of db or 

% (16) 
% (10) 
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Table 11.5. Minimum Reinforcement for Temperature and Shrinkage Control. 

Construction Type 

Slabs with Grade 40 or 50 deformed bars 
Slabs with Grade 60 deformed bars or welded wire fabric 

Steel Ratio 
Ps = A.JAg 

0.0020 
0.0018 

terioration. The cover requirements for cast-in-place concrete are greater 
than for precast concrete components because of better control of con­
struction tolerances in shop fabrication. The ACI requirements for 
minimum cover are listed in Table 11.4. 

Finally, concrete has a tendency to shrink as it cures and to change 
dimensions with temperature. Both of these factors cause concrete to 
crack. To prevent shrinkage and temperature cracks, minimum amounts 
of reinforcing steel are recommended by ACI. These minimums are 
summarized in Table 11.5 in terms of the ratio of the area of steel to 
the gross concrete area. ACI requires that minimum reinforcement be 
provided in the direction normal to the longitudinal reinforcement in 
structural floor and roof slabs where flexural reinforcement extends in 
only one direction. Further, the spacing of temperature and shrinkage 
reinforcement should be the smaller of five times the slab thickness 
or 18 in. (460 mm). 

11.2.2 Concrete 

Concrete is a mixture of water, cement, and aggregate, which, when 
properly cured, forms a bonding matrix between the particles by the 
chemical process of hydration. Properly cured concrete does not dry. 
Instead the mixing water is chemically fixed by the hydration process. 
The primary mechanical properties of concrete are the compressive 
strength and the workability. 

Workability is a measure ofthe plasticity, or flow properties, offresh, 
unhardened concrete. Workability influences the ease or difficulty of 
placing concrete into forms and around reinforcement and is measured 
by the slump test. Recommended slumps for typical constructions are 
given in Table 11.6. 

The strength of concrete is determined by axial compression tests of 
6 in. (150 mm) diameter by 12 in. (300 mm) cylinders. Concrete strength 
is usually specified as the ultimate strength acquired after 28 days of 
curing. A typical compressive stress-strain curve is shown in Fig. 11.6. 
Note that the curves are nonlinear and that fracture occurs at a strain 
of only 0.3 to 0.5%. 
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Table 11.6. Typical Slump Ranges for Various Types of Construction. 

Types of Construction 

Reinforced foundation walls and footings 
Unreinforced footings, caissons, and substructure walls 
Reinforced slabs, beams, and walls 
Building columns 
Bridge decks 
Pavements 
Sidewalks, driveways, and slabs on ground 
Heavy mass construction 

Slumpa, 
in. (mm) 

Maximum Minimum 

3 (80) 
3 (80) 
4 (100) 
4 (100) 
3 (80) 
2 (50) 
4 (100) 
2 (50) 

1 (30) 
1 (30) 
1 (30) 
1 (30) 
2 (50) 
1 (30) 
2 (50) 
1 (30) 

Reproduced with permission from Design and Control of Concrete Mixtures, 11th ed. 
1968. Portland Cement Association, Skokie, IL. 
aWhen high frequency vibrators are not used, the values may be increased by about 50% 
but in no case should the slump exceed 6 in. (150 mm) 

The range ofthe compressive strength, fc', is 2.5 ksi (17 MPa) to over 
8 ksi (55 MPa). The compressive strength is the ultimate strength in 
compression and is dependent upon many factors, the most important 
of which are the water-to-cement ratio, specimen age, type curing, and 
the ratio of fine to coarse aggregates. Other factors influencing concrete 
quality include the quality of aggregate and water, rate of loading, 
and the type specimen used. The Portland Cement Association (PCA) 
Manual, Guide to Proportioning, Mixing, and Placing Cement, details 
many of these influences. 

The higher the water-cement (w/c) ratio, the lower the strength of 
concrete. The water-cement ratio, which is probably the most impor­
tant factor influencing strength, is usually expressed as the ratio of 
the mass of water to the mass of cement in the mix or gallons (liters) 

, Compressive 
tC2 -Strengih'- -----"".~-

II) 
II) 
UJ 
a:: t~, 
Iii 
~ 
~ I 
UJ Q45tCl 
g: 
::E 
o o 

STRAIN 

E~ = Fracture strain 
! 0.003 to 0.005 

Fig. 11.6. Typical compressive stress-strain behavior of concrete. 
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Fig. 11.7. Relationship between water-cement ratio and compressive strength 
for portland cements at different ages. These relationships are approximate 
and should be used only as a guide in lieu of data on job materials. Reproduced 
with permission from Design and Control of Concrete Mixtures, 11th ed., Port­
land Cement Association, Skokie, IL. 
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of water per bag of cement [one bag of cement equals 94 lb (43 kg)]. 
Typical ranges ofw/c ratios are 0.4 to 0.7 or 4.5 to 8 gallons (17 to 30 
L) of water per bag of cement. The workability of concrete increases 
as w/c ratios increase. A common error in construction is to add water 
to a mix to make it flow better. This practice, obviously, reduces the 
concrete strength, wastes money, and may yield an unsafe structure. 
If workability of a mix is a problem, never solve it by adding more 
water. Solve the problem by decreasing the quantity of aggregate used 
in the mix. Figure 11.7 illustrates the influence of w/c ratios upon 
strength. Table 11.7 recommends w/c ratios for typical types of con­
struction. 

The ratio of fine (sand) to coarse aggregate (gravel) influences the 
degree of bonding between individual particles of aggregate. Suggested 

Table 11.7. ACI Recommended Maximum Permissible Water-Cement Ratios for 
Different Types of Structures and Degrees of Exposure-

Exposure Conditions' 

Severe wide range in 
Mild temperature temperature, 

of frequent alternations of rarely below freezing 

freezing and thawing or rainy or arid 

(air-entrained concrete only) 

At water line or At water line or 
within range of within range of 

fluctuating water fluctuating water level 
level or spray or spray 

In In sea water In In sea water 
In fresh or in contact In fresh or in contact 

Type of Structures Air water with sulfatesC Air water with sulfatesc 

A. Thin sections such as reinforced piles and pipe 0.49 0.44 0.40 0.53 0.49 0.44 
B. Bridge decks 0.44 0.44 0.40 0.49 0.49 0.44 
C. Thin sections such as railings, curbs, sill, ledges, 0.49 - - 0.53 0.49 -

ornamental or architectural concrete, and all 
sections with less than I-in, (25-mml concrete 
cover over reinforcement 

D. Moderate sections, such as retaining walls, 0.53 0.49 0.44 d 0.53 0.44 
abutments, piers, girders, beams 

E. Exterior portions of heavy (mass) sections 0.58 0.49 0.44 d 0.53 0.44 
F. Concrete deposited by tremie under water - 0.44 0.44 d 0.44 0.44 
G. Concrete slabs laid on the ground 0.53 - - d - -
H. Pavements 0.49 - - 0.53 - -
I. Concrete protected from the weather, interiors of d - - d - -

buildings, concrete below ground 
d J. Concrete which will later be protected by enclosure 0.53 - - - -

or backfill but which may be exposed to freezing 
and thawing for several years before such 
protection is offered 

Reproduced with permiSSIOn from Deslgn and Control of Concrete Mutures, 11th ed. 1968. Portland Cement ASSOCiation, Skokie, 
IL. 
"Adapted from Recommended Practice for Selecting Proportions for Concrete IACI 613-54). 
bAir-entrained concrete should be used under all conditions involving severe exposure and may be used under mild exposure 
conditions to improve workability of the mixture. 
cSoil or groundwater containing sulfate concentrations of more than 0.2%. For moderate sulfate resistance, the tricalcium 
aluminate content of the cement should be limited to 8% and for high sulfate resistance to 5%; CSA Sulfate-Resisting cement 
limits tricalcium aluminate to 4%, At equal cement contents, air-entrained concrete is significantly more resistant to sulfate 
attack than nonairentrained concrete. 
dWater--<:ement ratio should be selected on basis of strength and workability requirements, but minimum cement content should 
not be less than 470 Ib per cubic yard (210 kg/m3). 
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ratios (by mass) range from 0.53 for i in. (10 mm) maximum aggregate 
size to 0.32 for 1.5 in. (38 mm) maximum aggregate size. 

The effect of curing method upon concrete strength is illustrated in 
Figs. 11.8 and 11.9. Moist curing generally produces concrete of higher 
strength than dry curing. The difference in strength is most pronounced 
at 7 days of curing. Moist curing assures that all the mixing water is 
available for hydration to take place. In dry curing some of the mixing 
water evaporates before the hydration process is completed. 

The effect of length of cure upon compressive strength is illustrated 
in Figs. 11.8 and 11.9. Generally, strength increases with length of 
cure. The strength of dry-cured concrete does not increase much after 
7 days. However, moist-cured concrete strength increases at a decreas­
ing rate with length of cure. Moist-cured, 28-day strength is the stan­
dard by which concrete strength is usually specified. 

Some recommended trial mixes for concrete used in agricultural 
structures are in Table 11.8. Additional guidelines for trial mixes may 
be found in the peA Manual, Guide to Proportioning, Mixing, and 
Placing Concrete. 

A summary of the primary mechanical properties of hardened con­
crete is in Table 11.9. Note that the tensile strength is approximately 
one-tenth as great as the compressive strength. As noted earlier this 
is the primary reason why reinforced, rather than plain concrete, is 
used in construction. In Table 11.9, Ec is the secant modulus of the 
concrete at fc = 0.45f;. (See Fig. 11.6.) 

11.3 FUNDAMENTAL CONCEPTS 

11.3.1 Flexural Behavior of Plain Concrete 

The compressive stress-strain behavior of concrete under flexural load­
ing is considerably different from that in pure compression. An ideal­
ized version of the flexural compressive stress-strain behavior is shown 
in Fig. 11.10. Note that the ultimate flexural compressive stress fc" 
only equals 0.85f~ and that the ultimate strain Cu equals approximately 
0.003 at fracture. Also note that the stress-strain diagram is nonlinear 
even at low stress levels. 

11.3.2 Design Methods 

The two basic procedures for reinforced concrete design are the working 
stress design (WSD) and the ultimate stress design (USn) methods. 
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Fig. 11.S. Typical age-strength relationships based on compression tests of 
6 x 12 in. (150 x 300 mm) type I normal cement. Moist cured at 70°F (21°C). 
Reproduced with permission from Design and Control of Concrete Mixtures, 
11th ed., Portland Cement Association, Skokie, IL. 
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Fig. 11.9. Effect of cure length and type upon compressive strength of con­
crete. Reproduced with permission from Design and Control of Concrete Mix­
tures, 11th ed., Portland Cement Association, Skokie, IL. 

The primary differences between the two methods are summarized in 
Table 11.10 and the following discussion. 

The working stress method uses actual estimated service loads and 
assumes a linear strain distribution over a flexural member cross sec­
tion, a linear stress-strain relationship for concrete, the concrete car­
ries no tension, and the allowable concrete stress in flexure equals 0.45 
f~. The essence of the method is to use actual service loads, assume 
elastic behavior, and then arbitrarily reduce the allowable stress in 
the concrete to compensate for discrepancies between elastic and real 
behavior. 

The design philosophy of the ultimate stress method is to use the 
actual stress-strain behavior of concrete and to apply probability fac­
tors to both the service loads and the load, or moment, carrying capacity 
of a reinforced concrete section. The method assumes a linear strain 
distribution over the flexural cross section with Ec = Eu = 0.003 at the 
outer compressive fiber and negligible concrete tensile strength. The 
maximum allowable flexural compressive stress in concrete is 0.85f~ 
which corresponds to laboratory findings. Service loads are factored by 
amounts dependent upon the variability of the load. For example, if 
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Table 11.9. Summary of Concrete Properties. 

Property 

Ultimate compressive strength, f~, ksi (MPa) 
Tensile strength, f" ksi (MPa) 
Modulus of elasticity,a Ec, psi 
Mass density, w (normal concrete), pcf (kg/m3) 

11.3 Fundamental Concepts 469 

Magnitude 

2.5-8.0 (17-55) 
0.1f~ 

33wL5 Vfc 
145 (2320) 

aRelationship is valid for w in pcf and f~ in psi and yields Ec in psi. 

the dead load and live load moments are denoted by MD and ML , re­
spectively, the factored loads would be 1.4MD and 1.7ML . The live load 
moment is factored upward more than the dead load moment because 
it is more variable, and, thus, its magnitude is less predictable. Finally, 
the load capacity of a section is reduced by a capacity reduction factor 
<1>. The magnitude of <I> is dependent upon the inherent variability, or 
unpredictability, of the section under load. For example, the magnitude 
for <I> is 0.90 for the moment capacity of a reinforced concrete beam 
and 0.65 for a plain concrete beam. The behavior under load of a rein­
forced concrete beam is more predictable, and thus more reliable, than 
that of a plain concrete beam. Consequently, the theoretical moment 
capacity of a reinforced section is reduced by a smaller amount than 
that of a plain concrete beam. 

The advantages of USD are that it uses more realistic levels of loads 
and section capacities than WSD; and fortunately, many USD design 
procedures are computationally much simpler than those in WSD. 

Prior to 1963, working strength design (WSD) was the accepted method 
in the ACI Code and ultimate strength design (USD) was not included. 
In 1963 the ACI Code included USD as an alternate design method. 
In the 1971, 1977, and 1983 editions of the ACI Code, USD is the 
primary design method with WSD the alternate method. Most modem 
reinforced concrete practice is based upon USD, and practically all new 
literature and texts are based on USD. In keeping with modem trends, 
the coverage in this text will be limited to USD methods. 

Fracture 

EU =0.003 (Ultimate strain) 

STRAIN (Ec) 

Fig. 11.10. Compressive stress-strain behavior of plain concrete under flex­
ural loading. 
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Table 11.10. illustration of Conceptual Differences between WSD and USD for a 
Beam with Tensile Steel Only. 

IU??????? ????IWo 

iiiiil?iiii?i iii ZiWL 

MO 

WORKING STRESS (WSD) 

(a) Service Loads 

J/77 77ZZ7777~ We + WL 

(b.l Reqa Moment Capacity 

Mreq'd = MO + ML 

(c.l Strain 8 Stress Distribution 

Strain Stress 
Dist. Dist. 

at Capacity 

(d.l Moment Capacity of Section 
From L F = O. C = T and 
Mom. Cop. = M = C I' = TI' 

(e.l The Design Criterion 

M!I Mreq'd = Mo +ML 

] Load Diagrams 

} .,""',,' 0;,. .... 

(a.l Serv ice Loads 
iZZZZZZZZZZ222222ZZI 1.4 Wo 

(b.l Req'd Moment Capacity 

Mreq'd = M = 1.4Mo+I.7ML 

(c.l Strain 8 Stress Distribution 

Strain 
Dist. 

at Capacity 

Actual 
Stress 
Dist. 

(d.l Moment Capacity of Section 
LF = 0 =9 C = T 
Mom. Cop. = Mn = C I. = TI. 

(e.l The Design Criterion 

Assumed 
Stress 
Dist. 

~ Mn~ Mreq'd = I.4Mo + 1.7ML 
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(a I Calumn and Fr" body 

Ey = fylE = 0.00138 0.02 
Strain (E.I 

(c I Stren-Strain 8ehavior 
of St"1 
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(b I Calumn Cross Section 

3.0 
_(2071 
~ 
~ 2.0 
:= 03.81 

I e 1.0 
c7i (6.9 

2.75 
n.50 09.01 
17. , 

I I 
2.19 I 

,05.11 , 
I I 
I I 
I I 
I , 

Strain 

(d I Stepwise Stress-Strain 8ehavior 
of Concrete 

Fig. 11.11. Reinforced column composite behavior. 

11.3.3 Composite Behavior of Concrete and Steel 

The composite behavior of concrete and steel can be illustrated by 
considering the behavior of a short axially loaded square compression 
member, 10 in. (250 mm) on a side with four #9 reinforcing bars 
symmetrically spaced as shown in Fig. 11.11. The stress-strain be­
havior of the steel is elastic-plastic with a yield stress of 40 ksi (280 
MPa) (see Fig. 11.11). The stress-strain behavior of the concrete is 
stepwise linear as in Fig. 11.l1c. By using the free body diagram of 
Fig. 11.11a, the equilibrium equation, and Hooke's law, the total load 
carried by the column, PT , and the portion carried by both the steel, 
Ps, and concrete, Pc, are as tabulated in Table 11.11. 

When the steel yields at a strain Offsy = 0.00138,Ps = 160k,Pc = 210 
k, and PT = 370 k. At strains beyond fsy, Ps remains constant while 
both Pc and PT continue to increase until the strain exceeds 0.003. The 
load carrying capacity at ultimate load is [(400 - 370)/370](100) = 8.1% 
greater than that when the steel first yields. This behavior, in which 
fracture or collapse does not occur when the steel first yields, is char­
acteristic of reinforced concrete sections and the concept is used 
throughout the USD method. 
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Table 11.11. Load Capacity of a Short Reinforced Column at Various Levels of 
Uniform Strain. 

fs fc Pc Ps PT 
E ksi (MPa) ksi (MPa) k (kN) k (kN) k (kN) 

0.001 29 (200) 2 (13.8) 192 (854) 116 (510) 308 (1370) 
0.00138 40 (280) 2.19 (15.1) 210 (934) 160 (712) 370 (1646) 
0.002 40 (280) 2.50 (17.2) 240 (1068) 160 (712) 400 (1779) 
0.003 40 (280) 2.75 (19.0) 264 (1174) 160 (712) 424 (1886) 
0.004 40 (280) 2.50 (17.2) 240 (961) 160 (712) 400 (1779) 
0.005 40 (280) 2.25 (15.5) 216 (961) 160 (712) 376 (Failure) 

11.3.4 Fundamentals of the Ultimate Strength 
Design Method 

11.3.4.1 Required Strength. All reinforced concrete sections must 
be proportioned to carry factored service loads. That is, service loads, 
such as dead, live, and wind, are estimated in accordance with building 
code requirements and then are factored upward an amount dependent 
upon their inherent variability. The ACI Code requires the following 
factoring of service loads. 

1. For dead and live loads 

u = l.4D + 1.7L 

2. For dead, live, and wind load combinations, the factored load is 
the greater of 

U = O.75(1.4D + 1.7L + 1.7W), 
U = O.9D + 1.3W, 
U = 1.4D + 1.7L 

3. For dead, live, and lateral earth loads, the factored load is the 
greater of 

U = 1.4D + 1.7L + 1.7H if D and L in same direction as H 
U = O.9D + 1.7H if D or L oppose H 
U = 1.4D + 1.7L 

4. If fluid pressures F are involved, use the same criteria as for 
earth pressure combinations except substitute 1.4F for 1.7H in 
expressions for U. 

In items 1-4, U is the required load or moment the section 
must carry; D, dead load or moment; L, live load or moment; W, 
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Table 11.12. Strength Reduction Factors, <l>. 

Type Load and/or Section 

Flexure with or without axial tension 
Axial tension 
Axial compression with or without flexurea 

spiral columns 
tied columns 

Shear and torsion 
Bearing 
Flexure in plain concrete 

11.3 Fundamental Concepts 473 

0.90 
0.90 

0.75 
0.70 
0.85 
0.70 
0.65 

aFor special cases oflightly loaded columns in which {y :;;; 60 ksi (410 MPa), reinforcement 
is symmetrically placed, (h - d' - ds)/h "" 0.70. <l> may be increased linearly to 0.90 as <l> 
Pn decreases from O.1Of~Ag to O. 

wind load or moment; H, lateral earth pressure load or moment; 
F, fluid pressure load or moment. 

11.3.4.2 Design Strength. The design moment or load capacity of a 
section is the product of the theoretical capacity times a strength re­
duction factor <1>. For example, if the theoretical moment capacity of a 
section is Mm the design moment capacity is <l>Mn. The value of <I> 

depends upon the type section and the predictability of the section 
behavior under load. Typical values of <I> are in Table 11.12. 

11.3.4.3 Design Criteria. The basic design criterion is that the de­
sign strength be greater than or equal to the required strength. For 
example, in a flexural member subject to dead and live loads the re­
quired moment capacity is Mu = 1.4MD + 1.7ML , the theoretical mo­
ment capacity is Mm and the design moment capacity is <l>Mn. The 
resulting design criterion is 

(11.1) 

11.3.4.4 Strain and Stress Distributions. In all but deep flexural mem­
bers with a depth/span ratio greater than 2/5 for continuous spans and 
4/5 for simple spans, the strain variation over the cross section varies 
linearly with distance from the neutral axis (see Fig. 11.12b); and at 
ultimate capacity of the section, the maximum compressive strain in 
the concrete equals 0.003. 

The actual compressive stress distribution in the concrete at ultimate 
capacity is shown in Fig. 11.12c. The tensile stress in the concrete is 
assumed to be zero and all tensile forces are carried by the steel. The 
force T in the steel equals Als, where As equals area of steel reinforcing 
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11 
d 

L As ,............., 
• • • 

(0) Cross -Section (b) Strain 
Variation 

Asfs 

(c) Actua I Stress 
Distribution 

rO.85f~ 

Asfs 

(d ) Assumed Equivalent 
Stress Distribution 

Fig. 11.12. Variation of strain and stress for reinforced concrete flexural and 
compression members. 

and fs equals steel stress. Note that the actual compressive stress dis­
tribution is parabolic with a maximum stress of 0.85f~. Evaluation of 
the moment capacity of a reinforced concrete section using the actual 
stress distribution is a mathematically tedious process. The ACI Code 
allows the designer to assume any compressive stress distribution (rec­
tangular, parabolic, or trapezoidal) which yields design strengths in 
substantial agreement with test results. 

Fortunately for the designer, the rectangular stress distribution (called 
the Whitney Stress Block) of Fig. 1l.12d yields design strengths within 
a few percentage points of the parabolic stress block. The rectangular 
distribution is most commonly used in modern practice. The Whitney 
Stress Block assumes the stress to be uniform at 0.85f~ over a compres­
sion zone of depth a = 131c, where c is the distance from outer compres­
sion fiber to the N.A.; 131 = 0.85 if f~ ~ 4 ksi (28 MPa); and 
131 = 0.85 - 0.05 (f~ - 4) if f~ > 4 ksi (28 MPa), but c is not less than 
0.65. In the latter expression for 131> f~ must be in ksi for the relationship 
to be valid. 

11.4 FLEXURAL MEMBERS-ULTIMATE 
STRENGTH DESIGN 

11.4.1 Moment Capacity of Composite Sections 

The moment capacity Mn of a reinforced concrete cross section cannot 
be evaluated by the elastic flexure equation M = fs. The composite 
section violates the assumptions of homogeneity, linearly elastic ma-
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(Strain) (Stress) 

Fig. 11.13. Moment capacity of a general flexural cross section. 

terial behavior, and identical stiffness properties in tension and 
compression. 

The moment capacity of the reinforced section is obtained by eval­
uating the location and magnitude of the resultant compressive and 
tensile forces acting on a beam cross section and then evaluating the 
magnitude of the couple. Figure 11.13 helps illustrate the procedure. 

At the cut section, the strain distribution is assumed to be linear 
and the general stress distribution is as shown. The steel carries all 
the tensile forces. The N.A. is located at the point of zero strain and 
usually does not coincide with the centroidal axis of the section. The 
resultant tensile force is located at the centroid of the steel area and 
equals the steel area times the steel stress, or T = Als. Since 2F h = 0, 
the resultant compressive force C is necessarily equal to T for the case 
of no applied axial forces. The compressive resultant can also be eval­
uated by C = fA[fe(Y)] dA. The location of the resultant force C is 
simply the center of pressure at y and is defined by y = f yfJy)y dAIC. 
The moment capacity, which is the magnitude of the couple created 
by C and T, equals C(€) or T(O where € = d - y. 

11.4.2 Balance Conditions-USn 

The balance condition for usn exists in a reinforced concrete section 
if the steel in the tension zone reaches its yield strength, fs = fy = Esfy 
at the same time the concrete in the compression zone reaches a strain, 
feu, of 0.003. If the steel yields before the concrete reaches feu, the 
section is underreinforced. Conversely, if the concrete reaches feu = 0.003 
before the steel yields, the section is overreinforced. These general 
states of stress and strain are illustrated in Fig. 11.14. 

The ACI Code requires that all reinforced concrete sections be un­
derreinforced. The requirement is that the steel ratio p = AJAg shall 
not exceed 75% of the steel ratio for balance conditions. That is, 

(11.2) 
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GLl::£:y-
(a) Balanced (b) Underreinforced (c) Overreinforced 

Fig. 11.14. Balanced, underreinforced, and overreinforced stress and strain 
distributions in reinforced concrete at ultimate capacity. 

where p = steel ratio; As, area of tension steel; Ag , area of concrete 
between the outer compression fiber and the centroid of the tension 
steel; Pb, steel ratio at balance conditions. 

This requirement ensures that if the section is overloaded,the steel 
will yield before the concrete reaches its ultimate strain, and the sec­
tion will experience a ductile rather than a brittle failure. In a ductile 
failure, the steel yields excessively, warning of impending failure, long 
before collapse occurs. 

If balanced or overreinforced sections are overloaded, the concrete 
strain exceeds Ecu' Since concrete is brittle, very little additional strain 
is required for the section to collapse. Thus, collapse can occur almost 
explosively with no prior warning. 

11.4.3 Analysis of Rectangular Beams with 
Tension Steel 

The singly reinforced beam cross section in Fig. 11.15 has cross-sec­
tional dimensions b x d' and a steel area As less than that required 
for balance A sb ' Thus, the section is underreinforced and the steel stress 
equals {y. 

Ecu=O.OO3 O.85f~.-L 
;.,....,....,.....,"'" ---,--- ------.:-----y-- al2 C = Resultont 

--:O.85fc(obl c 

l 
d-a/2=1 

---- L..--...... T=Asfy 
Es> Ey 

Fig. 11.15. Stress and strain distributions in an underreinforced rectangular 
beam at ultimate capacity. 
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Fig. 11.16. Strain distribution of an arbitrary section at balance conditions. 

The theoretical moment capacity of the section is the magnitude of 
the couple T(f) or C(f). Thus 

Mn = T(d - a/2) = Aly(d - a/2) (11.3) 

or 

Mn = C(d - a/2) = 0.85 fe' (ab)(d - a/2) (11.4) 

In an existing section all the terms in Eqs. (11.3) and (11.4) are 
known except the depth of the compression block. For flexural members 
with no axial loads equilibrium yields T = C and Asfy = 0.85f~(ab), 
from which 

(11.5) 

The analysis thus far assumes that the section is underreinforced 
and that the steel yields. When analyzing a beam, it is necessary to 
check that the steel indeed does yield and that p < 0.75 Pb. Utilizing 
the definition of a balanced section and the assumption of a linear 
strain distribution helps define the location of the N.A. at balance and 
subsequently yields a tool for checking the assumption of an under­
reinforced section. 

The generally shaped section of Fig. 11.16 has a balanced steel ratio 
and is loaded to its design strength. Thus, the top fibers have a com­
pressive strain of 0.003 and the steel has just yielded so ts = fyiEs• 

From the strain diagram and similar triangles 

Cb d - Cb --=--....:; 
0.003 ty 

(11.6) 

where Cb = distance to N.A. at balance. 
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~ = Ecu=O.OO3 

t 

d 

Fig. 11.17. Definition sketch for a singly reinforced rectangular section at 
balance conditions. 

Rearranging Eq. (11.6) and substituting Ey = fylEs yields an expres­
sion for Cb, 

(11.7) 

Equation (11.8) yields the depth of the rectangular stress block at 
balance. 

(11.8) 

Equations (11.7) and (11.8) were derived for an arbitrary singly rein­
forced section and may be used to define balance conditions for any 
singly reinforced beam. 

The steel area and steel ratio at balance can now be derived for a 
rectangular section. Figure 11.17 shows a singly reinforced rectangular 
section along with the stress distributions at balance conditions. From 
"i.Fh = 0, T = C, and ASbfy = 0.85f:..abb. Rearranging and substituting 
Eq. (11.8) for ab, 

(11.9) 

Directly, the steel ratio at balance is 
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DL=6501bIft<9.5kN/m) "tr---rt ~f:--T't ---:J:f-l' LL= 1000 Ib/ft(l4.6kNlrn) 

~IOft~ 
(3.05m) 

!--b=IOin-:::":1 
I I254mm)1 

I 
d=13in 
(330mm) 

Fig. 11.18. Example 11.1-Singly reinforced beam. 

The maximum allowable steel ratio is 0.75 Pb. Thus 

and 

(11.11) 

(11.12) 

To prevent cracking oflightly loaded beams, the minimum steel ratio 
for a section of any shape is 

Pmin = 2001{y (11.13) 

where {y is in pounds per square inch. 

Example 11.1. Singly Reinforced Beam Analysis. The reinforced 
concrete beam of Fig. 11.18 is to be used in a confinement beef housing 
system. The beam spans 10 ft (3.05 m) and carries the uniformly dis­
tributed dead and live loads shown in Fig. 11.18. The reinforced con­
crete section (rectangular) in the figure has been designed to carry the 
flexural stresses. Use the ultimate design specification to determine if 
the section can carry the flexural stresses. The yield stress of steel is 
36 ksi (250 MPa) and the compressive strength of the concrete is 3.5 
ksi (25 MPa). 

Solution 

a. Evaluate the steel ratio p, 

P = AJbd = 2(0.6)/(13 x 10) = 0.0092 
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b. Evaluate the balanced steel ratio Pb with Eq. (11.10) 

Pb = (O.85I3d~/{y)[0.003EsI(0.003Es + (y)] 

Pb = [0.85(0.85)(3.5)/36][0.003 x 29 x 1031 

(0.003 x 29 x 103 + 36)] 

= 0.0497 

Since P < Pb, beam is underrein{orced. 
c. Evaluate the magnitude of the allowable steel ratio, 0.75pb = 

0.0373 > p. Thus the steel ratio is okay. 
d. Check if P > Pmin = 2001{y 

Pmin = 200/36,000 = 0.0056 < P 

Therefore, the steel ratio exceeds the minimum requirements, 
the steel yields, and the steel stress fs equals the steel yield stress 
(y. 

e. Evaluate the depth of the compressive stress block a and the 
theoretical moment capacity Mn with Eqs. (11.5) and (11.3), 
respectively. 

a = As{ylO.85{~b = 1.2(36)/0.85(3.5)(10) 

= 1.45 in. (37 mm) 

Mn = Ash (d - a12) 

Mn = 1.2(36,000)(13 - 1.45/2) 

= 530 k . in (59.9 kN . m) 

f. Allowable moment capacity is 

<f>Mn = 0.9(530,000) = 477 k . in (53.9 kN . m) 

g. Evaluate the required moment capacity Mu and compare to Mn. 
The factored uniformly distributed load for a dead plus live load 
combination is 

W = l.4wv + 1.7 WL 

= 1.4(650) + 1.7(1000) = 26101b/ft (38.1 kN/m) 
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d-YI =8.65(220) 
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....L.---if-~ -t-----I---..... r=AstlY 

Fig. 11.19. Example 11.2-Analysis of a nonrectangular cross section. All 
dimensions are in in. (mm). 

Using the factored load in the expression for the maximum mo­
ment in a simply supported beam yields 

Mu = WL2/8 = 2610(10)2/8 x 12 = 392 k-in 44.3 kN -m) 

Since Mu < <l>Mno the section is adequate. 

11.4.4 Analysis of Singly Reinforced 
Nonrectangular Beams 

Analysis of nonrectangular sections parallels that of rectangular sec­
tions. The stress and strain distributions are similar. The primary 
difference is that the compression resultant C is not located at a/2. 
Instead its location is found by locating the centroid of the nonrectan­
gular compression zone. The technique will be demonstrated in Ex­
ample 11.2. 

Example 11.2. Analysis of Nonrectangular Beams. Evaluate the 
moment capacity of the section in Fig. 11.19 for a balanced area of 
steel. Also evaluate the design moment capacity for three No.7 bars. 
Let fy = 36 ksi (250 MPa) and f~ = 3.5 ksi (25 MPa). 

Solution for Balance Conditions 

a. Locate N.A. at balance (assume N.A. below the notch) using Eq. 
(11.7). 

Cb = O.003dEJ(O.003Es + (y) = 0.003(13)(29 x 103)1 

(0.003 x 29 x 103 + 36) 

= 9.2 in. (234 mm) 

and ab = 0.85(9.2) = 7.82 in. (199 mm). 
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bl = 3in(76mm) 

b2 = 4in(102mm) 

L--~ .. T = Asfy = 1.8(36) = 64.8k 
(288kN) 

Fig. 11.20. Section and force diagram for part 2 of Example 11.2. 

Thus, the N.A. is below the notch as assumed. 
b. Evaluate C the compressive resultant: 

C = 0.85f~ (bab - 4 x 3) = 0.85(3.5)[10 x 7.82 - 12] 

= 197 k (876 kN) 

c. Locate the distance between the bottom of the compression zone 
and the centroid of the compression zone y by using the first 
moment of areas. 

Substituting for AT, ab, A!, and A 2, 

(7.82 x 10 - 12) Y = 2(7.82)(3)(7.82/2) + 4(7.82 - 3)(4.82/2) 

Y = 3.47 in. (88 mm) 

Yl = 7.82 - 3.47 = 4.35 in. (110 mm) 

d. Evaluate the balance design strength of <\>Mn 

Mn = C(d - Yl) = 197(13 - 4.35) = 1700 k . in. 

(192.1 kN . m) 

and 

<\>Mn = 0.9(1700) = 1530 k . in. (172.9 kN . m) 

Solution for the Moment Capacity for Three No. 7 Bars 

a. Sketch the section and force diagrams as in Fig. 11.20. 
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b. Evaluate the magnitude of a by assuming a > 3 in. (76 mm) and 
summing forces in the horizontal direction 

IFh = 0: T = C 

64.8 = 0.85 f~(10a - 12) 

a = 3.38 in. (86 mm) > 3 in. (76 mm) as assumed 

Since a < ab as evaluated in the previous solution, the section 
is underreinforced. 

c. Locate the centroid of the compression zone by taking the first 
moment of the compression area about the top edge of the section. 

y (3.38 x 10 - 12) = (3.38/2)(10 x 3.38) - 1.5(12) 

Y = 1.79 in. (45 mm) 

d. Evaluate design capacity <l>Mm 

Mn = T(d - y) = 64.8(13 - 1.79) = 730 k . in. 

(82.0 kN· m) 

and 

<l>Mn = 0.9(730) = 660 k . in (74.2 kN . m) 

11.4.5 Design of Singly Reinforced Rectangular 
Beams 

For design purposes it is convenient for Eq. (11.3) to be rewritten by 
defining the parameter w = p(fylf~). Then Eq. (11.5) for the depth of 
the compression zone a can be redefined in terms of w as follows: 

a = AsfylO.85f~b = (pbd)fyI0.85f~b = 1.18pd(f)f~) = 1.18wd 

Substituting this expression for a into Eq. (11.3) yields 

Mn = Asf/d - 0.59wd) (11.14) 

Since w = (As/bd)(fylf~), Asfy = w(bd)f~. Substituting this term into 
Eq. (11.14), yields Eq. (11.15), which is a very useful form ofEq. (11.3) 
for designing sections. 

(11.15) 
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In one common design situation band d are known and it is required 
to evaluate the steel area required. One systematic approach is outlined 
herein: 

1. Determine the quantity w - 0.59w2 by rearranging Eq. (11.15) 
and substituting the required moment capacity Mu for Mn 

2. Solve for w by evaluating the quadratic equation or by trial and 
error. 

3. Evaluate the required steel ratio by p = wf~/fy. 
4. Find the area of steel from As = p(bd). 
5. Check if Pmin ~ P ~ 0.75pb. 

Example 11.3. Design When b and d Are Known. The section of 
Example 11.1 and Fig. 11.18 is obviously overdesigned. Design an 
efficient section with b = 8 in. (203 mm) and d = 10 in. (254 mm) 
which will carry the required moment Mu = 392 k· in. (44.3 kN . m). 

Solution 

a. Evaluate the parameter w - 0.59 w2 

b. Solve for w 

0.59 w2 - w + 0.14 = 0 

w2 - 1.69w + 0.24 = 0 

w = 1.54,0.16 

c. Evaluate the steel ratio required to carry the moment 

p = wf~/fy 

= 1.54(3.5/36) = 0.150 

or 

p = 0.16(3.5/36) = 0.016 

d. Check p against the maximum allowable steel ratio from Eq. 
(11.11) 
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Pall = (0.638(.85)(3.5)/36) (0.003 X 29 X 103/(0.003 X 29 X 103 

+ 36)) = 0.037 

Thus P = 0.150 would result in an overreinforced section and 
the required steel ratio P equals 0.016. 

e. Evaluate the required steel area 

As = pbd = 0.016(8)(10) = 1.28 in.2 (830 mm2) 

Thus, the required steel located at d = 10 in. (254 mm) below 
the top fiber is two No.7 bars with fy = 36 ksi (250 MPa). 

There are design situations where b, d, and As are unknown. In such 
cases the following steps yield a fairly direct solution: 

1. Evaluate the balance steel ratio Pb using Eq. (11.10). 
2. Assume P ~ 0.75 Pb' 
3. Evaluate w = pfylf~ and the parameter (w - 0.59(2). 

4. Rearrange Eq. (11.15) to get an expression for the required (bd2). 

5. Select, by trial and error, band d such that bd2 ;::: (bd2)req'd 
6. Evaluate the steel area using As = p(bd). 

Example 11.4. Beam Design. Design a singly reinforced rectan­
gular beam to carry a factored moment of 100 k . in. (11 kN . m). 
Assume f~ = 4 ksi (28 MPa) and fy = 40 ksi (280 MPa). 

Solution 

a. Evaluate Pb using Eq. 11.10. 

Pb = (0.85)(0.85)(4)/(40) [0.003 X 29 X 103/(0.003 X 29 X 103 

+ 40)J = 0.049 

b. Evaluate Pall. 

P = 0.75 Pb = 0.037 

c. Evaluate wand (w - 0.59 ( 2). 
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Fig. 11.21. Example 11.4--Section design. 

d. Evaluate (beF)req'd' 

w = 0.037(40/4) = 0.37 

(w - 0.59 w2 ) = 0.29 

(beF) = 100/[(0.29)(4)] = 86.2 in.3 (1412 cm3) 

e. Select band d. Suppose d = 2b, then b(2b)2 = 86.2 and b = 
\0/21.55 = 2.76 in. (70 mm). 

f. Thus, select a beam with b = 3 in. (76 mm), d = 6 in. (152 mm), 
and As = pbd = 0.037(3)(6) = 0.67 in.2 (430 mm2). 

g. Since band d are somewhat larger than required, try a No.7 
bar with As = 0.60 in.2 (390 mm2) and check the moment ca­
pacity. Since the section is underreinforced, the depth of the 
compression area is found by Eq. (11.5) and the theoretical mo­
ment capacity Mn is calculated by Eq. (11.3). 

a = As{ylO.85f~b = 0.6(40)/(0.85(4)(3» = 2.35 in. (60 mm) 

Mn = Ai;, (d - a12) = 0.6(40)(6 - 2.35/2) 

= 116 k . in. (13.1 kN . m) 

Thus, <l>Mn = 104 k . in. (11.8 . kN . m) > 100 k . in. (11.3 kN . 
m) and the section as shown in Fig. 11.21 is adequate. 

11.5 REINFORCED CONCRETE COLUMNS 

11.5.1 General Requirements 

The term reinforced column, in the context of this text, includes any 
reinforced concrete section subject to either pure axial compression or 
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Fig. 11.22. Reinforced column types. 

combined axial compression and bending moments. The moments may 
be induced by lateral loading, or eccentricity of axial loading. 

There are two primary types of reinforced concrete columns; namely, 
tied and spiral columns. In tied columns the longitudinal bars are 
enclosed in a series of closed ties as in Fig. 11.22a. In spiral columns 
the longitudinal bars are enclosed by a continuous closely spaced spiral 
as in Fig. 11.22b. 

The lateral ties serve several functions. They hold the longitudinal 
bars in place during construction, they prevent the highly stressed 
longitudinal bars from buckling outward and breaking off the outer 
layer of concrete, and they carry flexural shear stresses induced by 
lateral forces. 

In tied columns the ties should be at least No.3 bars when longi­
tudinal bars are less than or equal to No. 10 bars. The tie size may be 
larger if shear forces are large. (Shear reinforcement will be covered 
later.) Tie spacings should be less than or equal to the smaller of 16 
longitudinal bar diameters, 48 tie bar diameters, or the least dimension 
of the column. Every corner and alternate longitudinal bar must be 
supported by a tie with an included angle of not more than 1350 and 
the maximum allowable distance between a corner tied bar and alter­
nate bar is 6 in. (152 mm) on both sides. 

The amount of lateral reinforcement required in spiral columns is 
specified by the spiral column steel ratio Ps as defined in the following: 

Ps 2: 0.45 (AgfAc - 1) f~/{Y 
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where Ps is (volume of spiral steel/loop)/(volume of enclosed concrete 
per spiral loop); Ag , gross column area; Ae, concrete area enclosed by 
outside of spiral. Spirals must be No.3 bars or larger and spacing 
between spirals must be between 1 and 3 in. (25 and 76 mm) but greater 
than or equal to 4/3 x (maximum aggregate size). Spiral size may also 
be dictated by shear requirements. 

The limits on longitudinal reinforcement in all columns are as fol­
lows: (1) The steel ratio, based on gross column area, is to be between 
0.01 and O.OB. The larger value is a practical limit on placement while 
the lower limit protects against unexpected flexure. (2) The minimum 
number of longitudinal bars is four for rectangular arrangements and 
six for circular arrangements. The capacity reduction factors <!> for 
reinforced columns are 0.75 for spiral columns and 0.70 for tied columns 
except in lightly loaded columns <!> may be increased as follows. 

1. If g, as defined in Fig. 11.22, is greater than or equal to 0.7, if 
fy :s:; 60 ksi (410 MPa), and if the reinforcement is symmetrically 
placed 

where P n is design axial load strength at required eccentricity; 
<!>e is 0.70 for tied columns and 0.75 for spiral columns. 

2. For columns where g < 0.7 or for eccentrically placed reinforce­
ment 

where F is the smaller of 0.1f~ Ag or Pb ; Pb is design axial load 
strength at balanced strain conditions and will be defined in a 
later section. 

11.5.2 Short Centrically Loaded Column Analysis 

The basic design criterion for analysis or design of reinforced columns 
is that the factored axial load P u = 1.4PD + 1. 7 PL must be less than 
the allowable axial load capacity <!>P n' The theoretical ultimate load 
capacity of a centrically loaded short compression member is the in­
ternal resistance provided when the entire concrete area is uniformly 
strained to Ec = 0.003. At this strain level the steel has already yielded 
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Fig. 11.23. Theoretical axial ultimate load capacity of a short reinforced 
concrete column. 

and r. = fy. By summing forces in the longitudinal direction in the 
free body of Fig. 11.23, the theoretical load capacity P n is 

(11.16) 

The theoretical load capacity can never be reached because accidental 
loading eccentricities cannot be avoided. Also, the maximum design 
strength of a short column must be further reduced by the capacity 
reduction factors to account for unpredictable variations in material 
behavior. Thus, the maximum allowable load capacity for axially loaded 
short columns is defined by Eqs. (11.17) and (11.18) for spiral and tied 
columns, respectively. 

For spiral columns 

(11.17) 

For tied columns 

(11.18) 

Past ACI code specifications required that axially loaded columns be 
analyzed with a minimum eccentricity. The current specification sim­
plifies the procedure by accounting for minimum eccentricity with the 
capacity reduction factors of 0.85 and 0.80. 
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Fig. 11.24. Example U.5-Column cross section. All dimensions are in in. 
(mm). 

Example 11.5. Analysis of a Short Axially Loaded Column. 
Evaluate the maximum load capacity of a short-tied square column, 
with the dimensions shown in Fig. 11.24 and reinforced with four No. 
5 bars. Assume fy = 40 ksi (280 MPa), f~ = 4 ksi (28 MPa), and that 
the section is properly tied. 

Solution 

a. The properties of the cross section in Fig. 11.24 are 

As = 0.31 x 4 = 1.24 in.2 (800 mm2) 

Ag = 64 in.2 (413 cm2) 

Ac = 64 - 1.24 = 62.76 in.2 (405 cm2) 

b. Check the limits of p. 

p = AjAg = 1.24/64.0 = 0.019 

and falls within the acceptable range of 0.01 and 0.08. 
c. Evaluate the maximum design strength. 

(<I> Pn)max = 0.80(0.70)[0.85(4)(64 - 1.24) + 40(1.24)] 

(<I> P n)max = 147 k (654 kN) 

For a column to be loaded axially the axial load must pass through 
the plastic centroid. The plastic centroid is that load point required to 
produce a uniform strain of 0.003 at fracture. Its location is simply at 
the center of pressure of all the internal forces. The following example 
illustrates how it is evaluated. 

Example 11.6. Location of the Plastic Centroid. Find the plastic 
centroid of the column cross section shown in Fig. 11.25. Assume f~ = 

3 ksi (21 MPa), fy = 50 ksi (340 MPa), and As = 8 in.2 (51.7 cm2). 
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Fig. 11.25. Example 11.6-Column section. All dimensions are in in. (mm). 

Solution 

a. The center of pressure is defined from statics by 

b. Substituting fc = 0.85, f; = 2.55 ksi (18 MPa) and evaluating 
x, 

[336(7) + 128(18) - 8(20)] 2.55 + 8(20)(50) 
X= 

(336 + 128 - 8)(2.55) + 8(50) 

x = 12.46 in. (316 mm) 

11.5.3 Short Eccentrically Loaded Column Analysis 

Most columns in practice are subject to eccentric loads or to lateral 
loads and end restraints which induce flexural stresses in the column. 
The basic analysis technique is similar for any of these situations and 
involves the use of equivalent column loading schemes. 

In statics and strength of materials it was shown that an eccentric 
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Fig. 11.26. Equivalent loadings for columns. PC = plastic centroid of the 
section. 

compressive load on a column can be replaced by an equal load acting 
through the member centroid and a couple equal to P ue (see Fig. 1l.26a). 
Similarly, if a column is subject to an axial load Pu and a bending 
moment M u, it can be replaced by an equivalent system of forces P u at 
an eccentricity e such that Mu = Pue (see Fig. 11.2Gb). In eccentrically 
loaded columns and beam columns, the analysis technique will be to 
transform any bending moments and/or axial loads into an equivalent 
axial load P u at an eccentricity e from the plastic centroid of the column 
cross section. 

The relationship between the eccentricity of loading and the stress 
and strain distributions in the column section are of paramount im­
portance in eccentrically loaded column analysis. Figures 11.27 and 
11.28 and the ensuing discussion summarize the salient points. 

The steel in an eccentrically loaded column is loaded in tension on 
the side opposite the direction of the eccentricity and in compression 
on the side of the eccentricity. All parameters related to compression 
steel will be designated by primes (A;, d', r;), whereas their tension 
steel counterparts will be unprimed (see Fig. 11.27). At the limiting 
axial load at a given eccentricity the concrete will have just reached 
its ultimate strain of 0.003. Dependent upon the magnitude of eccen­
tricity, the tension steel will yield simultaneously as Ec = 0.003 (bal-
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Fig. 11.27. Definition sketch for eccentrically loaded columns. 

ance condition) or the tension steel will have already yielded (un­
derreinforced-tension control), or the steel will not have yielded and 
fs = EsEs (overreinforced-compression control). In any of the three sit­
uations, the compression steel A~ mayor may not have yielded. 

The balance condition in the column is produced by a unique com­
bination of load and eccentricity. The combination denoted by P nb and 
eb, respectively, is called the balanced load and eccentricity. 

The stress and strain distributions for the various possibilities of 
eccentricity are shown in Fig. 11.28. The stress distribution at balance 
(e = eb) is shown in Fig. 11.28b. Note that As has just yielded, but 
A~ mayor may not have yielded. The magnitude of the compression 
block depth at balance ab is calculated exactly as it was earlier for 
beams. 

When e > eb, the steel yields further but the tension steel resultant 
T remains constant at Asfy and the compression zone decreases (a < 
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Fig. 11.28. Stress and strain distributions for reinforced columns for e == eb, 
e < eb, and e > eb. 

ab). Also E~ decreases, so the compression steel resultant Cs decreases. 
The net result is that as e increases, the axial load capacity P n of the 
section decreases. 

When e < eb, As no longer yields, the compression block size increases 
(a> ab) and E~ increases, but may still be less than Ey • The net result 
is that when e < eb, P n > P nb and increases to a limiting value of (P n)max 

as computed by Eq. (11.16) for a centrically loaded column (e == 0). 
The eccentrically loaded column problem thus reduces to evaluating 

the combinations of P and e which it can carry and ensuring that 0.01 
~ p ~ 0.08. A handy design aid for analyzing load capacities is the 
interaction diagram. An interaction diagram is a plot of the combi­
nations of axial load <j>P n and moment <j>P ne which induce failure. Any 
combination which falls within the interaction diagram envelope can 
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Fig. 11.29. Interaction diagram for an eccentrically loaded column. 

safely be carried by the column. Figure 11.29 is a general interaction 
diagram. 

Equilibrium of the reinforced column section (Figs. 11.27 and 11.28) 
is more complex than that for singly reinforced beams. The introduction 
of the axial load Puis a state of stress where the internal compression 
and tensile resultants C and T are no longer equal and are no longer 
a simple couple. The main equilibrium conditions used in analysis are 
the summation of forces and the summation of moments about the 
tensile steel CIMT = 0). 

IF = 0 : P n = Cc + Cs - T 

IMT = 0: Pne' = Cc(d - a12) + Cs (d - d') 

(11.19) 

(11.20) 

An alternate equilibrium equation in which moments are summed 
about the plastic centroid (PC) is useful when e < eb and As does not 
yield. 

IMpc = 0: Pne 
= Td" + Cs(d - d" - d') + Cc(d - d" - a12) (11.21) 

The following illustration shows how to use these principles to evaluate 
the load capacity of an eccentricity loaded column and will show how 
to generate an interaction diagram. 
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Example 11.7. Eccentrically Loaded Column. Evaluate the al­
lowable axial load <j>P n for the short-tied column cross section of Ex­
ample 11.5 (Fig. 11.24) for eccentricity e = 0, eb, 0.5eb' 2eb, and 00. Then 
sketch the interaction diagram for the section. 

Solution 

a. Evaluate the load capacity <j>P n when e = O. The maximum load 
for zero eccentricity from Example 11.5 equals (<j>Pn)max = 147 
k (654 kN). Note that the plastic centroid and centroidal axis 
of concrete coincide since all steel yielded and the steel is sym­
metrically placed. 

b. Evaluate the load capacity, <j>Pn = <j>Pnb, when e = eb (see Fig. 
11.28b). At balance conditions As yields and A~ will be assumed 
to yield. (This assumption will have to be checked.) 
i. Using Eq. (11.8), the depth of the compression block and 

the N.A. are calculated. 

ab = 0.85[0.003E./(0.003E. + (y)]d 

= 0.85[0.003 x 29 x 103/(0.003 x 29 x 103 + 40)](6) 

= 3.49 in. (89 mm) 

Cb = 3.49/0.85 = 4.11 in. (104 mm) 

ii. Evaluate the strain in the compression steel, E~, using the 
strain distribution of Fig. 11.30a and similar triangles and 
compare it to the yield strain of the steel, E.y ' 

E~ = 2.1114.11 (0.003) = 0.00154 

E.y = hiE = 40/(29 x 103) = 0.00138 

Since E~ > E.y , the compression steel A~ yields and {~ = 
(y. 

iii. Evaluate the balance load capacity, P nb, by summing forces 
in the axial direction in Fig. 11.28b. 

Pnb = Cc + Cs - T 

= 0.85{~(ab x 8) + ({~ - 0.85n)A; - (yA. 

= 0.85(4)(3.49 x 8) + (40 - 0.85 x 4)(0.62) 

- 40(0.62) 

= 92.8 k (412 kN) 
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~}~=O.OO3 
Es = EyU;:;:> f.2.11...\ J 

1--4.11 

(0) e = eb 

(b) e = O.Seb 

(e) e = 2eb and Es< Esy 

Fig. 11.30. Example 11.7-Strain distributions. All dimensions are in in. 
(mm). 

iv. Evaluate the magnitude of eb by summing moments about 
the tension steel in Fig. l1.28b [Eq. (11.20)]. 

Pnbei, = Cc(d - aJ2) + Cs (d - d') 

92.8ei, = 3.4(3.49 x 8)(6 - 3.49/2) + 40(.62)(6 - 2) 

ei, = 5.42 in. (138 mm) 

eb = 3.42 in. (87 mm) 
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v. Evaluate the allowable load capacity <!>Pnb at eb from the 
plastic centroid. 

(Pnb)all = <l>Pnb = 0.70(92.8) 

<l>P nb = 65.0 k (289 kN) at eb = 3.42 in. (87 mm) 

c. Evaluate the load capacity <l>P n when the eccentricity equals 
0.5eb = 1.71 in. (43 mm). 
1. The tension steel As does not yield and A; mayor may not 

yield. Assume A; yields and check the assumption. Con­
sequently, the steel stresses are f; = fy = 40 ksi (280 MPa) 
and is = EsEs. Using the strain diagram of Fig. 1l.30b, 
similar triangles and Hooke's Law, an expression for fs can 
be derived, as follows, in terms of the dimensions of the 
section. 

0.003/e = EsI(d - e) 

Es = (die - 1)(0.003) 

= (13 1dla - 1)(0.003) = [0.85(6)la](0.003) 

= 0.0151a - 0.003 

is = (29 X 103 )Es = 4441a - 87 (ksi) 

11. An expression for P n is obtained by summing forces in the 
axial direction for the conditions illustrated in Fig. l1.28d. 

Cs = A;fy = (40 - 3.4)(0.62) = 22.7 k 

Cc = 0.85 f~ (8a) = 27.2a k 

T = Als = 0.62fs = 2751a - 53.94 k 

Pn = 27.2a + 22.7 - (2751a - 53.94) k 

Pn = 27.2a - 2751a + 76.64 k (l1.21a) 

111. A second expression for P n as a function of a is obtained 
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by summing the moments of the forces in Fig. 1l.28d about 
the tension steel. 

P ne' = Cc(d - a/2) + Cs(d - d') 

Pn(2 + 1.71) = 27.2a(6 - a/2) + 22.7(6 - 2) 

3. 71P n = -13.6a2 + 163.2a + 90.8 k 

Pn = -3.67a2 + 44.0a + 24.47 k (l1.21b) 

iv. Solve for the dimension a by equating Eqs. (l1.21a) and 
(1l.21b). 

-3.67a2 + 44.0a + 24.47 = 27.2a - 275/a + 76.64 

Upon rearranging and solving, a = 4.84 in. (123 mm). 
Using Fig. 1l.30b and similar triangles, it is now possible 
to check if E~ has yielded. 

E; = 0.003 [1 - 2/c] = 0.003 [1 - 2/(4.84/0.85)] 

= 1.95 x 10- 3 > Esy 

Since E~ > Esy, A~ yields as assumed. 
v. Evaluating Pn from Eq. (ll.21a), 

Pn = 27.2(4.84) - 275/4.85 + 78.74 = 154 k (685 kN) 

and 

<l>P n = 0.70(154) 

<l>Pn = 108 k (480 kN) at e = 0.5eb = 1.71 in. (43 mm) 

d. Evaluate the load capacity <l>P n when the eccentricity equals 
2eb = 6.84 in. (174 mm) 
i. Since e > eb, As yields butA~ mayor may not yield. Assume 

A~ yields and check. From Fig. l1.28c, 



www.manaraa.com

500 Reinforced Concrete Design 

Cc = 0.85 f~(ab) = 27.2a k 

Cs = A~ f~ = 0.62(40 - 3.4) = 22.7 k 

T = A/y = 0.62(40) = 24.8 k 

ii. From IF = 0 of the section in Fig. 1l.28c, an expression 
for P n as a function of a is 

Pn = 27.2a + 22.7 - 24.8 = 27.2a - 2.10 k (1l.21c) 

iii. By summing moments about the tension steel in Fig. 1l.28c, 
a second expression is obtained for P n 

(Pn)(6.84 + 2) = 27.2a(6 - a/2) + 22.7(6 - 2) 
P n = -1.54a2 + 18.46a + 10.27 k (1l.21d) 

iv. Equating Eqs. (1l.21c) and (1l.21d) and solving for a yields 
a = 1.20 in. (30 mm) and e = 1.41 in. (36 mm). By sketch­
ing the strain diagram, it is apparent that E~ < Esy and 
the compression steel does not yield. 

v. From the strain distribution of Fig. 11.30c and similar 
triangles, E~ can be written in terms of the dimension a. 

E~/0.003 = 1 - d' /e 

E~ = 0.003 [1 - ([31/a )d'] = 0.003 [1 - 0.85(2)/a] 

E~ = 0.003 - 0.005/a 

and from Hooke's law f~ = EE~ = 87 - 148/a and 

Cs = A~ (f~ - 0.85f~) = 0.62[87 - 148/a - 3.4] 

= 51.83 - 91.76/a k 

vi. Rewriting the equilibrium equations yields two equations 
for P n as a function of a 
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IF = 0 :Pn = 27.2a + 51.83-

91.76/a - 24.8 

Pn = 27.2a - 91.76/a + 27.03 

IMT = 0 : Pn (8.84) = 27.2a(6 - a/2) 

+ (51.83 - 91.76)(4) 

8.84 P n = - 13.6a2 

+ 163.2a - 367.04/a 

+ 207.32 P n = -1.54a2 

+ 18.46a - 41.52/a 

+ 23.45 

(11.21e) 

(l1.21f) 

By equating the Eqs. (11.21e) and (11.21f), the solution for 
a and c is 

a = 1.93 in. (49 mm) 

c = 1.93/0.85 = 2.27 in. (58 mm) 

Note that since c > d', A~ is indeed in compression as 
assumed. 

Vll. Substituting a = 1.93 in. (49 mm) into Eq. (11.21e) yields 
the value of the theoretical axial compressive load P n at 2eb 

Pn = 27.2(1.93) - 91.76/1.93 + 27.03 

= 32 k (142 kN) 

and since <l>Pn = 22.4 < 0.1 nAg = 25.6 and g < 0.7, from 
Section 11.5.1 

<I> = 0.90 - 22.4/25.6(0.9 - 0.7) = 0.73 

and 

<l>P n = 0.73(32) = 23.2 k (102 kN) 

Thus, <l>P n = 23.2 k (102 kN) at e = 2eb = 6.84 in. (174 mm). 
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Fig. 11.31. Definition sketch for the moment capacity of a doubly reinforced 
flexural member. 

e. Evaluate the moment capacity of the section whenPn = 0 (see 
Fig. 11.31). 
i. The force resultants in Fig. 11.31 equal 

Cc = 0.85 r~(8a) = 27.2a k 

Cs = A~ (r~ - 0.85 r~) k 

T = 0.62(40) = 24.8 k 

ii. If the tension steel As is assumed to yield but the compres­
sion steel A~ is assumed to be below yield, then, from 
subsection d, part v of this example r; = 87 - 1481a ksi 
and Cs = 51.83 - 91.761a k. From equilibrium of forces 
in the axial direction a = 1.41 in. (36 mm) and c = 1.65 
in. (42 mm). Since c < d', the area ofsteelA~ is in tension 
rather than compression, as assumed. 

111. Using the stress and strain diagrams for the cross section 
as in Fig. 11.32 and from similar triangles, E~ and r~ can 
be written as functions of a. 

E~/(d' - c) = 0.003/c 

E~ = 0.003(d'lc - 1) 

= 0.003 [0.85(2)la - 1] = 0.0051a - 0.003 

r; = EsE; = 148/a - 87 

T' = A~r~ = 91. 76/a - 53.94 k 
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, mO.85f~ 
T': A f' s s 

Fig. 11.32. Example 11.7-Stress and strain distribution for all steel in ten­
sion. 

By summing forces in axial direction, the magnitude of a is 
evaluated. 

IF = 0 : = T + T' - Gc 

o = (24.8) + (91.76Ia - 53.94) - (27.2a) 

and 

a = 1.38 in. (35 mm) 

iv. The design moment capacity Mn can now be determined by 
summing moments about the axis of As. 

and 

IMT = 0 : Mn = Gc(d - a/2) 

- T' (d - d') 

= (27.2)(1.38)(6 - 1.38/2) 

- (91.76/1.38 - 53.94) 

x (6 - 2) 

= 149 k-in. (16.8 kN-m) 

<l>Mn = 0.9(149.1) = 134 k-in. 

(15.1 kN-m) at Pn = 0 

The interaction diagram for the rectangular column of Example 11.7 
is shown in Fig. 11.33. From this diagram one can easily evaluate the 
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Fig_ 11.33. Example 11.7-Interaction diagram for column. 

combinations of axial load <l>P n and moment Mn = (<I>P n)(e) the column 
can safely carry. If the column-load combinations fall within the en­
velope, the column can carry the load. Interaction diagrams for a wide 
variety of spiral and tied rectangular and circular columns are avail­
able in the American Concrete Institute publication, Ultimate Strength 
Design Handbook: Part II, Columns. 

The analysis technique, as presented, is applicable only to short 
columns of solid square or rectangular cross section with all steel 10-
cated at d and d' from the compression face. The technique is easily 
adapted to nonrectangular shapes. The only variations, as was the case 
with nonrectangular beam cross sections, are as follows: 

1. The compression resultant Ce is not equal to O.85f~(ab). Instead 
it is replaced by Ce = (O.85f~) (compression area to depth a). 

2. The location of the centroid of the compression area, and thus 
Ce , is not necessarily at a/2. 

A reinforced concrete column may be treated as a short column if, in 
an unbraced frame where sidesway is permitted, klulr ~ 22. In a braced 
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frame without sidesway, the column may be considered short if klJr 
~ 34 -12M1IM2. In these criteria, lu is the unv-pported column length, 
k is the column effective length factor, r = IglAg equals the radius 
of gyration of the gross section, and Ml and M2 are the end moments 
acting on the column. The end moment with the maximum absolute 
value is always M2, M2 is always assumed to be positive, and Ml is 
positive if the column is bent in single curvature and negative when 
bent in double curvature. 

11.6 SHEAR REINFORCEMENT 

11.6.1 Flexural Members Without Torsion 

Shear reinforcement is required in reinforced concrete beams to carry 
the tensile principal stresses, also called diagonal tensile stresses, in­
duced by the combined normal and shear stresses acting on a beam 
cross section. A review of the stress states in Fig. 11.34 and strength 
of materials will verify that even in the compression zone of the section, 
significant tensile stresses can occur. The orientation angle, e, of the 
tensile stresses varies from 0° to nearly 90° depending upon the relative 
magnitude of the shear V and the moment M acting on the section and 
depending upon the distance y from the N.A. 

The total stress and strain distribution in a reinforced concrete beam 
at ultimate load capacity is more complex than that of Fig. 11.34. 
Nonetheless, combined shear and normal forces on the beam cross 
section still induce tensile stresses aT in the web of the cross section. 
If aT exceeds the allowable tensile stress ft of the concrete 
(f; = O.lf;), a beam without web reinforcement will develop tension 
cracks in the direction normal to aT (see Fig. 11.35). Once these cracks 
develop and the load is not removed the beam will be rendered unser­
viceable due to collapse or excessive deformation. 

Diagonal tension cracks can be controlled by increasing the web size 
(a very uneconomical alternative) or by providing web reinforcement 
as shown in Fig. 11.36. Web reinforcement is also called shear rein­
forcement, or stirrups, and must be No.2 bars or larger. When web 
reinforcement is used, it is proportioned to carry the diagonal tensile 
stress in excess of what the concrete can carry. It also is spaced to 
assure that at least one stirrup crosses each potential tension crack. 

Equation (11.22) represents the governing criterion for designing 
shear reinforcement. 

(11.22) 
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Fig. 11.34. Stress distribution and biaxial stress states in a homogeneous 
flexural member. 

Fig. 11.35. Effect of shear induced diagonal tension stresses in reinforced 
concrete beams without web reinforcement. 
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Fig. 11.36. Definition sketch for shear reinforcement in beams. 

where V u is factored shear load at station x along the beam length, k 
(kN), V u = 1.4 V D + 1. 7V L; V n> shear capacity of the section, k (kN); 
4>, strength reduction factor, 4> = 0.85; Ve, shear capacity of plain con­
crete, k (kN); Vs, shear capacity of web steel, k (kN). 

The average shear capacity of the concrete Ve is simply equal to the 
shear strength of plain concrete times the web area and can be esti­
mated with either Eq. (11.23) or (11.24). Equation (11.23), which is 
the simpler estimate, yields conservative results for Ve. The shear 
strength of the steel is simply the nominal steel areaAv times the steel 
yield strength; i.e., Vs = Avfy. 

(11.23) 

or 

where Pw = As(bwd); Vw Mu are factored shear and moment at station 
x along beam; f~ is compressive strength of concrete in psi. 

There are some special cases where no shear reinforcement is re­
quired. Among them are footers, slabs, and beams with overall depth 
less than 10 in. (254 mm) and beams with Vu ~ 0.5(4)Ve). 
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When 0.5(<\>Vc) ~ Vu ~ <\>Vc> a mmImum steel area (Au)min is re­
quired. For these relatively low loads, the minimum steel area is de­
signed to carry an average shear stress Vmin of 50 psi (340 kPa) over 
the beam web area (bws) (see Fig. 11.36) between two adjacent stirrups. 
By assuming that Vmin between the two adjacent stirrups in section A­
A of Fig. 11.36 is carried by the single stirrup with area (Au)min and 
equating the resultant forces, (Au)miniy = Vmin (bws). Rearranging this 
relationship and solving for the minimum shear reinforcement yields 
Eq. (11.25). 

(11.25) 

When Vu ;;,: <\>Vc, the shear reinforcement area Au must carry an av­
erage shear stress of (vJ<\> - Vc) over the beam area (bws) between two 
adjacent stirrups. Equating the shear force carried by the web steel 
between two adjacent stirrups to the excess vertical shearing force 
between two stirrups which is not carried by the concrete yields Eq. 
(11.26). 

(11.26) 

where Vu = V J(<\> bwd) is average factored shear stress, psi (kPa); 
Vc = V)(bwd) is average concrete shear strength, psi (kPa). 

Rewriting Eq. (11.26) in terms of the shear forces and solving for Au 
yields an expression relating web steel area and stirrup spacing as 
shown in Eq. (11.27). 

(11.27) 

In cases where Vu;;': <\>Vc , Au is always taken as the larger of (Au)min 
from Eq. (11.25) or Au from Eq. (11.27). 

Limits are placed upon spacing between stirrups to assure that each 
diagonal crack is crossed by one or two stirrups. For lightly loaded 
beams where Vs = (VJ<\> - Vc) ~ 4 v7c(bwd) with f~ in psi, Smax must 
be less than the smaller of d/2 or 24 in. (610 mm) to assure one stirrup 
through each crack. When 4v7c(bwd) < Vs ~ 8 v7c(bwd) with f~ in 
psi, Smax equals the smaller of d/4 or 12 in. (305 mm) to assure that 
two stirrups pass through each diagonal crack. If Vs > 8 v7c( bwd) with 
f~ in psi, the beam section is unsatisfactory and needs to be redesigned. 

At reaction points where there is a compressive bearing stress, the 
factored shear force V u may be reduced for sections within a distance 
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Fig. 11.37. Shear force diagram for the beam in Fig. 11.8. All dimensions 
are in in. (mm). 

equal to d from the end of the support. Sections within d of the support 
may be designed for the shear force at distance d from the support. 

Example 11.9. Web Reinforcement in Beams. Determine the re­
gion and quantity of web reinforcement required for the beam and 
loads of Example 11.1 and Fig. 11.18. 

Solution 

a. Sketch the shear diagram as in Fig. 11.37. 
b. Using similar triangles the shear force V~ at a distance d from 

each end support can be calculated. 

V~ = (60 - 13)/60(13.0) = 10.2 k (45.4 kN) 

V~ is the required shear capacity of the beam for the first 13 in. 
(330 mm). 

c. Evaluate the allowable shear force <l> Vc with Eq. (11.23). 

Vc = 2Vfc (bwd) = 2\13500(10 x 13) = 15.4 k (68.5 kN) 

and 
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<l>Vc = 0.85(15.4) = 13.1 k (58.3 kN) > Vu 

d. Determine the zone of reinforcement. The limiting value of shear 
force for which no reinforcement is required is 0.5(<1> Vc) = 6.5 k 
(28.9 kN). Thus, Au = 0 when Vu < 6.5 (28.9 kN) or from the 
center of the beam to the distance Xl as defined in Fig. 11.37. 

xl/6.5 = 60/13.0 and Xl = 30 in. (762 mm) 

When 0.5Vc ~ Vu < <l>Vc, or for X = 30-60 in. (762-1524 mm), 
Au = (Au)min 

e. Determine the spacing of the stirrups. By rearranging Eq. (11.25), 
and using No.2 reinforcing bars for Au, the stirrup spacing can 
be evaluated. 

s = (Au)min (y![(V)min b w ] = 2(.055)(36,000)/50(10) 

7.9 in. (201 mm) 

To assure at least one reinforcing bar at each potential tension 
crack, the minimum stirrup spacing must be checked. The max­
imum force carried by the steel, Vs = 10.2 - 6.5 = 3.7 k (16.5 
kN). The limiting value ofVs requiring a stirrup every d/2 equals 
4Vfc bwd = 4Y3500 (10 x 13) = 7.1 k (31.6 kN). Since 
Vs < 4Vfcbw d, Smax = d/2 = 6.5 in. (165 mm). Thus, place No. 
2 stirrups 6.5 in. (165 mm) on center for X = 30-60 in. (762-
1524 mm). 

11.6.2 Torsional Shear 

In some applications torsional moments act on a cross section and 
induce shear stresses. The ACI Code has extensive provisions for treat­
ing torsion and should be consulted where torsional loads are signifi­
cant. In a prismatic beam which can be subdivided into i-rectangular 
areas torsional shear may be neglected if the torsional moment T u 

satisfies the condition in Eq. (11.28). 

(11.28) 

where T u is the torsional moment, lb· in; Xi, the smaller dimension of 
component rectangle i, in.*; Yi, the larger dimension of component 
rectangle i, in.; {~, compressive strength of the concrete, psi. 

*The term LX~Yi is evaluated by subdividing the cross section into i rectangles with 
dimensions Xi any Yi. 
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Fig. 11.38. Definition sketch for development length ld. 

11.7 DEVELOPMENT OF REINFORCEMENT 

The development length ld of a reinforcing bar is the embedment depth 
required for the reinforcing steel to transfer its full design load Asfy 
to the concrete without either being pulled out of the concrete or dam­
aging the concrete. The distance between the end of a reinforcing bar 
and a point along the bar where fs = fy must exceed ld. 

The beam and simplified free body diagrams of Fig. 11.38 help clarify 
the development length concept. At midspan of this beam the moment 
is maximum and the steel in a properly designed reinforced beam will 
have yielded. However, since Pall ~ 0.75 Pb, the steel will yield at some 
moment less than Mmax, say, Mb at Xl from the left end. The free body 
at section Xl shows a tensile force T = Asfy acting on the steel. The 
only forces which keep the steel and concrete from pulling apart are 
the bond stresses T between the rebar and concrete. If T is assumed 
constant (which it is not) for clarity, then the tensile force T must be 
less than or equal to T(XI) (bar perimeter) to prevent pullout. Thus the 
steel design force Asfy can be developed in As only if Eq. (11.29) is 
satisfied. 

Xl ;:,: Asfy![T (bar perimeter)] = ld (11.29) 
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Table 11.13. Basic Development Lengths for Reinforcement. 

Type Load in As or A~ Reinforcement Type and Size 

Tension .;;No. 11 bars 

Deformed wire 

Compression Any 

Larger of O.04A bfiVJ:i 
or 0.0004 dbh 
but ~12 in. 
0.03dbhlV17 
but ~12 in. 
Larger of 0.02dbf!VJ:i 
or 0.0003dbfy 
but ~8 in. 

Reproduced with permission from Building Code Requirements for Reinforced Concrete 
(ACI 318-77), 1977 ed. American Concrete Institute, Detroit, MI. 
aAb in in.2; h in psi; fo' in psi. 

The development length depends upon the type loading, the reinforce­
ment size, the concrete quality, the grade steel, and the presence or 
absence of hooks. The basic development lengths for straight deformed 
bars are summarized in Table 11.13 for tension and compression re­
inforcement. 

In tensile reinforcement, standard hooks, which provide an equiv­
alent development length le, are often used. The equivalent develop­
ment length for a hook is obtained by substituting fh = ~Vfc for fy in 
the expressions for ld in Table 11.13. ~ is defined in Table 11.14 for a 
variety of bar sizes, strengths, and applications. Thus, for a standard 
hook in tension reinforcement, le is the smaller of 

or 

f~ in psi 

where le has dimensions in in. 

Table 11.14. t Values for Standard Hooks. 

Bar 
Size fy = 60 ksi (410 MPa) fy = 40 ksi (280 MPa) 

No. Top Bars Other Bars All Bars 

3-5 540 540 360 
6 450 540 360 

7-9 360 540 360 
10 360 480 360 
11 360 420 360 

Reproduced with permission from Building Code Requirements for Reinforced Concrete 
(ACI 318-77), 1977 ed. American Concrete Institute, Detroit, MI. 
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Table 11.15. Minimum Bend Diameters. 

Bar Size 

3-8 
9-11 

11.8 Deflection Control in Beams 513 

Minimum diameter 

Reproduced with permission from Building Code Requirements for Reinforced Concrete 
(ACI 318-77), 1977 ed. American Concrete Institute, Detroit, MI. 

Any of the following definitions meet the requirements for a standard 
hook: 

1. A 1800 bend plus an extension of the greater of 4db or 2! in. (64 
mm) at the free end of the bar. 

2. A 900 bend plus an extension of 12db at the free end of the bar. 
3. In stirrups and ties, either a 900 or a 1350 bend plus an extension 

of the larger of 6db or 2! in. (64 mm) at the free end of the bar. 

The minimum inside bend diameters for reinforcing bars, except ties 
and stirrups, are summarized in Table 11.15. Bend diameters as low 
as 5db are permissible in 1800 bends in Grade 40 bars of size No. 3-
11. Stirrups and ties up to No.5 bars may be bent to a diameter of 
4db• Larger bars must conform to the requirements in Table 11.15. 

The critical sections for checking development length in flexural 
members are at points of maximum moment and points where adjacent 
reinforcing bars terminate. Bars should extend the larger of d or 12db 

beyond the beam section where it is required by exact analysis. 
Web reinforcement should be placed as close to the compression and 

tension surfaces as minimum cover requirements permit. Stirrups are 
adequately anchored if they meet one of three conditions: 

1. Embedment equivalent to a standard hook plus !ld measured 
from d/2 to the beginning of the hook. 

2. Embedment equivalent to the greater of ld or 24db for bars or 
12 in. (305 mm) for wire and measured from d/2. 

3. A 1350 hook around compression steel A; plus 0.33 ld when 
fy ~ 40 ksi (280 MPa) and less than or equal to No.5 bars and 
measured from d/2. 

11.8 DEFLECTION CONTROL IN BEAMS 

Reinforced concrete beam deflections must be checked against the max­
imum allowable deflections. Table 11.16 summarizes ACI recommen-
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Table 11.16. Maximum Permissible Computed Deflections. 

Type of Member 

Flat roofs not supporting 
or attached to 
nonstructural elements 
likely to be damaged by 
large deflections 

Floors not supporting or 
attached to 
nonstructural elements 
likely to be damaged by 
large deflections 

Roof or floor construction 
supporting or attached to 
nonstructural elements 
likely to be damaged by 
large deflections 
Roof or floor construction 
supporting or attached to 
nonstructural elements 
not likely to be damaged 
by large deflections 

Deflection to Be Considered 

Immediate deflection due to 
live load L 

Immediate deflection due to 
live load L 

That part of the total 
deflection occurring after 
attachment of 
nonstructural elements 
(sum of the long-time 
deflection due to all 
sustained loads and the 
immediate deflection due to 
any additional live 10adY 

Deflection 
Limitation 

la 

180 

360 

lb 

480 

ld 

240 

Reproduced with permission from Building Code Requirements for Reinforced Concrete 
(ACI 318-77),1977 ed. American Concrete Institute, Detroit, MI. 
aLimit not intended to safeguard against ponding. Ponding should be checked by suitable 
calculations of deflection, including added deflections due to ponded water, and consid­
ering long-time effects of all sustained loads, camber, construction tolerance, and reli­
ability of provisions for drainage. 
bLimit may be exceeded if adequate measures are taken to prevent damage to supported 
or attached elements. 
CLong-time deflection may be reduced by amount of deflection calculated to occur before 
attachment of nonstructural elements. This amount shall be determined on basis of 
accepted engineering data relating to time-deflection characteristics of members similar 
to those being considered. 
dBut not greater than tolerance provided for nonstructural elements. Limit may be 
exceeded if camber is provided so that total deflection minus camber does not exceed 
limit. 

dations for allowable deflections in several types of reinforced concrete 
construction. 

If the depth d of a reinforced beam exceeds the limits in Table 11.17, 
deflections will not be a problem and do not have to be computed. For 
example, if the depth of a simply supported beam of span 1 is greater 
than Zl16, the deflections will be within the allowable limits of Table 
11.16. 

If d is less than the limits in Table 11.17, then deflections must be 
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Table 11.17. Minimum Thickness of Nonprestressed Beams or One-Way Slabs 
Unless Deflections Are Computed .. 

Minimum Thickness, hb 

Simply 
Supported 

One End 
Continuous 

Both Ends 
Continous Cantilever 

Member 

Solid one-way 
slabs 

Beams or ribbed 
one-way slabs 

lI20 

lIl6 

Members not supporting or attached to 
partitions or other construction likely to be 

damaged by large deflections. 

lI24 lI28 

lI18.5 lI21 

lIlO 

lI8 

Reproduced with permission from Building Code Requirements for Reinforced Concrete 
(ACI 318-77), 1977 ed. American Concrete Institute, Detroit, MI. 
aSpan length l is in inches. 
bValues given shall be used directly for members with normal weight concrete (we = 145 
pct') and Grade 60 reinforcement. For other conditions, the values shall be modified as 
follows: (a) For structural lightweight concrete having unit weights in the range 90-
120 lb per cu ft, the values shall be multiplied by (1.65 - 0.005we) but not less than 
1.09, where We is the unit weight in lb per cu ft. (b) For {yother than 60,000 psi, the 
values shall be multiplied by (0.4 + {yf100,000). 

computed and compared to allowable values. Deflection calculations 
for reinforced concrete are somewhat more complex than those for 
homogeneous members because (1) the cross section is nonhomoge­
neous; (2) creep is significant during long-term loading; (3) the section 
cracks progressively in the tension zone as loading proceeds thus al­
tering the section's effective moment of inertia; and (4) the beam ma­
terial is not linearly elastic and is loaded beyond its elastic limit at 
design loads. 

The basic procedure for deflection calculation is to use standard 
methods of elastic analysis to evaluate the immediate deflections using 
an equivalent section moment of inertia and to add to it additional 
long-term deflections due to creep. The basic equation is 

(11.30) 

where d is design deflection; dLP, immediate live load deflection (kLwLL 4/ 
Ecfc); aD, immediate dead load deflection (kDWDU IEJe); aLS, imme­
diate long-term (12 months) live load deflection (kswLSU /EJe); /..x, 
creep factor for dead loading, = [2 - 2(A~/AJ] ;::: 0.60; /.., creep factor 
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Fig. 11.39. Multipliers for long-term deflections. Reproduced with permission 
from Building Code Requirements for Reinforced Concrete, ACI 318-77, 1977 
ed., American Concrete Institute, Detroit, MI. 

for long-term live loading (defined in Fig. 11.39); k, constant de~ndent 
upon geometry of beam loading and supports; Ee = 33w1.5 Yf~ for W 

in pcf, f~ in psi, and Ee in psi; WL,WD,WLS, service loads; Ie. equivalent 
area moment of inertia. 

The expression for evaluating Ie is empirical and equals 

(11.31) 

where Mer is cracking moment of a plain concrete section, Mer = frIg1YT; 
fr = 7.5\1fc in psi for f~ in psi; Ig = bD3/12; D, total beam depth; YT, 
distance from N.A. of plain concrete section to the tension face; len 
moment of inertia of the composite steel and cracked concrete area 
assuming the allowable concrete tensile strength f~t equals 0; Ma , max­
imum service moment in the beam. 

Example 11.10 clarifies the definition of the terms in Eq. (11.31). 

Example 11.10. Calculation of the Equivalent Moment of Inertia 
Ie of a Beam Section for Deflection Evaluations. Evaluate the equiv­
alent moment of inertia Ie for the beam section of Fig. 11.40, if As = 1.32 
in. 2 (SO mm2), f'c = 2500 psi (17 MPa), fy = 40 ksi (2S0 MPa), 
Ee = 2.S5 X 106 psi (20 GPa), and the maximum service moment equals 
320 kin. (36 kN . m). 

Solution 

a. Evaluate fr 

fr = 7.5\1fc = 7.5Y3500 = 375 psi (2.6 MPa) 
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11 
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tf203) ~ 

Fig. 11.40. Example 11.1O-Beam section. All dimensions are in in. (mm). 

b. Evaluate the moment of inertia of the gross concrete section Ig 

c. Evaluate cracking moment for a plain concrete section Mer. 

Mer = fr IgIYT = [375(3410)]/(16/2) = 160 k . in. (18.1 kN . m) 

d. Evaluate the moment of inertia of the cracked concrete section 
by considering the compression zone concrete and the tension 
steel areas. 

1. Replace steel area by equivalent area of concrete Aeq lo­
cated at the centroid of the steel. See Fig. 11.4l. 
Aeq = (E.tEJ (A.) = nAs = lOAs = 13.2 in.2 (85.2 cm2) 

ii. Locate the centroid and neutral axis of cracked section. 
Taking the first moment of the transformed area in Fig. 
11.41 about the N.A. yields Yl(n As) = (y/2)Ac' Substi­
tuting values yields 13.2(14 - y) = (y/2)(10y) from which 
y = 4.9 in. (124 mm) and d - y = 9.1 in. (231 mm). 

r- b 1 
-'---f --r-! ~ 
d t-~--- N.A. of cracked section 

L Yr=d-Y 
a tt:zzz:a:zzzAzZ:j!!9i!1z=mn=A=:s 1ZIZZZ:r:zzzIIIZII 

Fig. 11.41. The equivalent, or transformed, cracked section. 
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iii. Evaluate the moment of inertia of the cracked section 
about the N.A. 

Ier = 113 by3 + (n As)(d - y)2 

113 (10)(4.9)3 + 13.2(9.1)2 

1480 in.4 (6.16 x 104 cm4) 

e. Evaluate the equivalent moment of inertia Ie using Eq. (11.31). 

Ie = (160/320)3 (3410) + [1 - (160/320)3](1480) 

Ie = 1720 in.4 (7.16 x 104 cm4) 

11.9 PRESTRESSED CONCRETE BEAMS 

11.9.1 Basic Behavior 

The load carrying capacity of a reinforced concrete beam or column 
can be increased by 15 to 20% by selectively precompressing the por­
tions of the cross section which experience tensile strains and stresses 
under service loads. The precompression, or prestressing, is accom­
plished by placing highly stressed, high strength steel strands with 
strengths of 180 to 250 ksi (1.24-1.72 GPa) in the tensile zone of the 
beam and then transferring the prestressing load to the concrete. The 
various stages of prestressing and associated stress distributions are 
illustrated in Fig. 11.42. 

One fabrication method for prestressed concrete is called preten­
sioning. Steel strands are stressed by a force F and held in place by 
abutments. Concrete is then placed. At this stage, the concrete mass 
is supported by the bulkwork (see Fig. 11.42b). After several days of 
accelerated curing, the bulkwork is removed, the strands are anchored 
at the beam ends, and the strands are cut. Figures 11.42c and 11.42d, 
respectively, illustrate the beam and stress distributions after the bulk­
work is removed and the prestressing force F is transferred to the 
concrete. 

The prestress force F is usually applied at some eccentricity e from 
the centroidal axis. The force F at eccentricity e is equivalent to a force 
F and a couple F(e) acting through the centroid of the section. These 
equivalent forces are shown by dashed vectors in Fig. 11.42d. 

The stress distributions in Fig. 11.42d assume that the concrete has 
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(c ) Beam After Transfer of Prestress and Deadload Applied. 
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(d) Initial Stress Distribution After Transfer of Prestress. 
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(e) Stress Distribution After Application of Superimposed Dead and Live Loads. 
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(f) Stress Distribution After Loss of Prestress. 

Oft = Of + O"Lt(C) 

Ofb = O"b + OLb (T) 

Fig. 11.42. Stages of prestressing and associated stress distributions. 
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not reached its rupture strength and has not cracked. Thus, the entire 
concrete section is effective. Also, the distributions assume that the 
bulkwork is removed when the prestress force is transferred to the 
concrete. The magnitude of the stresses in the top and bottom fibers 
at transfer of prestress are defined by Eqs. (11.32) and (11.33), respec­
tively. 

U'it = Fe/Z - F/A - Mv/Z 

U'ib = - Fe/Z - F/A + MD/Z 

(11.32) 

(11.33) 

In Eqs. (11.32) and (11.33), tensile stresses are positive, Z is the section 
modulus, and MD is the bending moment due to the beam's dead load 
WD· 

For a given beam cross section, the location and magnitude of F 
influences the final stress distribution. For example, if F is applied at 
d1/3 from the bottom of a rectangular beam and MD is not applied, then 
e = d1/2 - d1/3 and the stress in the top fiber equals zero; i.e., 

U'top = - F/A + Fe/Z = F[ -lIbdl +(d1/2 - d1/3)/(6 bd12/6)] = 0 

The point at which the prestress force produces zero stress on the outer 
fiber is called the kern point. If the prestress force is applied above the 
kern point, the top fiber will be in compression with MD removed. 
Contrariwise, the top fiber experiences tensile stresses if F is applied 
below the kern point with MD removed. The usual practice is to apply 
F at an eccentricity such that neither the compressive stress at the 
bottom nor the tensile stress at the top fiber exceeds the initial allow­
able stresses in the concrete. 

After the prestress is transferred, the beam experiences losses in 
prestress. Prestress losses are the result of elastic shortening of the 
concrete at transfer of prestress, creep shortening of the concrete, 
shrinkage of concrete during curing, tension creep of the steel, slippage 
between the anchors and strands, and friction and wobble losses be­
tween the strands and concrete. Friction losses are most commonly 
encountered in posttensioned beams and wobble losses are found in 
beams with curved prestressing tendons. Each of these losses has the 
effect of shortening the steel strands and reducing the prestressing 
force F. These losses result in approximately an 18% reduction of F in 
pretensioned beams with straight tendons. The ACI Code commentary 
suggests that a prestress loss of 35 ksi (240 MPa) is satisfactory for 
most pretensioning applications. For posttensioned cases prestress losses 
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of 25 ksi (170 MPa) are typical. Since much of the prestress losses are 
due to time dependent phenomena, they are significant only after ser­
vice loads are applied. 

Figure l1.42e illustrates a prestressed beam after application of the 
service loads (superimposed dead load WD plus live load WL) and before 
prestress losses. Using the equivalent centroidal loading and stress 
distributions of Fig. l1.42e, the top and bottom fiber stresses are cal­
culated by Eqs. (11.34) and (11.35). 

O't = O'it (Tension) - MLRIZ (Compression) 

O'b = - O'ib (Compression) + MLRIZ (Tension) 

(11.34) 

(11.35) 

where MLR is superimposed dead plus live load bending moment and 
O'ib and O'it are defined in Eqs. (11.32) and (11.33). 

When prestress losses are considered, the prestress force decreases 
an amount /)Ji' to F'. The consequence is a decrease in the concrete 
prestress at both the top and bottom fibers. That is, the top fiber tensile 
prestress is reduced (becomes more compressive) by O'Lt = - (/)Ji'e)IZ + 
/)Ji'IA and the bottom fiber compressive prestress is reduced (becomes 
more tensile) by O'Lb = + (/)Ji'e)IZ + d FlA. These prestress losses in­
crease the final service load stresses in the top and bottom fibers to the 
levels predicted by Eqs. (11.36) and (11.37), respectively. 

(11.36) 

(11.37) 

The signs of Eqs. (11.36) and (11.37) must be carefully chosen. O't will 
be a compressive stress and the prestress loss O'Lt will tend to make 
the top fiber stress more compressive. Thus, if compressive stresses are 
taken as negative, both O't and O'Lt must have negative signs. Contrari­
wise, both O'b and O'Lb require positive signs in Eq. (11.37). 

11.9.2 Materials 

Prestressed concrete requires both high strength steel and concrete for 
satisfactory performance. Steels with yield stresses of 180 to 250 ksi 
(1.24-1.72 GPa) assure that the concrete is adequately prestressed 
after prestress losses. If ordinary steels were used the shortening of 
the tendons due to shrinkage, etc., would reduce F to a level near zero. 
[Recall that prestress losses are in the range of 35 ksi (240 MPa).] High 
strength steels have significant prestress force remaining after losses. 
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High strength concrete is required to reduce flexural cracking around 
the prestressing tendons and to increase the diagonal tension strength 
of the webs. Control of flexural cracking is critical since excessive 
cracking exposes the small diameter tendons to potentially corrosive 
environments. Since the tendons are highly stressed, small reductions 
in cross sections could be catastrophic. The increased diagonal tension 
of high strength concrete allows designers to utilize more economical 
sections, such as Is and Ts, which have thin webs. 

11.9.3 Basic Analysis Procedure for Beams 

The usual design procedure is to assume a fully effective section with 
elastic behavior up to service loads; and then to check the ultimate 
capacity at factored loads. Maximum stresses must be evaluated and 
compared to allowable stresses at two stages: (1) at transfer of prestress 
with the gravity load in place and no prestress losses; and (2) after 
application of the services loads and prestress losses. The ultimate 
capacity check is to assure that the section can safely carry typical 
overloads without collapsing. Finally, to protect against abrupt flexural 
failure due to rupture of tendons immediately after cracking of the 
concrete, the prestressing steel must be adequate to carry 1.2 times 
the cracking load based upon the concrete modulus of rupture, 
fr = 7.5Vfc, where both fr and f~ are in psi. 

11.9.4 Allowable Stresses 

The allowable stresses and/or strains in steel and concrete depend upon 
the stage of construction. Prestress is usually transferred after a rel­
atively few hours of curing. Thus, the compressive strength is less than 
the 28-day strength f~. Service loads are usually applied only after the 
concrete has cured and has a compressive strength f~. The allowable 
stresses for steel and concrete for various stages are summarized in 
Tables 11.18 and 11.19. These stresses are used in the elastic analyses 
at prestress transfer and at service loads. The ultimate capacity is 
based upon the usual factored procedures for reinforced concrete beams 
with the following exception. The steel yield strength fy is replaced 
by 

where fps is allowable stress in prestressing steel at ultimate capacity 
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Table 11.18. Allowable Concrete Stresses. 

Loading Stage 

Transfer of prestress 

After-service loads applied 
and prestress losses 
considered 

Load Type 

Fiber stress in compression 

Fiber stress in tension 

Fiber stress in tension at 
ends of simply supported 
beams 
Fiber stress in compression 

Fiber stress in tension in 
precompressed tensile zone 

Allowable Stress (psi) 

O.60U 

3~ 
6~ 

O.045f~ 

6Vfc 

Reproduced with permission from Building Code Requirements for Reinforced Concrete 
(ACI 318-77), 1977 ed. American Concrete Institute, Detroit, MI. 
af~i = initial compressive strength at time of transfer of prestress in psi. 

of beam; fpu> ultimate strength of steel; PP' ratio of prestressed rein­
forcement; PP' Asp/bd; Asp, area of prestressing steel. 

11.9.5 Ultimate Strength of Prestressed Beams 

If design loads are exceeded, the concrete section will crack and only 
a portion of the section will be effective. The method for predicting the 
ultimate capacity is similar to that for ordinary reinforced concrete 
beams. The procedure is modified only to the account for differences 
in the stress-strain behavior of ordinary and high strength steels. The 
procedure for rectangular prestressed beam sections is as follows: 

1. If the section is underreinforced, then the ultimate capacity of 
the section from Eq. (11.3) and Fig. (11.15) is <l>Mn = <I>[T(d -
a/2)] with T = Apst;,s in place of Ash' The depth of the compres­
sion zone a is calculated by Eq. (11.5); i.e., a = Apsfps/(O.85f~b). 

2. If the section is overreinforced and rectangular, then the ulti­
mate capacity is estimated by <l>Mu = <I>(O.25fcbd2). 

Table 11.19. Allowable Stresses in Prestressing Steel. 

Loading Stage 

Preloading tendon before transfer of prestress 

Immediately after transfer of prestress 

Smaller of O.80fpu a 

or O.94fp/ 
O.70fpu 

Reproduced with permission from Building Code Requirements for Reinforced Concrete 
(ACI 318-77), 1977 ed. American Concrete Institute, Detroit, MI. 
afpu = ultimate strength of prestressing steel. 
bfpy = yield strength of prestressing steel. 
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Fig. 11.43. Prestressed concrete beam section. All dimensions are in in. (mm). 

3. A section with only prestressing steel may be considered under­
reinforced if the ratio pJ'pJf~ ::;; 0.30. 

Example 11.15. Prestressed Beam Analysis. The rectangular 
section of Fig. 11.43 is used as prestressed beam over a simply sup­
ported span of 20 ft (6.10 m). The steel area Asp equals 0.50 in.2 (320 
mm2), f~ = 4 ksi (28 MPa), f~ = 6 ksi (41 MPa), fpu = 250 ksi (1.72 
GPa), and fpy = 200 ksi (1.38 GPa). 

1. Check the stresses at transfer of prestress. 
2. Evaluate the allowable live load plus superimposed dead load 

moment the section can carry after prestress losses. 
3. Evaluate the ultimate moment capacity and compare to the ser­

vice moment capacity. 
4. Check if the steel can carry 1.2 times the cracking moment for 

a modulus of rupture fr equal to 7.5Vfc. 

Solution 

a. Evaluate the allowable stresses from Tables 11.18 and 11.19. 
The allowable concrete stresses at transfer of prestress 

0.60 f~ = 0.6(4) = 2.4 ksi (16.6 MPa) in compression 
3Vfc = 3Y 4000 = 190 psi (1.31 MPa) in tension 

The allowable concrete stress at service loads 

0.45 f~ = 0.45(6) = 2.7 ksi (18.6 MPa) in compression 
6Vfc = 6Y6000 = 465 psi (3.21 MPa) in tension 
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The allowable steel stress at transfer of prestress 

0.70fp u = 0.7(250) = 175 ksi (1.20 GPa) 

b. Estimate the prestress losses for the pretensioned case as 35 ksi 
(240 MPa). Thus, the effective steel prestress at service loads is 
175 - 35 = 140 ksi (965 MPa). 

c. Evaluate the flexural stresses at transfer of prestress. Determine 
the gravity load and midspan moment. 

WD = (150 Ib/ft3 )(8 x 12/144) = 100 lblft (150 kg/m) 
MD = WD V/8 = 100(20)2/8 = 5000 lb . ft (6.8 kN . m) 

Determine the extreme fiber stresses at transfer of prestress 

F = 175(0.5) = 87.5 k (390 kN) 
Z = bdI/6 = 8(12)2/6 = 192 in. 3 (3146 cm.3 ) 

From Eqs. (11.32) and (11.33) and the limits of Table 11.18 

(fit = 87,500(3)1192 - 87,500/96 - 5000(12)/192 
= 143 psi (990 kPa) < 3~ 

(fib = - 87,500(3)/192 - 87,500/96 + 5000(12)/192 

= -1965 psi (13.6) MPa) < 0.6f; 

Thus, the strength at transfer of prestress is adequate. 
d. Evaluate the magnitude of the allowable superimposed live plus 

dead loads. The allowable effective prestress force is 
F' = 140Asp = 140(0.5) = 70 k (310 kN). Using the effective 
prestress force and Eq. (11.36), the top fiber stresses may be 
expressed as 

(fft = F'elZ - F'IA - MDIZ - MLRIZ 
~ - 2,700 psi (18.6 MPa) 

= 70,000(3)/192 - 70,000/96 - 60,000/192 
- MLRI192 ~ - 2700 

MLR = 528 k . in (59.7 kN . m) 
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Similarly from Eq. (11.37), the bottom fiber stress is 

crfb = - F'elZ - F'IA + MDIZ + MLRIZ 
:::; + 465 psi (3.21 MPa) 

= -70,000(3)/192 - 70,000/96 + 60,000/192 
+ MLR/192 :::; + 465 

MLR = 380 k . in (42.9 kN . m) 

Thus, tension in the bottom fiber controls the allowable moment 
and (MLR)all = 380 k . in. (42.9 kN . m). Over the 20 ft (6.10 m) 
span the allowable uniformly distributed load WLR in addition 
to WD can now be calculated from the maximum moment rela­
tionship wLR£2/8 :::; 380,000 which yields an allowable load of 
630 lblft (9.2 kN . m). 

e. Determine the ultimate moment capacity. Check if the section 
is over- or underreinforced; that is, determine if pp fpJf~ is less 
than, greater than, or equal to 0.30. Since Pp = AsJbd = 
0.50/(8 x 9) = 0.0069 and (from Section 11.9.4) 

fps = fpu (1 - 0.5 Pp fpJf~) 
= 250 [1 - 0.5(0.0069)(25016)] 
= 214 ksi (1.48 GPa) 

the parameter pp(fpJf~) = 0.0069(214/6) = 0.25. Since pifpslf;) 
< 0.3, the beam is underreinforced and the ultimate moment 
capacity can be determined by Eq. (11.3). 

<l>Mn = <l>AspfpJd - (Aps fpJ(0.85f~b)] 
= (0.85)(0.50)(214)[9 - 0.5(214)/«0.85 (6) (8))] 

<l>Mn = 580 k . in (65.5 kN . m) 

The allowable service moment must be calculated by comparing 

<l>Mn to Mu = 1.4MD + 1.7ML; i.e., 
1.4MD + 1.7 ML <<I>Mn = 580 k·in (65.5 kN . m) 

Assuming the total dead load to be equal to the total live load, 
then l.4ML + 1.7ML = 580 k . in. (65.5 kN . m) from which the 
allowable live load equals 187 k . in. (21.1 kN . m). Since the 
dead load moment due to the mass of the beam MD equals 60 k 

in. (6.8 kN . m), the allowable superimposed dead plus live load 
moment MLR equals 187 + 187 - 60 = 314 k . in. (35.5 kN . m). 
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Thus, to satisfy the ultimate capacity requirements the super­
imposable dead plus live load moment must be reduced by 380,000 
- 314,000 = 66 k . in. (7.5 kN . m). The section could be made 
more efficient by increasing the area of steel. Asp could be in­
creased by a factor of 1.2 to 0.60 in.2 and still be underreinforced. 

f. Check the cracking moment 

Mer = frZ = 7.5 VfcZ = 7.5 \1'6000(192) 
112 k . in. (12.7 kN . m) 

1.2Mer = 134 k . in. (15.1 kN . m) 

Since the moment capacity of the reinforcing steel and concrete 
is greater than 1.2Mer = 134 k . in. (15.1 kN . m), the beam 
satisfies all the requirements except the ultimate capacity re­
quirement. 

11.10 CLOSURE FOR REINFORCED CONCRETE 

The purpose of the preceding sections was to introduce the basic con­
cepts of reinforced and prestressed concrete behavior. The coverage is 
by no means complete. The student who wishes to explore the subject 
in detail is referred to the design specifications, codes, commentaries, 
and design aids of the Prestressed Concrete Institute, the American 
Concrete Institute, and the Portland Cement Association. Additionally, 
the student should consult anyone of the many available texts on 
reinforced and prestressed concrete design. 

11.11 FOUNDATIONS FOR AGRICULTURAL 
BUILDINGS 

11.11.1 Introduction 

One of the most important components of an agricultural structure is 
its foundation. Foundations are required to distribute concentrated 
column loads or uniformly distributed wall loads, such as those en­
countered in silo wall footers or continuous wall footers under stud or 
masonry walls. The functions offoundations are to (1) prevent excessive 
settlement of the entire structure by distributing loads over areas larger 
than the column or wall bearing area; (2) prevent differential settle-
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ment of various portions of the structure by equalizing or reducing the 
ground pressure under the walls or columns; (3) provide lateral support 
for poles in pole-type structures; (4) prevent heaving due to freezing 
and thawing of soil; and (5) keep moisture and vermin out of the build­
ing. 

The primary factors which control foundation length and width are 
the allowable bearing capacity of the soil and the magnitude of the 
loads transmitted to the soil. The primary factors controlling the thick­
ness of concrete foundations are the shear strength and moment ca­
pacity of the plain or reinforced footer. 

11.11.2 Foundation Loads 

Foundation loads are evaluated from the load and stress analysis of 
the structure. In a livestock, plant, or storage building the foundation 
load is the largest combination of dead, snow, wind, and live loads the 
structure may be expected to encounter. The foundation loads induced 
by overturning moments due to wind or due to uneven loading of tall 
storage structures must be carefully evaluated. The foundation loads 
may be a combination of concentrated column loads and distributed 
wall loads. The distributed loads mayor may not be uniform. 

11.11.3 Allowable Bearing Capacity of Soils 

The allowable bearing capacity for a foundation is dependent upon the 
type soil and upon the depth of the bottom of the footer below grade. 
If large design loads are anticipated, soil bearing capacities should be 
obtained from soil tests. In the absence of soil tests and when the 
foundation is lightly loaded, the bearing capacities in Table 11.20 may 
be used as a guide. These bearing capacities assure that excessive 
settlement will not occur and have a factor of safety of 2.5 to 3.0 with 
respect to exceeding the ultimate soil bearing capacity. Bearing ca­
pacities may be increased by 33% for wind loading. 

11.11.4 Design Criteria 

11.11.4.1 Footer Area. The basic design criterion for establishing 
the size footer is that the pressure exerted by the foundation on the 
soil be less than the bearing capacity of the soil. The actual pressure 
distribution between the soil and footer varies nonlinearly and is fairly 
complex. However, several simplifying assumptions are used in foun­
dation design for light structures. 
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Table 11.20. Approximate Bearing Capacities of Soils. 

Minimum Depth Brg. Capacity Increase in Maximum 

Class of Material of Footing at Minimum Min. Brg. Cap., Brg. 
below Grade Depth per foot (305 mm) Capacity 

ft (m) psf (kPa) psf (kPa) psf (kPa) 

Rock 0(0) 20% of 0 (0) 20% of 
crushing crushing 
strength strength 

Compact sand-gravel 1 (0.30) 4,000 (190) 600 (30) 12,000 (570) 
mix 

Compact coarse sand 1 (0.30) 1,500 (70) 300 (15) 8,000 (380) 
Compact fine sand 1 (0.30) 1,000 (50) 200 (10) 8,000 (380) 
Loose sand 2 (0.61) 500 (20) 100 (5) 3,000 (140) 
Hard clay or sandy 1 (0.30) 4,000 (190) 800 (40) 8,000 (380) 

clay 
Medium stiff clay 1 (0.30) 2,000 (100) 200 (10) 6,000 (290) 
Soft sandy clay 2 (0.61) 1,000 (50) 50 (2) 2,000 (100) 
Compact inorganic 1 (0.30) 1,000 (50) 200 (10) 4,000 (190) 

sand-silt mixtures 
Loose inorganic sand- 2 (0.61) 500 (20) 100 (5) 1,000 (50) 

silt mixtures 
Loose organic sand, 0(0) ° (0) 0 (0) 0 (0) 

silt mixtures, mud 

The bearing pressure distribution for a centrically loaded footer is 
nonuniform as shown in Figs. 11.44a and 11.44b for granular and 
cohesive soils. However, adequate results are often obtained by assum­
ing the pressure distribution to be uniform. Thus, the design criterion 
for sizing a centrically loaded footer is 

or 

(a) Actual for Granular 
Soils 

PIA = q ~ qa 

(b) Actual for Cohesive 
Soils 

(11.38) 

(11.39) 

p 

q 

(e ) Assumed Distribution 

Fig. 11.44. Pressure distribution under centrically loaded footers. 
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Point of Load 
Application 

m 

Point of Load 
Application 

(a.> Load Within Kern Points (b) Load Outside Kern Points 

Fig. 11.45. Pressure distribution under eccentrically loaded footers. 

where q is bearing stress; qa, allowable bearing stress; A, footer area; 
P, footer concentrated load. 

The assumed bearing pressure distributions under eccentrically loaded 
footings are shown in Fig. 11.45. The eccentricity may be the result of 
an eccentric gravity load or due to a fixed or partially fixed end restraint 
at the base of the wall; e.g., the end reaction of a restrained rigid frame. 
If the footer is loaded by a centric load and a moment M, it can be 
replaced by an equivalent vertical load at an eccentricity from the 
centroidal axis. If the eccentricity is within the kern points (C13 from 
either edge for a rectangular footer), the soil stress may be assumed 
to be similar to that shown in Fig. 11.45a and the maximum soil 
pressure is predicted by Eq. (11.40). 

qrnax = PIA + PeclIx = PIA(1 + eclr) (11.40) 

where Ix is the moment of inertial of the footer area about the centroidal 
axis; rx = Vl)A; and the design criterion for footer sizing the footer 
is Eq. (11.41). 

(11.41) 

When the eccentricity of loading falls outside the kern points, then 
only a portion of the footer resists the vertical load. Part of the pressure 
distribution becomes negative, but no tension forces can be transferred 
between the soil and concrete. For rectangular footings, the pressure 
distribution of Fig. 1l.45b may be assumed and the maximum soil 
pressure may be estimated by Eq. (11.42). 

(11.42) 
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w(Lood/Unit Length) 

Fig. 11.46. Continuous wall footing. 

11.11.4.2 Footer Size. The design criteria for determining the thick­
ness and reinforcement requirements for the footer depend upon the 
type footer and are based upon the ultimate design stress theory of 
reinforced beams. The footer section must be large enough such that 
diagonal shear capacity, punching shear capacity, and moment capac­
ity of the concrete are not exceeded. Since the criteria vary somewhat 
with the type footer, specific criteria will be discussed separately for 
each type. 

11.11.5 Footer Types 

The two main footer types encountered in agricultural buildings are 
continuous wall footers and single column footers. Both reinforced and 
nonreinforced concrete footers of both types are common. For example, 
silo foundations require reinforced wall footings, whereas footer pads 
for pole structures are usually unreinforced column footings. Typical 
wall and column footings are illustrated in Figs. 11.46 and 11.47. 

p 

Column 

Footing 

1--1 
Fig. 11.47. Rectangular column footer. 
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11.11.6 Design of Wall Footings 

Wall footings usually support a foundation wall which may be either 
solid concrete or masonry supporting stud framing. The load on such 
footings in agricultural structures may usually be considered as being 
uniformly distributed. If the footer load per unit length is w, the footer 
width b is estimated by Eq. (11.43). 

(11.43) 

A flexural analysis determines the thickness and reinforcement re­
quirements for the footing. By assuming the footer in Fig. 11.46 to be 
two cantilever beams of length bl2 the maximum shear and moment 
would occur at the center of the wall. However, the rigidity provided 
by the wall shifts the critical section for the bending moment to the 
faces of the wall and the critical section for shear to a distance d from 
the wall faces. At these points, the expressions for the moment and 
shear per unit length of foundation wall, Mu and Vu, are 

Mu = qu (l)(b - a)2/8 

Vu = (qu)(1)(bI2 - al2 - d) 

(11.44) 
(11.45) 

where qu is the factored ground pressure per unit length of footer. 
Since shear reinforcement is usually avoided in footings, footer depth 

d 1 and reinforcement depth d are often controlled by the shear strength 
of the concrete, Vc = 2 Vfc( bd) with f~ in psi, and are estimated by 
equating the factored shear force ofEq. (11.45) to the allowable concrete 
shear stress <j>Vn = <j>Vc. Solving the equality for d yields 

d = [(b - a)/2]/[<j>(2Vfcblqu + 1)] (11.46) 

Once d is known, the steel area required in the direction normal to 
the wall is calculated by simply setting Mu = <j>Mn as in any reinforced 
concrete beam. Longitudinal steel is required for temperature and 
shrinkage control. The ACI code recommends a minimum steel area 
of 0.0020(bd) for Grade 40 or 50 deformed bars. 

In many agricultural buildings the foundation loads are so light that 
footers between 10 and 20 in. (250 and 500 mm) wide are adequate. 
In such cases reinforcement is generally not required in the lateral 
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Fig. 11.48. Critical sections for column footers. 

direction and two No.4 bars are sufficient in the longitudinal direction. 
A "rule of thumb" for lightly loaded footers is to construct them twice 
as wide as the foundation wall and as deep as the foundation wall is 
wide. 

11.11.7 Design of Column Footings 

Column footings in agricultural structures are usually square or round. 
Unreinforced round footers are frequently used under pole-type struc­
tures. When larger loads occur and footer reinforcement is necessary, 
square footers are most common. 

If the column load is P, then the required footer area is A = Plqa' 
The thickness of the footer is usually dictated by the flexural shear 
(diagonal tension) or the punching shear. Footer reinforcement re­
quirements are determined by the moment capacity in the two direc­
tions parallel to the footer sides. 

The column in Fig. 11.48 has a tendency to punch through the footer 
line along lines mn and op which make an approximate angle of 45° 
with the horizontal. This behavior is called punching shear and must 
be resisted by the concrete. The average punching shear stress can be 
estimated by assuming the fracture line to occur at a distance d/2 from 
all the column faces. From equilibrium of the column and the footer 
free body cut at a vertical section through rstu, the average punching 
shear stress vup is 
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(11.47) 

where lo is the perimeter of rstu = 4( a + d). The allowable shear stress 
in punching shear, in psi, is vcp = 4Vfc for f~ in psi. This is greater 
than the allowable shear stress in flexural members subject to one­
way action and is the consequence of increased concrete strength under 
the triaxial state of stress induced in the vicinity of the column. The 
design requirement for punching shear is 

(11.48) 

or 

(11.49) 

The critical section for flexural shear is at a distance d from the faces 
of the column. Section xy in Fig. 11.48 taken along the shorter dimen­
sion of a rectangular footer is the critical section. If the distance xy is 
b, the design criteria for flexural shear of column footers is identical 
to Eqs. (11.45) and (11.46) for wall footers with the unit length term 
replaced by the column dimension normal to b. 

The critical sections for the moment capacity of the footer are at the 
column faces for concrete columns resting directly on concrete footers 
and halfway between the column face and steel baseplate for steel 
columns resting on concrete footers. The moment capacity, and rein­
forcement requirements, are equal in both directions in a square col­
umn. In a rectangular footer the factored bending moment and rein­
forcement needs will be greatest on a cross section parallel to the short 
side of the footer. The procedure for evaluating the reinforcement re­
quirements is identical to that for wall foundations. Equation (11.44) 
estimates the factored moments in both directions and application of 
Eq. (11.1) yields the reinforcement requirement in both directions. 

Punching shear or flexural shear usually control the footer thickness. 
Thus, the design procedure is to evaluate d based on shear require­
ments and then to evaluate the steel area needs. 

For lightly loaded structures, reinforcement is often unnecessary in 
column footers. The following rules of thumb serve as guidelines for 
such cases. Footers up to 3 ft (0.91 m) square generally require no 
reinforcement. Referring to Fig. 11.47, the footer thickness d is usually 
the larger of8 in. (203 mm) or l.5(e). Adequacy of plain column footers 
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Fig. 11.49. Keys for footers. 

is usually assured if the unfactored maximum flexural stress in tension, 
in psi, is less than 1.6v[;:, where r; is in psi. 

11.11.8 General Requirements 

Reinforced footers must be checked for adequate development length, 
cover, and spacing of reinforcement. In footers the minimum cover is 
3 in. (76 mm) and the maximum reinforcement spacing is the smaller 
of 3d or 18 in. (451 mm). Development length requirements are the 
same as for beams. 

Foundation walls must often resist the horizontal thrust at the base 
of a structural wall. Resistance to horizontal movement of the footer 
and foundation wall is provided by the lateral resistance of the soil. 
The lateral soil resistance may be conservatively estimated as 250 psf 
(12 kPa) for most foundations. Alternatively it may be predicted by 
Rankine's equation for passive pressures or by reference to Table 10.17 
in the timber design chapter. Keying is recommended to prevent sliding 
between the wall and footer (see Fig. 11.49). The bottom of all footers 
should be placed on undisturbed or carefully compacted soil and should 
extend below the frost line. 

Example 11.12. Footer Design. A steel bin, 15 ft (4.57 m) in di­
ameter by 20 ft (6.10 m) high, is supported by four equally spaced 
columns. If the stored material has a density of 80 pcf (1280 kg/m3) 
and the average bin wall thickness is 0.0625 in. (1.6 mm), design a 
square concrete footing for one of the columns. Assume the bottom of 
the footer is 1 ft (305 mm) below grade and rests on a hard clay soil. 
Design the footer for gravity loads only. Do not consider the effect of 
wind loads. Assume the columns are steel sections with an 8 x 8 in. 
(203 x 203 mm) square base plate and that r; = 4,000 psi (28 MPa). 
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Solution 

a. Estimate the loads. 

DL = (volume of bin wall) x (mass density of steel) 
= [21T(7.5)(20)(0.0625112) + 2( 1T)(7.5)2(O.0625/12)](491) 
= 3300 lb (14.7 kN) 

LL = (bin volume) x (mass density of stored material) 
= (1TR 2h)-Yg = 1T(7.5)2(20)(80) 
= 283 k (1.26 MN) 

P = DL + LL = 286 k (1.27 MN) 

Evaluating the factored column load, 

Pu = 1.4DL + 1.7LL = 486 k (2.16 MN) 

b. Determine the footer area A and dimension b. 

A = t(DL + LL)lqa = t(286,000)/4000 
= 17.88 ft2 (1.66 m 2) 

b = vA = 4.25 ft (1.3 m) = 51 in. (1.3 m) 

c. Determine the required footer thickness. 
i. For punching shear, assume that the critical section is at 

dl2 from the edge ofthe base plate. Then the factored punch­
ing shear stress may be calculated with Eq. (11.47). 

Vup = [(486,00014)/(4(8 + d)d)] = 30,375/[d (8 + d)] 

The allowable concrete shear stress, vcp = 4 v'fc = 
4 Y4000 = 253 psi (1.74 MPa). By equating vup to <j>vcp, the 
required distance d between the top of the footer and the 
tension steel equals 8.5 in. (216 mm). 

11. For flexural shear, assume that the critical section is at d 
from the edge of the base plate, then the average ultimate 
shear force may be calculated by Eq. (11.45). 

Vu = (Pj4A) (b/2 - a/2 - d)(b) 

= [486,0001(4 x 512)][5112 - 8/2 - d][51] 
= 2382 (21.5 - d) 

and directly the average ultimate shear stress becomes 
Vu = Vjbd = 45.81 (21.5Id - 1) The ultimate shear 



www.manaraa.com

Problems 537 

strength <pun equals 

<puc = 0.85(2)~ = 0.85(2)v' 4000 = 108 psi (740 kPa) 

Equating Uu = <pun> the required depth d for flexural shear 
equals 6.4 in. (163 mm). Thus punching shear controls and 
the required depth d equals 8.5 in. (216 mm). 

d. Determine steel area requirements. Assuming the effective col­
umn width to be 7 in. (152 mm), the factored moment Mu can 
be evaluated with Eq. (11.44). 

Mu = qu(b)(b - a)2/8 
= [48614 x 512][51][51 - 7]2/8 
= 576 k-in. (65.1 kN-m) 

Using the procedures discussed in Section 11.4.5 for beam de­
sign with band d known, evaluate the parameters Muf(fc' bd2) 

and w - 0.59 w2• 

w - 0.59 w2 = Muff~ bd2) 

= 576,000/[4000(51)(8.5)2] = 0.039 

Thus w = 0.040. 
By definition of wand for Grade 40 steel reinforcement, evaluate 
the steel ratio, p 

p = f~/t;, w = (4000/40,000)(0.040) = 0.0040 

From the definition of p, the steel area, As = p( bd) = 0.0040(51)(8.5) 
= 1.73 in.2 (12.1 cm2). Thus, use six No.5 bars (both ways) with 
As = 6(0.31) = 1.86 in. 2 (12.0 cm2) spaced 9.2 in. (230 mm) apart 
with 3-in. (76-mm) cover on all sides and bottom. The footer 
design is illustrated in Fig. 11.50. 

Since the bars in the transverse direction are above those in the 
longitudinal direction, the top bars are placed at 8.5 in. (216 mm) below 
the top surface and the bottom bars are 9.25 in. (235 mm) below the 
top. The total footer depth is 12.5 in. (318). 

PROBLEMS 

11.1. For a rectangular reinforced concrete beam section with di­
mensions, b = 8 in. (203 mm) and d = 10 in. (254 mm), f~ = 4 
ksi (28 MPa), and fy = 40 ksi (280 MPa): 
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Fig. 11.50. Example 11.12-Footer design. All dimensions are in in. (mm). 

a. Determine the balanced steel area. 
b. Determine the allowable steel area. 
c. Select the reinforcing bars required for the allowable 

steel area. 
d. Determine the balanced moment capacity. 
e. Determine the allowable moment capacity. 
f. If the section is used as a simply supported beam with 

a span of 10 ft (3.04 m), determine the magnitude of 
the factored allowable uniform live plus dead load com­
bination. 

g. What allowable live load can the section carry in ad­
dition to its own dead load? 

11.2. If the 3 in. (76 mm) x 4 in. (102 mm) notch in the section of 
Fig. 11.19 were replaced with concrete and if the 3 in. (76 
mm) x 3 in. (76 mm) solid portions at the top of the section 
were removed: 

a. Determine the depth of the compression block at bal-
ance. 

b. Determine the allowable steel ratio. 
c. Determine the moment capacity at balance conditions. 
d. Determine the allowable moment capacity at the al­

lowable steel ratio. 
e. Determine the moment capacity for the three No.7 

reinforcing bars. 
f. Determine the allowable uniform live load the section 

can carryover a 10 ft (3.04 m) simply supported span 
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in addition to its own dead load if As = 0.75Asb, f'c = 4 
ksi (28 MPa), and fy = 50 ksi (340 MPa). 

g. How would the solution to 2f differ if fy = 40 ksi (280 
MPa)? 

11.3. Design an economical rectangular reinforced section to carry 
a uniformly distributed live load of 500 lb/ft (680 N/m) over a 
simply supported span of 12 ft (3.66 m). Use f; = 4 ksi (28 
MPa) and fy = 40 ksi (280 MPa). 

11.4. Determine whether the column section of Fig. 11.24 is long or 
short if it is used as a single independent section completely 
pinned at each end and is 10 ft (3.05 m) long. 

11.5. Determine the location of the plastic centroid of the section of 
Fig. 11.25 if the steel area is replaced with seven No.6 rein­
forcing bars and if f; = 4 ksi (28 MPa) and fy = 40 ksi (280 
MPa). 

11.6. For a rectangular reinforced concrete beam with b = 4 in. (102 
mm), d = 6 in. (152 mm), two No.5 bars located at d, an overall 
depth of 7.5 in. (191 mm), fc = 3 ksi (21 MPa), and fy = 40 ksi 
(280 MPa): 

a. Show whether the steel yields and explain why. 
b. Show whether the steel reinforcement limitations are 

met. 
c. Sketch the tensile and compressive stresses and strains 

acting on the cross section at ultimate capacity. 
d. Calculate the magnitude of ultimate moment capac­

ity. 
e. Calculate the magnitude and the allowable uniformly 

distributed live load the beam can carryover an 8 ft 
(2.44 m) simple span. 

11.7. Repeat Problem 11.6 if the steel reinforcement is three No.5 
bars. 

11.S. A reinforced concrete section with b = 6 in. (152 mm), d = 6 
in. (152 mm), d' = 8 in. (203 mm), one No.7 reinforcing bar 
located at d, f; = 4 ksi (28 MPa), and fy = 40 ksi (280 MPa) 
is used as a 10 ft (3.04 m) simply supported beam in a beef 
confinement facility. If the design live load equals 250 lb/ft 
(340 N/m): 

a. Determine if the section is over- or underreinforced. 
b. Determine the allowable moment capacity of the sec­

tion. 
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Figure 11.51.. Problem 11. 12-Reinforced column section. All dimensions are 
in in. 

c. Determine the required moment capacity of the sec­
tion. 

d. Determine if the section is adequate to carry the de­
sign loads. 

11.9. Repeat Example 11.5 if the overall section size decreases to 6 
in. (152 mm) on a side and the steel is located 2 in. (51 mm) 
from each comer as in Fig. 11.24. 

11.10. Determine whether the short column cross section of Examples 
11.5 and 11.7 can safely carry an axial compressive live load 
of 50 k (222 kN) when the load is applied (a) at the plastic 
centroid; (b) at 2 in. (51 mm) to the right of the plastic centroid. 
(Solve analytically, then use the interaction diagram of Fig. 
11.33 to check your solution.) 

11.11. If the column section of Example 11.5 and Fig. 11.24 is sub­
jected to an axial compressive load of 20 k (89 kN) and a 
bending moment of 40 k . in. (4.5 kN . m), determine: 

a. The equivalent eccentric load for the column. 
b. The allowable axial load for the eccentric load. 
c. Whether the section is adequate to carry the loads. 

11.12. For the short column cross section of Fig. 11.51 in whichf~ = 4 
ksi (28 MPa) and fy = 40 ksi (280 MPa), determine: 

a. The location of the plastic centroid. 
b. The magnitude ofthe allowable axial compressive load 
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capacity for a load applied through the plastic cen­
troid. 

c. How frequently ties are needed in the column. 
d. The magnitude of the allowable combined axial com­

pressive load and moment capacity when the axial 
load is applied at a point 2 in. (51 mm) to the right of 
the plastic centroid. 

11.13. Determine the location and spacing of No.2 vertical stirrups 
for shear reinforcement for the beam section of Problem 11.1 
when it carries its maximum allowable uniformly distributed 
live load over a 10 ft (3.04 m) simple span. 

11.14. Determine the diagonal shear reinforcement required for the 
beam section and loads of Problem 11.3. Use No.2 vertical 
stirrups. 

11.15. Determine the diagonal shear reinforcement required for the 
beam section and loads of Problem 11.6 when carrying its max­
imum allowable live load over a simple span of 8 ft (2.44 m). 
Use No.2 vertical stirrups. 

11.16. Determine the diagonal shear reinforcement required for the 
beam section and loads of Problem 11.8. Use No.2 vertical 
stirrups. 

11.17. Evaluate the long-term design deflection for the beam in Prob-
lem 11.1g. Is this an acceptable deflection? Why? 

11.18. Evaluate the design deflection for the beam in Problem 11.6e. 
11.19. Evaluate the design deflection for the beam in Problem 11.8. 
11.20. Analyze the prestressed concrete beam section of Example 11.11 

and Fig. 11.43 if the area of prestressing steel is increased to 
0.6 in.2 (390 mm2). 

11.21. Design a square reinforced concrete footer for a 6 in. (152 mm) 
square column which carries an axial load of 80 k (356 kN). 
The footer rests on a medium stiff clay and is 2 ft (610 mm) 
below grade. Use f~ = 3 ksi (21 MPa) and fy = 40 ksi (280 
MPa). 

NOMENCLATURE FOR CHAPTER 11 
Ab Area of a single reinforcing bar, in. (mm) 
Ag Gross concrete cross-sectional area, in.2 (cm2 ) 

As Area of tension steel, in.2 (mm2) 

A; Area of compression steel, in.2 (mm2 ) 

Asb Area of steel at balance, in.2 (mm2) 

Asp Area of prestressing steel, in. 2 (mm2) 

Au Area of web, or shear, steel reinforcement, in.2 (mm2) 
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Ce, C 
Cs 

D 
Ee 
Es 
F 
F' 
/)Ji' 

L 
M 
MD 
ML 
Mn 
MLR 
Mu 
P 
Pb 

S 
T 
U 
V 
Ve 
Vep 
Vn 
Vs 
Vu 
Vup 
W 
a 

b 

Resultant compressive force in the concrete, k (kN) 
Resultant compressive force in the steel, k (kN) 
Dead load, k (kN) 
Concrete modulus of elasticity, ksi (GPa) 
Steel modulus of elasticity, ksi (GPa) 
Prestressing force, k (kN) 
Prestressing force after losses, k (kN) 
F - F' = prestressing loss, k (kN) 
Live load, k (kN) 
Bending moment, k . in. (kN . m) 
Dead load moment, k . in. (kN . m) 
Live load moment, k . in. (kN . m) 
Theoretical moment capacity of a section, k· in. (kN . m) 
Superimposed dead plus live load moment, k· in. (kN . m) 
Required moment capacity of a section, k . in. (kN . m) 
Concentrated load, k (kN) 
Theoretical axial compressive load capacity at balance 
conditions, k (kN) 
Dead axial load for a column, k (kN) 
Live axial load for a column, k (kN) 
Theoretical axial load capacity of a column, k (kN) 
Theoretical allowable axial compressive load at balance 
conditions, k (kN) 
Factored applied column axial load, i.e., l.4PD + 1.7PL , k 
(kN) 
Spacing between reinforcing bars, in. (mm) 
Tensile force, k (kN) 
Factored service load, k (kN) 
Shear force, k (kN) 
Shear capacity of plain concrete, Ib (kN) 
Allowable punching shear strength of concrete, Ib (kN) 
Theoretical shear capacity of a section, Ib (kN) 
Shear capacity of web steel, Ib (kN) 
Factored shear load, Ib (kN) 
Design punching shear force, Ib (kN) 
Wind load, k (kN) 
131c is distance between the compression edge and the lower 
extremity of the compressive stress block, in. (mm) 
131cb is distance between the compression edge and the 
lower extremity of the compressive stress block at balance, 
in. (mm) 
Width of a cross section, in. (mm) 
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d 

d' 
d' 

d" 

Nomenclature for Chapter 11 543 

Width of the web of a cross section, in. (mm) 
Distance from the compression edge to the neutral axis of a 
section, in. (mm) 
Distance from the compression edge and the neutral axis of 
a balanced section, in. (mm) 
Distance from compression edge of a member to the 
centroid of the tension steel, in. (mm) 
Total depth of a beam cross section, in. (mm) 
Distance from the compression edge of a member to the 
centroid of the compression steel, in. (mm) 
Distance between tension steel and the plastic centroid, in. 
(mm) 
Diameter of reinforcing bars, in. (mm) 
Eccentricity of applied load or resultant, in. (mm) 
Distance between applied axial load and the tension steel 
in a column section, in. (mm) 
Eccentricity of applied axial compressive load at balance, 
in. (mm) 
Compressive stress of concrete, ksi (MPa) 
Ultimate compressive strength of concrete, ksi (MPa) 
Initial compressive strength of concrete in prestressed 
applications, ksi (MPa) 
Ultimate flexural compressive strength of concrete, ksi 
(MPa) 
Allowable stress in prestressing steel, ksi (MPa) 
Ultimate strength of prestressing steel, ksi (MPa) 
Steel tensile stress, ksi (MPa) 
Tensile strength of concrete, ksi (MPa) 
Yield strength of steel, ksi (MPa) 
Ratio of the distance between outer rows of longitudinal 
reinforcement in column sections to the overall dimension 
of the section 
Development length for reinforcing steel, in. (mm) 
Equivalent development length for standard hooks, in. 
(mm) 
Bearing load, psf (kPa) 
Allowable soil bearing strength, psf (kPa) 
Maximum soil pressure, psf (kPa) 
Spacing betwen web stirrups, in. (mm) 
Average concrete shear strength, psi (kPa) 
Allowable punching shear stress, psi (kPa) 
Average factored shear stress, psi (kPa) 
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Esy 

1 

Ps 

Pw 
(J' 

Average punching shear stress, psi (kPa) 
Uniformly distributed load, klft (kN/m) 
Uniformly distributed dead load, lb/ft (kN/m) 
Uniformly distributed superimposed live plus dead load, 
lb/ft (kN/m) 
ale 
Design deflection of a beam, in. (mm) 
Immediate dead load deflection, in. (mm) 
Immediate live load deflection, in. (mm) 
Immediate long-term live load deflection, in. (mm) 
Compressive strain in the concrete 
Ultimate concrete compressive strain 
Compressive strain in the steel 
Strain in the compression steel 
Yield strain of steel 
Distance between the compressive and tensile resultants in 
a beam cross section, in. (mm) 
Creep factor for long-term live loading 
Creep factor for dead loading 
Capacity reduction factor for a concrete section 
Ratio of steel to gross concrete area 
Ratio of steel to gross concrete area at balance conditions 
Ratio of prestressing steel to gross concrete area above 
centroid of steel 
Ratio of spiral column lateral reinforcement steel 
ratio == volume of spiral steel per loop -;- volume of concrete 
enclosed by each spiral loop 
As/bwd = steel ratio of shear reinforcement 
Normal stress, ksi (MPa) 
Initial flexural prestress, ksi (MPa) 
Final flexural stress after prestress losses, ksi (MPa) 
Prestress losses, ksi (MPa) 
Shear stress, ksi (MPa) 
Constant for a standard hook 
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Page numbers in italic indicate illustrations or tables. 

A36 steel, 213-14 
design aids for columns of, 222-

23,224-29 
stress-strain curves for, 215 

Adhesive connectors, 188,189 
Agricultural Engineers Yearbook of 

Standards, 136 
Allowable stress, 8 

on cold-formed steel, 302-5, 314 
on connectors, 264, 265, 267, 348, 

350,351,352 
on hot-rolled steel, 212, 222-23, 

224-28,234-50 
on reinforced concrete, 522, 523 
on timber, 370,371-79,395 

American Concrete Institute (AC!), 
457,469,472,504,510,520,527 

American Institute of Steel 
Construction (AISC), 210, 218, 
243-44 

American Institute of Timber 
Construction (AITC), 360, 426 

American Iron and Steel Institute 
(AISI), 210, 299 

American National Standards 
Institute (ANSI) standards, 
127 

load combinations, 128-29 

snow loads, 139, 143, 144, 145 
wind loads, 149, 151, 152, 155, 

156, 157 
American Plywood Association 

(APA),360 
Analysis, and design concepts, 1-5. 

See also Free body analysis; 
Load(s); Stress analysis 

Angle, cold-formed steel, 286 
equal, with stiffened legs, 293 
equal, with unstiffened legs, 294 

Applied stress, 8 
Arches 

area-moment equations applied to, 
108 

in granular masses, 170-73,174, 
175 

Area-moment analogies and bending 
deformations, 80-86 

Area-moment analysis of 
indeterminate frames, 92-108 

applications, 94-98 
concepts, 92-94 
theorem examples, 98-108 

Area property of steel sections, 308 
Axial loads on joints, 187, 188-90 

combined with in-plane moments, 
194-96 

545 
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Axial loads on joints (Cant.): 
combined with out-of-plane 

moments, 196-99 
Axial stress, 8, 9 

in timber, 363, 364,400-405 
in trusses, 33-34 

Axis bending in steel sections, 
allowable flexural stresses in, 
236 

Balance conditions, reinforced 
concrete, 475,476,477 

Barre, H. J., vii 
Bars, summation of, in a compound 

truss, 40, 41-43 
Beam-columns 

cold-rolled steel, 344-46 
hot-rolled steel, 258-63 

problems examples, 260-63 
timber, 400-405 

problem examples, 403-5 
secondary moments in, 403 
truss, 425, 426 

Beam(s). See also Beam-columns; 
Column(s) 

area-moment analysis, 108, 109, 
110 

dead-load carrying capacity of, 132 
Beam(s), cold-formed steel 

allowable loads on, to prevent web 
crippling, 317-18 

with lateral bracing, 314-23 
laterally unsupported beams, 325-

31 
Beam(s), hot-rolled steel 

allowable flexural stresses in, 
242-43,244-45 

allowable loads in, 246-49 
allowable moments in, 250-51, 

252-53 
buckling of, 211, 212 
flexural design of steel, 234-58 
laterally braced and unbraced, 

257-58 
laterally supported, 256-57 

selection of, using beam load 
tables, 249,250 

selection of, using design aids, 
254-56 

selection of, using moment charts, 
251,254 

Beam(s), reinforced concrete, 456, 
457 

analysis of singly reinforced 
nonrectangular beam, 481-83 

analysis of singly reinforced 
rectangular beam, 476-81 

deflection control in, 513-18 
design of singly reinforced 

rectangular beam, 483-86 
prestressed,518-27 
shear reinforcement for, 505-10 
working strength vs. ultimate 

strength methods for 
designing, 470 

Beam(s), timber, 389-400 
allowable horizontal shear stress 

for, 395 
laterally braced, 390-98 
laterally unbraced, 398-400 
shear stress a!ljustments, 394 
two-beam action, 392, 395 

Bearing stresses, on flexural steel 
members, 241,242 

Bending,defined,63 
Bending deformation, 63-90 

application of deformation 
equations, 72-80 

area-moment analogies, 80-86 
curvature and bending, 64-65 
definitions, 63-64 
displacements, 68-70 
due to bending moment, 71-72 
elastic line deformation sketches, 

86-87 
nomenclature, 90 
problems, 87-90 
rotations, 65-68 
sign conventions for, 70-71 

Bending effect j3(beta), 63-64, 65 
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Bending moment 
deformation due to, 71-72 
diagram of, 82 

Bending stress, 8, 10. See also 
Moment diagrams; Shear 
diagram 

Bernoulli, John, 54 
BOCA Basic General Building Code/ 

1975, 135, 138 
Bolted connections, 263-65 

for cold-formed steel, 348, 350-52 
allowable stresses on, 351, 352 

for hot-rolled steel 
allowable stresses for, 264 
bearing type, 263,264 
example, 269-73 
friction type, 263 
minimum edge distances, 265 

for timber, 414-21 
allowable loads on, 415-16 
example problems, 414-21 
spacing definitions, 419 
two-, three-member joints, 417, 

418 
Box-type steel sections 

allowable flexural stress in hot­
rolled,236 

cold-formed, 286 
Bracing Wood Trusses: Commentary 

and Recommendations, 435 
Buckling of steel sections, 211-12. 

See also Post-buckling 
cold-formed, 284,296,297-99 

local, in UCEs, 319-20 
hot-rolled, 211-12 

design for no local, 216-21 
Buckling of timber sections, 385 
Building Code Requirements for 

Reinforced Concrete, 457, 514, 
523 

Building codes on loads, 127-28 
Building materials, dead loads of, 

130-32 
Building Officials and Code 

Administrators (BOCA), 127 

Index 547 

Butt joint, 186,187,190 

Cantilevered bracket, area-moment 
bending deformation, 82,83,84 

Cantilevered frame, computing 
bending deformation in, 75-76, 
77 

Cantilevered member, computing 
bending deformation in 

bent by end moment, 74, 75 
bent by intermediate couple, 74-

75,76 
Carry-over moment (COM), 114-15 
Castigliano, Alberto, 54 
Channel, cold-formed steel, 286 

with stiffened flanges, 287 
two, with stiffened flanges back­

to-back,291 
two, with unstiffened flanges 

back-to-back,292 
with unstiffened flanges, 288 

Checking of design adequacy, 3 
Cold-formed steel design, 283-

357 
allowable stresses in, 302-5 
axially loaded compression 

members, 331-44 
beam-columns, 344-46 
cold-formed vs. hot-rolled steel, 

209-10,284-302 
connectors, 346-52 
effective widths of SCEs, 305-7 
flexural members, 314-31 
introduction to, 283-84 
maximum flat-width ratios for 

section elements, 307, 308 
nomenclature, 355-57 
problems, 352-55 
properties of sections with thin 

elements, 308-14 
types of, and strength properties, 

299,300,301 
Cold Formed Steel Design Manual, 

309,317,318,349,350,351,352 
Collapse mechanism, 34,35 
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Collinear members complex truss, 
48-50 

Column analogy analysis of 
indeterminate frames, 120 

Column Research Council (CRC) 
equations, 218, 219, 220 

Column(s), cold-formed steel, 331-
44. See also Beam(s); Beam­
columns 

cylindrical tubular members, 344 
introduction, 331-32 
torsionally stable, 332-38 
torsionally unstable (point 

symmetric sections), 344 
torsionally unstable (single 

symmetric/unsymmetric 
sections), 338-43 

Column(s), hot-rolled steel, 223-34. 
See also Beam(s); Beam-columns 

allowable compressive stress, 229 
allowable loads, extra-strong pipe, 

226 
allowable loads, standard pipe, 

227 
allowable loads, weak axis, 224-

25 
axial load, 228 
buckling strength of, 216-21 
design aids for A36, 222-23, 224-

29 
design illustrations, 231-32, 233-

34 
effective slenderness ratios, 221-

22 
selection illustration, 223-31 

Column(s), reinforced concrete, 486-
505 

composite behavior, 471, 472 
foundation footers, 531, 533-35 
general requirements, 486-88 
short centrically loaded analysis, 

488-91 
short eccentrically loaded 

analysis, 491-505 
types, 487 

Column(s), timber, 384-89. See also 
Beam(s), timber; Beam-columns, 
timber; Pole buildings 

allowable compressive stress with 
slenderness factor, 386 

definition sketch, 384 
effective length of, 387 
problem examples, 387-89 
slenderness factors, 387 

Combined loading. See Beam­
columns 

Compact steel sections, allowable 
flexural stresses on, 235-36, 239 

Complex truss, 36, 40-41 
stress analysis of 

collinear members method, 48, 
49,50 

simultaneous equations method, 
47 

undetermined member stress 
method, 47, 48 

Components and cladding, wind 
pressures on, 156-57, 160 

Compound truss, 36, 38, 39, 40 
stress analysis of, 46, 47 

Compression (C) 
on reinforced concrete, 462, 463, 

464,469 
on trusses, 45 

Compression elements, stiffened! 
unstiffened. See Stiffened 
compression elements (SCE); 
Unstiffened compression 
elements (UCE) 

Compression member design. See 
also Column(s) 

cold-formed,331-44 
hot-rolled steel, 216-34 
timber, 362, 365, 384-89 

Computer-based commercial design 
systems, 53 

Concentric structural joint, 434 
Concrete, materials and behavior, 

461-69 
allowable stresses on, 523 
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curing, 465, 466, 467 
slump ranges, 462 
summary of properties, 469 
trial mixes for, 468 
water-cement ratio, 462,463, 

464 
Conjugate Frame Analogy, 81 
Connectors. See Structural 

connectors 
Continuous connectors, 186 
Coplanar structure, 7. See also 

Statically indeterminate 
coplanar frames, analysis of 

force/stress equilibrium equations 
for static, 13-15 

kinds of stresses in, 8, 9, 10 
Comers, cold-formed steel, 285, 299, 

301 
Corrugated sheet, cold-formed steel, 

286 
Coulomb's equation, 162, 164 
Critical form, 48-50, 51 
Cross bracing and stiffeners for 

timber trusses, 435 
Curvature 

bending and, 64-65 
defined,63 

Cut-and-try process, 3, 4 

Dead loads, 128, 129-34 
concrete slat example, 129, 130 
specific material, 130--32 
steel beam example, 132 
truss, 132,133, 134 

Deflection, control of, in reinforced 
concrete beams, 513-18 

equivalent moment of inertia, 
516-18 

maximum permissible computed, 
514 

minimum thickness of 
nonprestressed beams or one­
way slabs, 515 

multipliers for long-term 
deflection, 516 

Index 549 

Deflection, flexural steel member, 
241-43 

Deflection, truss, 54-59 
calculations, 58, 59 
real and ideal trusses, 54 
virtual work, 54-59 

Deformation equations, 
applied to areas/moments of areas, 

80-86 
applied to bending effects, 72-

80 
Degree of indeterminacy, 91 
Design, 1-5. See also Design aids 

guides, aids, and shortcuts, 4-5 
objectives of, and analysis, 1-2 
philosophy, 3-4 
procedures, 2-3 

Design aids, 4-5 
for A36 steel columns, 222-23, 

224-29 
computerized, 53 
for structural steel, 243-51 

Design and Control of Concrete 
Mixtures, 462, 463, 464 

Design drawings, final, 3 
Design Specifications for Metal Plate 

Connected Wood Trusses, 431, 
432 

Design Values for Wood 
Construction, 373, 375, 378 

Design of wood structures, 361 
Development length, for concrete 

reinforcement bars, 511-13 
basic lengths, 512 
definition sketch, 511 
minimum bend diameters, 513 
values for standard hooks, 512, 

513 
Direction of a force, 10 
Discrete connectors, 186, 188,189 
Displacement (geometrical) analysis 

of indeterminate frames, 120 
Distributed moment, 113. See also 

Moment distribution analysis of 
indeterminate frames 
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Distribution factor, 114 
Dynamic equilibrium, 13 

Edge-stiffened, cold-formed steel 
sections, 297,298 

Effective slenderness ratios, of 
columns, 221-22 

Elastic line 
bending deformations, 68-70, 80, 

81 
bending deformation sketches, 73, 

86-87 
defined,63 
direction of, defined, 63 
effects of bending on (rotation), 

66-68 
Euler buckling in noncompact steel 

sections, 237, 238 
Euler buckling stress equations, 

217-21,386 
External load, 8, 13 

Farm Structures, vii 
Fink truss configuration, 53 
Fixed end bending moment (FEM), 

111 
Fixed-end members, area-moment 

equations applied to, 108, 109, 
110 

Flexural member design, cold­
formed steel, 302-5, 314-31 

beams with adequate lateral 
bracing, 314-23 

laterally unsupported beams, 325-
31 

Flexural member design, hot-rolled 
steel, 211,212, 234-58 

allowable stresses, 235-41 
summary of, 239-41 

bearing stresses, 241,242 
combined with axial compression, 

258-63 
deflection, 241-43 
design aids, 243-51 

beam selection with, 254-56 

illustrations of, 251-58 
section properties, 244-45 
shear stresses, 241 

Flexural member design, reinforced 
concrete, 465-74 

flexural behavior, 465,469 
ultimate strength method, 474-86 
working stress vs. ultimate stress 

methods, 465-69,470 
Flexural member design, timber, 

362,363,364,365,389-400 
combined loading, 400-405 
laterally braced beams, 390-98 
laterally unbraced beam, 398-400 

Flexural stress. See Flexural 
member design 

Floors 
agricultural building loads, 135, 

136--37 
minimum uniformly distributed 

loads, 134--35 
Flow patterns of granular materials 

in bins, 176-79 
Fluid pressure problem, 161, 

162 
Footers, foundation 

area, 528-30 
keys for, 535 
pressure distribution under 

eccentrically loaded, 530 
problem examples, 535-37 
size, 531 
types, 531 

Force. See also External load; 
Internal stresses; Reactions 

equilibrium of, 13-14, 15 
signs and symbols describing, 10-

13 
Force (equilibrium) analysis of 

indeterminate frames, 120 
Foundations for reinforced concrete, 

527-37 
allowable bearing capacity of soils, 

528,529 
column footings design, 533-35 
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footer design criteria 
area, 528-30 
size, 531 
types, 531 

general requirements, 535-37 
introduction, 527-28 
loads, 528 
wall footings design, 532-33 

Frame(s) 
analysis of indeterminate. See 

Statically indeterminate 
coplanar frames, analysis of 

bending deformation of 
cantilevered, 75-77 
simply-supported, 84-86 
three-hinged, 79-80 
two-hinged,76-79 

free body analysis of 
entire frame, 20, 21 
parts of, 22 

Free body analysis, 20-23 
diagrams. See Free body diagrams 
graphical, 52 
inflection point, 27 

Free body diagrams, 15-18 
frames, 21, 22 
granular mass, 163, 174 
joint, 16, 17 
one-hinge frame, 101 
two-hinged drawbar frame, 

105 
Frictionless hinge, 18 
Frictionless roller, 18 
Funnel flow, 176 

Glued joints, 421-23 
Granular materials, loads exerted 

by, 160-61 
depth of transition from shallow to 

deep bin, 173-76 
dynamic pressures, 176-79 

moist materials, 177-78 
silage, 178-79 

properties of granular materials, 
168 

Index 551 

with bridging, 170-73 
without bridging, 162-70 

Ground snow load, 138-40 
ground-to-roof relationship, 142-

43 
Guide to Proportioning, Mixing, and 

Placing Cement, 462, 465 
Gusset plates, 186-87 

Handbook of Building Plans, 5 
Hankinson's equation, 380 
Hat sections, cold-formed steel, 286, 

295,314,315,323 
Heat-treated construction alloy 

steels, 214 
Heat-treated high strength carbon 

steels, 214 
High strength-low alloy steels, 214 
Hingleless frame, area-moment 

analysis of, 95 
Horizontal member, shear/moment 

diagrams for, 25 
Hot-rolled steel design 

bolted connections, 263-65 
vs. cold-formed, 209-10, 284-302 
combined axial compression and 

flexural stress (beam 
columns), 258-63 

compression members, 216-34 
design aids, 243--51 
flexural member design, 234-58 
introduction to, 209-10 
mechanical properties of 

structural steel, 213-15 
nomenclature, 278-81 
problems, 276-78 
stability of steel sections, 211-12 
stiffenedlunstiffened compression 

elements, 213 
stress-strain curves, 214, 

215 
tension members, 215-16 
welded connections, 265-76 
working strength design 

philosophy, 210-11 
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Howe truss configuration, 53 
Hurricanes, 147 

Ideal vs. real trusses, 52 
truss deflection, 54-59 

Immovable base, 18 
Importance factor (l), 139, 140 
Inflection points, 27 
In-plane moments, 187 

combined with axial forces on 
joints, 194-96 

joints with, 190-94 
Internal stresses, 13 

applied to trusses to test for 
indeterminacy, 50-51 

Investigation of design adequacy, 3 
I-section 

stiffened,321 
unstiffened, 320 

Janssen's equation, 170, 171-72, 
173 

Joint(s) 
axially loaded, 187, 188-90 
classes of structural, 186-88 
combined axial and in-plane 

moment forces, 194-96 
combined axial and out-of-plane 

moments, 196-99 
concentric structural, 434 
evaluation of load capacity 

examples, 199-204 
free body diagrams, 16, 17 
glued,421-23 
with in-plane moments, 190-94 
lap, 186, 189, 190 
loads transferred by, 187 
metal plate connectors, 423-25 
multijoint structures, 116-19 
nailed,411-12,413 
number of, as a stability test, 41-

42 
translation, 119 
truss stress analysis, 43-52 

Kern point, 520 
Knee braces, for pole frame 

buildings, 437, 439 

Lap joint, 186, 189, 190 
Line elements, properties of, 309 
Liquids, loads exerted by confined, 

160, 161-62 
Live loads, 128, 134-37 

concentrated, 138 
floors, agricultural, 135, 136-37 
floors, minimum uniformly 

distributed, 134-35 
roof, 137, 139 

Load(s), 2, 127-83. See also Live 
loads; Loads on timber 

allowable, on cold-formed steel 
beams, 317, 318 

classification, 128 
combination of, 128-29 
dead, 128, 129-34 
exerted by confined liquids, 160-

62 
exerted by granular materials, 

160, 162-79 
external, 8, 13 
on foundations, 528 
nomenclature, 181-83 
problems, 180-81 
snow, 137-46 
wind, 146-60 

Loads on timber, 380 
design of load-carrying members, 

382-405 
duration, 365, 366, 367 

Low carbon steels, 213-14. See also 
A36 steel 

Lumber. See Timber design; 
Wood 

Magnitude of a force, 10 
Manual of Steel Construction, 132, 

210,243,244 
Mass flow condition, 176 
Maxwell diagram, 52 
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Mechanism, 34-35 
Metal plate connectors, 423,424, 

425 
Method of joints, 43-52 
Midline method for cold-formed steel 

section properties, 308, 310-14 
error introduced by, 314 

Midwest Plan Service (MWPS), 
4-5 

Moist granular materials, 177-78 
Moment. See Area-moment 

analogies; Area-moment 
analysis of indeterminate 
frames; Bending moment; In­
plane moments; Out-of-plane 
moments; Plastic moment of 
steel 

Moment capacity of composite 
reinforced concrete sections, 
474,475 

Moment diagrams, 23,24 
for horizontal member, 25 
moment-shear relationships, 26 
one-hinge frame, 101 
preparation of, 24-26 
two-hinge drawbar frame, 105 

Moment distribution analysis of 
indeterminate frames, 108-19 

computations, 115 
concepts, 110-15 
four-member rigid frame example, 

115-16 
joint translation, 119 
multijoint structure examples, 

116-19 
Moment of inertia property, 

calculation of equivalent, in 
reinforced concrete beams, 
516-18 

steel sections, 308 
Mountainous regions, snow loads in, 

140, 141, 142 
MUltijoint structures, moment 

distribution analysis of, 116-19 
computations, 117 

Index 553 

distribution factors/FEM in frame 
diagram for, 118 

Nails and spikes, 406-14 
double shear, 409,411,412-13 
lateral resistance, 406, 408-9,410 
load modification, 411,412, 

413 
problem examples, 411-14 
sizes, 406 
withdrawalloadlresistance,406, 

407, 407-8, 409 
National Building Code of Canada, 

143 
National Design Specification for 

Wood Construction (NDS), 360, 
361,382,408,412 

National Weather Service (NWS), 
138 

Nearly compact steel sections, 
allowable flexural stresses on, 
236,239 

Neutral axis (NA), of reinforced 
concrete, 456 

Nomenclature 
area moment and moment 

distribution analysis, 124-
25 

bending deformation, 90 
cold-formed steel design, 355-

57 
hot-rolled steel design, 278-81 
loads, 181-83 
reinforced concrete, 541-44 
stress analysis, 30-31 
structural connections, 206-7 
timber design, 452-54 
truss stress analysis, 61-62 

N oncompact steel sections, allowable 
flexural sections in, 236-39 

One-hinge frame, area-moment 
analysis of, 95, 96, 97 

theorem application example, 99-
105 
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One-hinge frame (Cant.): 
computed values, 102 
free body/moment diagrams for 

1m ' 
Out-of-plane moments 

combined with axial loads on 
joints, 196-99 

Plastic moment of steel, 209 
Point of application, force, 10 
Pole Building Design, 440 
Pole buildings, 436-48 

allowable lateral pressures for 
soil,440 

analysis, 441, 444 
knee brace for, 439 
lateral forces on, 438 
problem example, 443-48 
typical framing, 437 

Portland Cement Association (PCA), 
462,527 

Post-buckling, 285, 296, 297 
Pratt truss configuration, 53 
Pressure, wind, 151, 152 

coefficients, 152-54,155,156 
general patterns of, 154 

Prestressed concrete beams, 518-
27 

allowable stresses, 522, 523 
basic analysis procedure for 522 
basic behavior, 518-21 ' 
materials, 521-22 
stages of prestressing and stress 

distributions, 519 
ultimate strength of, 523-27 

Prestressed Concrete Institute 527 
Primary stresses, 52 ' 
Professional Design Supplement 5 
Punching shear, 533-35 ' 

Rankine active and passive states, 
164,165-68,173 

Reactions, 8, 13 
redundant, 91 

statically indeterminant 91 92 
93 ' , , 

Real vs. ideal trusses, 52 
truss deflection, 54-59 

Recurrence intervals (Rl), 140 
Reinforced concrete design, 455-544 

closure for, 527 
columns, 485-505 
deflection control in beams, 513-

18 
development of reinforcement 

511-13 
flexural members, 474-86 
foundations for agricultural 

, 

buildings, 527-37 
fundamental concepts, 465-74 
introduction, 455-58 
materials and behavior, 458-65 
nomenclature, 541-44 
prestressed beams, 518-27 
problems, 537-41 
shear reinforcement, 505-10 

Residual stresses, on steel, 218, 219, 
220 

Roof 
live loads on, 137,139 
snow loads 

effects of heat loss through 
roofs, 144-46 

ground-to-roof relationship, 
142-43 

roof slope effect, 143-44 
snow drifting, 144, 145 

wind pressures on, 154, 155, 156, 
156-57 

Rotation, elastic line 
bending and, 65-68 
defined,64 

St. Venant buckling, 237 
Sammet, L. L., vii 
Scissors truss configuration, 53 
Secondary stresses, 52 
Section modulus property of steel 

sections, 308 
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Sections, cold-formed steel 
compression elements. See 

Stiffened compression 
elements (SCE); Unstiffened 
compression elements (UCE) 

geometry of, 285,286,287-95 
maximum flat-width ratios for 

elements of, 307, 308 
properties of, with thin elements, 

308-14 
strain hardening, 285 

Sections, hot-rolled steel 
compression elements. See 

Stiffened compression 
elements (SCE); Unstiffened 
compression elements (UCE) 

stability of, 211-12 
Sections, reinforced concrete, 

moment capacity of, 474,475 
Shear diagram, 23,24 

for horizontal member, 25 
moment-shear relationships, 26 
preparation of, 24-26 

Shear reinforcement for reinforced 
concrete beams, 505-10 

definition sketch for, 507 
effects of shear stresses, 506 
stress states, 505,506 
torsional shear, 510 
web reinforcement example, 509-

10 
Shear stress, 8, 9 

double, on bolts, 415-16 
double, on nails, 409,411, 412-13 
on flexural members, 241 
on joints, 194-99 
punching, 533-34 
on reinforced concrete. See Shear 

reinforcement for reinforced 
concrete beams 

on timber, 362, 365 
Sign convention, 11,12, 13, 14 

for area-moment analysis, 102-3 
for bending deformation, 70-71, 

74 

Index 555 

for moment distribution, 114-15, 
116 

for truss deflection, 57, 59 
Signs and symbols, 10-13, 14. See 

also Sign convention 
reinforced concrete, 458 
shear/moment diagrams, 24 
stress analysis, 21-22 

Silage, 178-79 
Similitude in Engineering, 81 
Simple truss, 36, 37-38 

stress analysis of, 43, 44-45,46 
Simply supported frame, bending 

deformation of, 84, 85, 86 
SI units, viii 
Sketches, valid/invalid elastic line, 

73,86-87 
Slope-deflection analysis of 

indeterminate frames, 120 
Snow loads, 137-46 

ground, 138-40 
ground-to-roof relationship, 142-

43 
heat loss through roofs and, 144-

46 
in mountainous regions, 140-42 
roof slope effect, 143-44 
snow drifting, 144,145 
summary, 146 

Soil Conservation Service (SCS), 138 
Soil(s) 

allowable bearing capacity of, for 
foundations, 528, 529 

allowable lateral pressures for, 
and pole buildings, 440 

Solid steel sections, allowable 
flexural stresses on, 236 

Specification for the Design, 
Fabrication, and Erection of 
Structural Steel Buildings, 
210 

Specification for the Design of Cold­
Formed Steel Structural 
Members, 210 

Spikes. See Nails and spikes 
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Stable truss, 34-35 
Statically determinate structures, 7, 

35-36 
testing for determinacy in trusses, 

40-43, 50-51 
truss types, 36-40 

Statically indeterminate coplanar 
frames, analysis of, 91-125 

area-moment method, 92-108 
characteristics, 91-92 
moment distribution method, 108-

19 
nomenclature for, 124-25 
other methods, 119-20 
problems, 121-24 

Statically indeterminate structures, 
36 

testing for in trusses, 50-51 
Static equilibrium of forces, 13-14, 

15 
sign conventions for, 11, 12, 13, 

14 
Steel. See Cold-formed steel design; 

Hot-rolled steel design 
Steel reinforcing bars for concrete 

design, 455, 456, 457 
allowable stresses in prestressing, 

523 
materials and behavior of, 458-61 

Stiffened compression elements 
(SCE) 

in cold-formed steel, 284, 285, 286, 
296,297-99 

allowable stresses in, 304-5 
effective widths of, 305, 306, 307 
with NA closer to compression 

range, 323 
with NA closer to tension 

flange, 321-23 
in hot-rolled steel, 213, 216 

Stiffness factor, 112-13 
Stiffness modulus, 65 
Storms and wind loads, 147, 148 
Strain hardening, of cold-formed 

steel, 285 

Stress, statically indeterminate, 91, 
93 

Stress analysis, 2, 7-31. See also 
Load(s) 

Stress-strain forces on concrete, 
455-56,450 460,462,469 

rectangular beam, 476 
ultimate stress method, 473,474 

Stress-strain forces on steel, 
cold-formed, 299,301 
hot-rolled, 

compressive, 219 
curves, 214, 215 

Structural connectors, 185-207 
classes of connectors, 186 
classes of joints, 186-88 
for cold-rolled steel, 346-52 
combined axial and in-plane 

moments (superposition), 194-
96 

for hot-rolled steel, 263-76 
introduction to, 185-86 
joint load/carrying capacity 

(axially loaded joints), 188-
90 

joints with axial loads and out-of­
plane moments, 196-99 

joints with in-plane moments, 
190-94 

nomenclature, 206-7 
problems, 204-6 
special considerations/examples, 

199-204 
timber, 405-25 
welded. See Welded connectors 

Structural design, 2-3 
Structural Mechanics and Analysis, 

120 
Structures and Environmental 

lfandbook,5, 130, 176,435,439, 
459 

Superposition, 194 
Support conditions, 18-20 

seven elements illustrated, 19 
Symbols. See Signs and symbols 
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Tension member design 
cold-formed steel, 302-3 
hot-rolled steel, 215-16 
timber, 383-84 

Tension (T) and tensile stress 
onjoints, 196-97,198,199 
on reinforced concrete, 455-56 
on timber, 362, 363,364,365 
on trusses, 45 

Three-hinged frame, bending 
deformation of, 79,80 

Timber Construction Manual, 361, 
427 

Timber design, 359-454 
connectors, 405-25 
introduction to, 359-62 
load carrying member design, 

382-405 
nomenclature, 452-54 
pole buildings, 436-48 
problems, 448-52 
standard timber size and section 

properties, 380-82 
structural properties of timber, 

362-80 
trusses, 425-36 

Tornadoes, 147,148 
Total stress, 2, 7, 8 
Transformation mechanism, 34, 35 

critical form, 48-50 
Transition depths in shallow to deep 

bins, 173-76 
Translation, joint, 119 
Transverse shear stress, 9 

diagram of internal. See Shear 
diagram 

Trusses 
dead load capacity of, 132, 133, 

134 
stress analysis. See Trusses, stress 

analysis of coplanar statically 
determinate 

timber, 425-36 
concentric structural joint, 434 
cross bracing and stiffeners, 435 

Index 557 

definition sketch, 425 
effective buckling lengths, 

432 
estimating moments in, 431 
load combinations, 427, 429 
lower chords, 432 
truss analysis-stress reversal 

example, 427-36 
upper chords, 430, 431 

Trusses, stress analysis of coplanar 
statically determinate, 33-62 

commercial systems for stress 
analysis of, 53 

concepts/definitions, 33-36 
configurations, 42 
nomenclature, 61-62 
problems, 59-61 
real vs. ideal trusses, 52 
stress analysis, 43-52 
tests for stability/determinacy, 

40-43 
truss deflection, 54-59 
truss shapes, 52-53 
truss types, 36-40 

Truss-Plate Institute (TPI), 360 
Tube, cold-formed steel, 286 

compressive stress on column, 
344 

Two-hinged frame 
area-moment analysis of, 97, 98 

theorem application example, 
105-8 

bending deformation of, 76-77,78, 
79 

Ultimate Strength Design Handbook, 
504 

Ultimate stress design method 
(USD), for reinforced concrete, 
472-74 

design criteria, 473 
design strength, 473 
flexural member design, i 7 4-86 

analysis of rectangular beam 
with tension steel, 476-81 
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Ultimate stress design method 
(USD) (Cont.): 
analysis of singly reinforced 

nonrectangular beams, 481-
83 

balance conditions, 475,476, 
477 

design of singly reinforced 
rectangular beams, 483-86 

moment capacity of composite 
sections, 474-75 

prestressed beams, 523-27 
required strength, 472-73 
stress/strain distributions, 473, 

474 
vs. working stress method, 465-

69,470 
Uniform Building Code (UBC), 127, 

138 
Unstable truss. See Mechanism 
Unstiffened compression elements 

(UCE) 
cold-formed steel, 284, 285, 286, 

296, 297-99 
allowable stresses in, 303, 304 
with local buckling, 319-20 

hot-rolled steel, 213, 216 

Velocity of wind, 148, 149, 150, 151 
gust response factors, 152 

Virtual work, and truss deflection, 
54-59 

Wall footers, 531,532-33 
Water-cement ratio, 462,463,464 
Welded connectors, 188-89 

cold-formed steel, 346-50 
allowable loads for fillet, 348, 

350 
allowable loads for spot, 348, 

350 
arc spot welds, 349 
piling/tearout failure in, 347 

hot rolled steel, 265-76 

allowable stress on, 265, 267 
effective areas of, 189, 265-66, 

268 
example, 273-76 
size limitations on, 266-69 
types of, 265, 266 

Western woods use book, 361 
Whitney Stress Block, 474 
Wind,146-60 

pressure, 151-52 
pressure coefficients, 152-56 
pressure on components and 

cladding, 156-57 
storms, 147, 148 
summary/problem examples, 157-

60 
velocity, 148-52 

Wire fabric, for reinforced concrete, 
459 

Wood 
characteristics of, 359,360,361 
classification and grades, 367-80 

machine stress rated lumber, 
370, 378-79, 380 

visually graded lumber, 368, 
369,370,371-73,374-77 

standard sizes and section 
properties of, 380, 381-82 

Wood as a structural material, 361 
Wood Engineering, 361, 362, 438 
Wood Handbook: Wood as an 

Engineering Material, 361, 362 
Wood technology in the design of 

structures, 361 
Working strength concept, 210-11 
Working stress design method 

(WSD), for reinforced concrete, 
465-69,470 

Z section, cold-formed steel, 286 
axial load on column example, 

336-38 
with stiffened flanges, 289 
with unstiffened flanges, 290 
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